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ABSTRACT. N. Hindman, I. Leader, and D. Strauss proved that it is consis-
tent that there is a finite colouring of R so that no infinite sumset X + X is
monochromatic. Our aim in this paper is to prove a consistency result in the
opposite direction: we show that, under certain set-theoretic assumptions, for
any finite colouring ¢ of R there is an infinite X C R so that ¢ [ X + X is
constant.

1. INTRODUCTION

Neil Hindman’s famous sumset theorem states that for any finite colouring of the
natural numbers N, there is an infinite set X so that all sums of distinct elements
of X are coloured the same. There is a striking difference, however, if one allows
repetitions in the sumsets; let us begin by recalling a famous open problem of
J. Owings:

Problem 1.1 ([12]). Is there a colouring of N with 2 colours which is not constant
on sets of the form X + X = {x +y: 2,y € X} whenever X C N is infinite?

The answer is yes if one is allowed to use 3 colours [6], but surprisingly Problem
[[Tlis still unsolved. Hence, it is very natural to ask, what happens if instead of the
natural numbers we colour the real numbers? The following theorem is a recent
result of Hindman, I. Leader, and D. Strauss:

Theorem 1.2 ([7]). It is consistent (namely, it follows from 2% = |R| < N,,) that
there is a finite colouring ¢ of R such that c is not constant on any set of the form

X + X where X CR is infinite.

The group (R,+) is isomorphic to the direct sum of continuum many copies
of (Q,+), so we consider colourings of this direct sum. Thus, let Q(x) denote
the group €, Q, i.e., the set of functions with finite support from s to Q with
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the operation of coordinatewise addition, and let the semigroup N(x) = @, N be
defined similarly. As before, if X is a subset of one of the above (semi)groups, let
X+ X ={z+y:x,ye X}, and note that repetitions are allowed in the sumsets.

In order to prove Theorem [[.2] the authors of [7] showed the following: for each
n € w, there is a map ¢ : Q(R,,) — 24" .9 such that ¢ [ X + X is not constant for
any infinite X C Q(X,,).

It was asked in [7, Question 2.9] if the conclusion of Theorem is true in
ZFC. Note that given an infinite semigroup (G, +) and finite colouring ¢ : G — r
one can always find an infinite set X C G so that both {z +y : ¢ # y € X}
and {z +z : * € X} are monochromatic. This is by the Ramsey theorem and
the pigeonhole principle, respectively. However, the constant values of ¢ on these
two sets might differ. Arranging that these two colours are the same is the main
difficulty in proving a positive partition result.

The purpose of this paper is to show that the conclusion of Theorem can fail
in some models of ZFC constructed with the use of a large cardinal.

Main Theorem. Consistently relative to an wi-Erdés cardinal, for any c : N(2%0)
— 7 with v finite there is an infinite X C N(2%) so that ¢ | X + X is constant.

The proof of the Main Theorem is a combination of various ideas from the six
authors from between 2015 and 2017. Leader and P. A. Russell [I1], and indepen-
dently P. Komjath[] proved that if a colouring ¢ : N (k) — r is canonical in some
senseé on a large set, then infinite monochromatic sumsets can be found. Hence,
the conclusion of the Main Theorem was known for N (x) instead of N(2%0) where
k is large enough relative to the number of colours r. For example, x > J,, suffices
for any finite r, since it allows the application of the Erd6s-Rado partition theorem
with high exponents; the interested reader can consult [IT] or see Lemma [ZT] below.

Since 280 badly fails such strong positive partition relations, other ideas were re-
quired. D. Soukup and Z. Vidnydnszky analyzed the situation further to see what
alternative partition relation might suffice to carry out some form of such a canon-
ization argument. It was S. Shelah who suggested using [I3], and indeed the last
two authors found a way to combine [13], Theorem 3.1] with all the aforementioned
machinery, resulting in the Main Theorem.

Since N(2%0) embeds into R, we immediately have the desired conclusion.

Corollary. Consistently relative to an wy-Erdds cardinal, for any finite colouring
c of R there is an infinite X C R so that ¢ [ X + X is constant.

Remark 1.3. We recently learned from Jing Zhangﬁ that he showed that the con-
clusion of our Main Theorem holds if one adds X,, many Cohen reals to a model of
GCHA In particular, no large cardinals are necessary, and the continuum can be
as small as possible (cf. Theorem [[Z). We conclude our paper with further open
problems.

Let us briefly mention the related problem of studying wuncountable sumsets.
Starting with [7] a sequence of papers [2H41[9}[T0,[T4] elaborates on this question and

1 Personal communication.

2That is, c¢(x) depends only on the values of z in its “support” but not the support itself.

3Personal communication.

4That is, the Generalized Continuum Hypothesis, which says that 2% = &t for any infinite
cardinal k.
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4

2l-many (r — I)-many

FIGURE 1. The pattern s;.

its relatives; we refer the reader to the introduction of [4] for an excellent summary.
In particular, A. Rinot and D. Ferndndez-Bretén showed that one can colour R
with 2 colours (w many colours) such that all colours appear on all sumsets of size
N; (sumsets of size 2%¢, respectively). Both of these results are provable in ZFC
[4] and hold even if repetitions are not allowed in the sumsets. This implies that
our Main Theorem is optimal in the sense that we cannot hope to find uncountable
monochromatic sumsets.

Throughout the paper, we will use standard notation and facts which can be
found in [8]. Our proof is elementary; it uses independence results only as black
boxes, so it can be understood without any familiarity with the techniques of forc-
ing, large cardinals, etc.

2. THE PROOF OF THE MAIN THEOREM

The rest of our paper is devoted to proving our Main Theorem. We start by re-
calling the main ideas of [11] in Section 2], which will motivate both the somewhat
technical canonization result of Shelah that we state in Section and our proof
of the Main Theorem in Section

2.1. Patterns and homogeneous sets. Let x be a cardinal. Given s € N<“ and
a € [k]"!, we define = s ¥ a € N(k) by supp(z) = a and z(a(i)) = s(i) where
{a(i) : i < |s|} is the increasing enumeration of a.

Now, if ¢ : N(x) — 7 is a colouring and s € N<¥, we define ¢, : [x]/*| — r by

cs(a) = c(s xa).

That is, any colouring c of the direct sum N (k) and each pattern s naturally define
a colouring ¢ of finite subsets of the continuum. The main idea from [II] is the
following: given an r-colouring ¢ of N(k), there are r + 1 many patterns (s;);<, so
that if each colouring c,, is constant on a large set W C &, then we can find an
infinite X C N (k) so that ¢ [ X + X is constant.

Let us define these patterns: we let s; = (2,2,...,2,2,4,...,4) where 2/-many
2’s are followed by (r — I)-many 4’s for each [ < r; see Figure[ll So, for a fixed r,
we defined (r + 1)-many patterns.

Let us consider the special case of r = 2 when sqg = (4,4),s1 = (2,2,4), and
s2 = (2,2,2,2). Suppose that W C « has order type w + 1 and all three colourings
Csy» Csy, and cg, are constant on W. Now, two of these constant values must agree;
say both ¢y, and c,, are constant 0. Pick ordinals ap < oy < -+ < o, in W and
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let z; = {(®,2), (aw,2)} for i < w. It is easy to see that
c(2x;) = cso (i, ) = 0 = ¢, (v, 0, ) = (T + x5)

foranyi<j<w. Soc|X+X=0for X ={z;:i<w}
In general, the following holds:

Lemma 2.1. Suppose that ¢ : N(k) — r and there is some W C k of order type
w+7r—1 so that each cs, | [W]"*! is constant. Then there is an infinite X C N (k)
so that ¢ | X + X is constant.

Proof. Suppose that W = {«a; : i < w+ r — 1} satisfies the above requirements.
Now, pick I < k < r so that ¢, and c,, have the same constant value on W. We
define z; € N(k) for i < w as follows: the support of x; has the form a Ub; U ¢
where a = {ag, a1,...,a2-1}, ¢ = {a, -, Qwir—k—1}, and the sets {b; : i < w}
are pairwise disjoint of size k — [ selected from {a, : 2l < n < w}. We define z; [ a
constant 1 and x; | (b; U c) constant 2. It is easy to check that

c(2z;) = c5,(aUb; Uc) = ¢, (aUD; Ubj Uc) = c(z; + x;)
for any i < j <w. So ¢ | X 4+ X is constant for X = {z; : i < w}. O

Almost the same result as Lemma [Z] appears in the proof of [I1, Theorem 2];
however the authors require a slightly larger order-type for W. We also learned
from J. Zhang that he used the r = 2 case of Lemma 2] to note that for any
2-colouring of R, one can find an infinite X so that X + X is monochromatic.

However, it is well known that for = 280 we cannot necessarily find the W
that is required to apply the above result for r > 2. Still, we can (consistently)
find a large subset W and a map F': W — 2% such that the colourings c,, are
simple on W in the sense that the colour of a tuple is essentially determined by the
equivalence class of its F' image with respect to a natural equivalence relation on
finite tuples on 2*. Making the latter precise is the content of the next section.

2.2. Shelah’s canonization theorem. Our goal now is to explain [I3], Theorem
3.1(2)], and we follow the definitions there. As usual, for distinct s,t € 2¢ let
A(s, t) stand for min{n : s(n) # ¢(n)}.

We now define the equivalence relation that we mentioned earlier.

Definition 2.2. We say that £, 5 € (2¥)* are similar iff for all Iy, 1o, 13,14 < k:
(1) AE(l), t(12)) < A(E(l3), E(1a)) iff A(5(11), 5(12)) < A(5(Is), 5(14)),
(2)
t(l3) [ n <pex t(ly) [ n for n = A(t(l1),#(l2))
iff
5(13) [ M <lex §(l4) [m form= A(g(ll), 5([2)),
3) ) -
t(l3)(n) =0 for n = A(t(l1),t(l2))
iff
5(l5)(m) =0 for m = A(3(l1), 5(12)).

The above definition says that the ordered tuples ¢ and 5 have the same branching
pattern (conditions (1) and (2)) and the same values at the corresponding levels
(condition (3)). Observe that there are only finitely many equivalence classes for
similarity in (2+)*.
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Now, given d : [W]*¥ — r and F : W — 2¥ we say that

(a) two tuples @ = {ag < -+ < ap_1},B8 = {Bo < -++ < Br_1} C W are
F-similar if (F(au))i<r and (F(f3;))i1< are similar, and B
(b) d is F-canonical it d(@) = d(B) for any two F-similar tuples @&, 8 from W.

We are ready to state Shelah’s theorem.

Theorem 2.3 ([I3| Theorem 3.1(2)]). Suppose that X is an wi-Erdds cardinal in
V. Then there is a forcing notion P so that V¥ satisfies the following:
(1) 2% =\,
(2) MAy, (Knaster) (see below), and
(3) for any d : [\F — r (with r,k € w) there is W € [AJ®* and injective
F:W — 2% so that d | [W]* is F-canonical.

In particular, the above theorem says that no matter how large the number of
colours r is, the restricted colouring d | [W]* assumes at most as many colours as
the number of equivalence classes for similarity. For k = 2, this gives at most two
colours.

We also mention that the forcing P is of the form Py %« P; where Py is < A-closed
of size A and P; € VP is ccc. P collapses no cardinals < X, so the continuum will
be very large (i.e., a former large cardinal). In fact, we do not know if Theorem [2.3]
could hold for, say, 2% = R, or if the use of large cardinals can be avoided in
this result.

Let us omit the definition of MAy, (Knaster), as we only need a particular corol-
lary of this axiomd

Theorem 2.4. Suppose M Ay, (Knaster). Then for anyr <w and g:w X wy — 7
there are A € [w]*, B € [w1]“'so that g | A X B is constant.

The conclusion above is abbreviated as ( ) — (le) . For the interested reader,
we mention that MAy, (Knaster) implies Nl < s by [, Theorem 7.7] and the discus-

sion there, and N; < s implies (w) — (w )T by [5, Claim 2.4]. The only important
thing for us is that (1) — (wl)i’l holds in our model.

w

2.3. Proving the Main Theorem. We prove that the conclusion of our Main
Theorem holds in any model that satisfies conditions (1)-(3) of Theorem 23 So,
for the rest of the paper, let us fix a colouring ¢ : N(2%0) — r with some 7 < w.

We use the patterns sq, . .., s, as defined in Section 2.1l Note that the r+1 many
colourings ¢y, : [2%0]"*! — r can be coded by a single map d : [2%0]?" — 77, In turn,
by applying Theorem 2.3} there is some W € [2% " and injective F' : W — 2¢ so
that ¢, | [W]"*! is F-canonical for all | < 7.

Our goal now is to define infinite subsets Ag,...,A,—1 € W and a family of
7 + £-tuples from elements of  J,_, A; for each £ < r (which we will call canonical
{-candidates) so that any two of them are F-similar. Steps 1-4 below detail the
definition of canonical /-candidates and the construction of the sets A; which involve
controlling the branching pattern and values at branching levels. This will allow us
in Step 5 to carry out a similar argument to the proof of Lemma 2] and find an
infinite X with ¢ | X + X constant.

5The Knaster property and Martin’s axiom are covered by [§] in detail.
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Step 1. We start by selecting Ag, ..., A._1 C W so that
(1) F'A < F"Ap, (in2¥) for alll < k <7,
(2) Ay =Ry for I < r, and
(3) there is an increasing sequence v; < w (for I < r — 1) so that
e Ap(a,a) =y forall a € Aj,a € Ay, with I < k <r, and
o Ap(a,d) > v,_s forall a,a € A; with I < r.

FIGURE 2. The r uncountable blocks from W with nicely ordered
images on 2“.

See Figure[2l Now, this ensures that all tuples («g,...,@r—1)< € AgX - X Ar_1
belong to the same similarity type. Here, we use the notation {a;}< or (a;)< to
denote ag < a3 < - -, in other words, the fact that the sequence of a;’s is increasing
in the ordering of ordinals.

Definition 2.5. An {-candidate with respect to A = (A;)i<, is an (r + £)-tuple of
elements of W where we take two elements from each of Ag,..., Ay_1 and a single
point from each Ay for £ < k < r.

In particular, a O-candidate selects a single element from each A;. Observe that
the choice of the A;’s ensures that all O-candidates are F-similar and so all elements
so * @ are assigned the same colour by c.

Step 2. In general, not all /-candidates are necessarily similar. In particular, we
need to look at the new splitting levels § (coming from the first f-many pairs) and
make sure that the same values appear when we evaluate other branches at §. We
need to evaluate at branches lying above and below where the splitting occurs. We
deal with the former first and the latter in Claim 2.9

Claim 2.6. There is A] = {aé 11 <w}le C A for each [ < r so that
(1) F I U<, 4] is order preserving and sup;¢,, F(al) = F(al,) in 2%
(2) there are strictly increasing (4!);<,, so that
(a) Ap(al,ab) =46} forall i <j <w, and
(b) 6t <o <6l forl <k <randi<w;
(3) there are u; : {{+1,...,7 — 1} — 2 for [ < r such that u;(k) = F(a)(d})
forany o € Ay and I < k < r.
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See Figure Bl for a picture; we have marked the important splitting levels on later

branches, with the same symbols marking the same values.

0 0 0 1 r—1 r—1 —1
oy g oy, af o al o af o

————— ) ur(r—1)
________ ug(r —2) ug(r —1)

‘‘‘‘‘ wr =2 ui(r = 1)

3 Y —mm e ug(r — 2) wg(r — 1)

Yo

FIGURE 3. Selecting subsequences with the important positions marked.

Proof. First, shrink Ay to some A{ of type w + 1 so that F [ A{ is increasing,
continuous, and ([2))(a) is satisfied; next, replace Ay, ..., A,_1 by their uncountable
subsets so that every element of their union is greater than every element of Af
(we use the notation Ay,..., A,_; for the shrinked sets as well). Note that [2))(a)
will still hold no matter how we shrink Aj further (just the splitting sequence is
redefined).

Define

gok : (A \ {max A(}) x Ay — 2

for 0 < k < r by gor(a?, ) = F(B)(6?) € 2. Now, apply (“:j) — (“:j);l to each
9015 902, - - -, Jor—1, successively shrinking Af \ {max A} (r — 1)-many times and
each Ay once. The constant values ug(k) for g will define ug : 7\ 1 — 2. Note
that we made sure that (@) is satisfied no matter how we shrink A{ or A; for
0 <l <r—1in later steps.

We move onto A; and proceed similarly: first, shrink A; to a type w+ 1 sequence
so that the restriction of F' is increasing, continuous, and (Z)(a) is satisfied. Then
shrink the sets As,..., A,_1 so that every element of their union is greater than
the elements of A;. Next, shrink each set further so that (B) holds for [ = 1 using

(“U’j) — (“3);’1; this defines u;. Then we move to As, etc.

Notice that this process yields A; C A; so that (0), @)(a), and (@) hold. Finally,
we do a final (simultaneous) shrinking to ensure ([2)(b). O

Again, to make notation lighter, we drop the primes; i.e., we forget about the
original uncountable A; defined in Step 2 and call our new w + 1-sequences from
Claim [Z6] A; (instead of Aj).
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Now, what decides the similarity type of an ¢-candidate with respect to this new
sequence A = (A;);<,? Firstly, we will focus only on f-candidates of a certain
specific form:

Definition 2.7. A canonical {-candidate is an f-candidate with respect to A of
the form
0 0 -1 -1 4 r—1 )

a:(ai07aj07"" Tg—17 " Je—17 T8’ T

so that
(1) i < jp <w for k< flandipg <i; < - <ip—1 <w, and
(2) if jx # w, then 6% > 57!

Te—1"
For example, if we fix £ < k < r and 7 < w, then
{ad, ol 1< yufal:t<i<k}ui{a,:k<i<r}
is a canonical ¢-candidate. The corresponding indices are ¢, =0 < j; = w for [ < ¢,

iyy=1for £ <l < k,and iy =w for k <1< r. Condition (2) is vacuously satisfied.
These particular canonical ¢-candidates will have an important role later.

Step 3. Now, note that any O-candidate is a canonical 0-candidate and they are all
pairwise F-similar. Our next claim is that for a fixed sequence of i’s the F-similarity
type of a canonical ¢-candidate does not depend on the choice of the j’s.

Claim 2.8. Leti= {ip <i; <--- <i,_1} be asequence of ordinals < w and let & =

0 .0 =1 -1 ¢ r—1 1 _ (0 0 =1 -1 ¢
(i, @G5y, o oy, ,ar ) and & = (aio,ajé,...,aieil,ozj, Qs

047-"7:11) be two canonical /-candidates (for some sequences (j;)i<¢ and (j])i<¢)-

cey QG

Then & and &' are F-similar.

Proof. Observe first that for a canonical ¢-candidate @, the similarity type of F'(a)
is decided by the values of the 2k-sequences

0\(s5k 0 \(sk k k
(F(ag)(0F), F(af,)(85)s - - Flag)(85), F(af ) (0F)
for each k < £ (see Figure [): indeed, by the definition of similarity we only need

to consider the values of the reals in F”’& at splitting levels, and (@) of Claim
guarantees that for the splitting at (5’€ we only need to check the values of reals

below " Ay. Also, as Ap(af’ ,af) = 67" > 6’“ whenever m < k and o' # af,
we get that

(F(af)(85), F(a)(3F), -, F o 7)(8), Flag ™) (0},))
= (F(af)(0F,), F(a3,) (8, -, Faf )05, Flag ) (0F).

The first part of the equation does not depend on the sequence jg,...,J;_1 SO
neither does the second part. This and our first observation finish the proof of the
claim. 0

For a sequence i = {ip < i1 <--- <i,_1}, let us define e(i, k) : 2k — 2 by
e(i, k)(2m) = F(af)(55) and  e(i,k)(2m +1) = F(ag)(57,)

for m < k and iy, # w; if 45, = 0, we declare ¢(i, k) = 0.

If we work with multiple A sequences at the same time, then we mark the above
functions as ea (i, k). With this new notation, in Claim 22§ we argued that the
F-similarity type of a canonical /-candidate with respect to A is decided solely by
the sequence (ea (i, k))r<r-
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0 ) 0 1 ts -1 -1 k r—
(llo &_7(1 [ ; a‘v ag, (l” i (),]17‘ o, Ozlk U(IT i

FIGURE 4. The important positions marked for deciding similarity types.

Step 4. Next, we thin out each A; further so that the function e(-, k), at a fixed k,
gives the same values for any choice of i.

Claim 2.9. There are A4, = {al i <w}o C A for I <7 so that A= (/L)Kr still
satisfies the conditions of Claim 2.6] and there are e(k) : 2k — 2 so that for any
i={ip<ir < <idpa},

e (L, k) =e(k).

Proof. We can do this by a simple application of the classical (r-dimensional) Ram-
sey theorem. Note that we associated with any choice of i = {ip < 43 < --- <
ir—1} € [w]" a sequence (i) = (e(i, k))k<r. So, we defined

v W= [T@* u {0y,
k<r
and hence there is an I € [w]* and (e(k))x<, so that ¢ [ [{]" is constant (e(k))p<r-
Now, we simply let A; = {al :i € TU{w}} for | < r. It is easily checked that
the conclusions of Claim are still satisfied. O

Again, we drop the tilde notation and assume that A satisfies the conclusions of
Claim

Corollary 2.10. For any ¢ < r, any two canonical {-candidates with respect to A
are F-similar.

Step 5. We are ready to find our infinite monochromatic sumset. Recall that
the colourings ¢, are F-canonical on [J;_, A;]"™, so the colour of a sequence is
determined solely by its similarity type. In previous steps, we achieved that for a
fixed ¢ < r all canonical /-candidates are F-similar. In turn, as we have r + 1 many
patterns, we can find ¢ < k < r so that the map c;, on canonical ¢-candidates and
the map c;, on canonical k-candidates assume the same constant value.

Claim 2.11. There is an X = {z; : i < w} C N(2%) with supp(x;) C W so that

(1) supp(2z;) is a canonical ¢-candidate and 2x; = sy * supp(2z;), and
(2) supp(z; + x;) is a canonical k-candidate and x; + x; = sy, * supp(z; + x;)
foralli < j <w.

In particular, ¢(2z;) = c¢(z; + ;) so ¢ | X + X is constant as desired.
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Proof. We let
supp(z;) = {ab,al, ;1< yu{al:0<i<klui{a, :k<i<7}
and define z; as follows:
ri(a) = {1, for a € {ab,al, : 1 < 1},
2, forae{a:t<i<k}u{d, :k<l<r}

It is clear that supp(2x;) = supp(z;) is a canonical ¢-candidate with respect to A.
Moreover, 2z; = sy * supp(2z;) by the definition of z;.
Now

supp(xi—l—xj):{ozé,afu:l<€}U{a§,a;:€§l<k}u{ai}:k§l<r}

for any ¢ < j < w. This is a canonical k-candidate; indeed, we need to check (2),
i.e., that 6; > 5571 for all £ <1 < k. This is clear from Claim however. O

3. OPEN PROBLEMS

There are various problems that remain open at this point. In order to state
these questions concisely, we introduce the following notation: given some additive
structure (A, +), let h(A) denote the minimal r so that there is an r-colouring of
A with no monochromatic set of the form X + X for some infinite X C A. Note
that the larger h(A) is, the stronger partition property A satisfies.

Now, with this new notation, we restate Owings’ problem:

Problem 3.1 ([12]). Does hA(N) = 2 hold?

It was recently noted by J. Zhanéﬁ that A(R) = 2 holds in ZFC. However, the
next problem remains open:

Problem 3.2. Does h(Q) = 2 hold?

It is easy to see that h(Q(x)) < Ny for any x and so the conclusion of our main
theorem can be rephrased as h(R) = N,.

Problem 3.3. Does h(R) = R hold if 2% is real valued measurable?
Also, recall that h(Q(R,)) < 24" .9 [7]. Now, we ask the following:

Problem 3.4. What is the asymptotic behaviour of the function n — h(Q(X,,))?
Is it truly exponential?

A linear lower bound, under GCH, is provided by [11].
Probably the most intriguing question about large direct sums is the following;:

Problem 3.5. Is h(Q(X,)) = R provable in ZFC?

GCH implies that h(Q(R,)) = Ry [11], and a positive answer in ZFC would
strengthen our Main Theorem.

The study of Abelian semigroups and finding larger, uncountable monochromatic
sumsets have been already started in [4[IT]. It would also be interesting to see what
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one can say about unbalanced sumsets, i.e., sets of the form X +Y with X,Y C A.
More precisely:

Problem 3.6. Given an additive structure (A, +) and r, characterize those (x, A)
such that whenever ¢ : A — r there is X,Y C A with |X| = «,|Y] = A, and
c| X 4+Y constant.

It would be interesting to analyze similar questions in non-Abelian settings as
well.
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