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IMPROVEMENTS UPON ALZER-RICHARDS’ INEQUALITIES FOR THE
RATIO OF ZERO-BALANCED HYPERGEOMETRIC FUNCTIONS

Song-Liang Qiu*, Xiao-Yan Ma, Han-Xi Ma

Abstract: In this paper, the authors substantially improve H. Alzer and K.C. Richards’ inequalities for the
ratios % (r)/ . # (~Jr) of the complete elliptic integrals and F(a, b;a + b; r¥)/F(a,b;a + b; r) of zero-balanced
hypergeometric functions, including all bounds in their inequalities, and to give a complete answer to M.E.H.
Ismail’s question concerning the extensions of these inequalities to F(a, b;a + b; r).

Key Words: Complete elliptic integrals, generalized complete elliptic integrals, hypergeometric function, in-
equality.
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1 Introduction

Throughout this paper, N (R) denotes the set of positive integers (real numbers) as usual, No = N U {0},
r’ = V1 —r2forre[0,1]. For x,y € (0, ), let

rerw T
“Tery "7 T

[(x) = f e 'dt, B(x,y)
0

be the classical Euler gamma, beta and psi functions, respectively [1, 6, 9, 12]. For complex numbers a, b and
cwithc #0,-1,-2,---, the Gaussian hypergeometric function is defined by

o (@n(b)y 3"
©n 1’

F(a,b;c;x) = 2F(a,b;c;x) = |x[ < 1, (1.1

n=0

where the Pochhammer symbol (a), denotes the shifted factorial defined as (a)g = 1 for a # 0, and(a), =
aa+ 1)a+2)---(a+n-1)=Tm+a)/T'(a) for n € N. F(a, b;c; x) is said to be zero-balanced if ¢ = a + b.
(See [1, 6, 13, 15, 21, 25].)

Fora € (0,1/2] and r € (0, 1), the generalized elliptic integrals of the first and second kinds are defined as

Ha = Ho(r) = §F (a,1 - a; 1;7),
Hy = A (r) = Ha(r'), (1.2)
Ha(0) = /2, Ho(1) = oo,
and
bu=Eur)=5F(a-1,1-a;1;1%),
&) = &,(r) = &(r'), (1.3)
64(0) = 7/2, &4(1) = [sin(ma)]/[2(1 - a)],

respectively (cf. [4, 9, 15, 21, 25, 33]). For a = 1/2, the functions ¥ = %1, and %' = Ji/l’/z, & = &1y and

& =& | are the well-known complete elliptic integrals of the first and second kinds, respectively.
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It is well known that the special functions above-mentioned have wide and important applications in sev-
eral fields of mathematics, as well as in physics and engineering. Numerous properties of these functions have
been revealed (cf. [1-5, 7-11, 14, 16-18, 20, 22-24, 26-36] and the references therein), including functional
inequalities among which are a kind of elegant inequalities stated below.

In 1990, G.D. Anderson, M.K. Vamanamurthy and M. Vuorinen proved the following inequality [7]

AG
L+r ()

and in 1992, they proved in [8] that for r € (0, 1),

O<r<l), (1.4)

4GNS min{ V2, 1/ Vr'}
Vitr A (N Visr
In [24], it was proved that the function r — 1 +r# (r)/ # (Jr) is strictly increasing from [0, 1) onto [1, \4/5).

Inspired by these results, H. Alzer and K.C. Richards proved in [5, Theorems 3.1, 3.3 & 4.1] that for all
re(0,1),ae€(0,1/2],and A, u, A4, g € R,

(1.5)

1 H(r) 1
1+/1r<,)£/(ﬁ)<1+,ur’ (1.6)
I ) ] (1.7)

L+ Aar (NP L+ par’

with the best possible constants 4 = 1/4, u = 0, 4, = a(1 — a) and y, = 0. At the end of [5], H. Alzer and
K.C. Richards stated M.E.H. Ismail’s question: Can the inequalities obtained in [5] including (1.6)—(1.7) be
extended to the zero-balanced hypergeometric function F(a, b;a + b; r*)? Part of the answer to this question
was recently given by K.C. Richards in [28], and he proved that

1 <F(a,b;a+b;r2)< 1
(1 +r)@d) = F(a,b;a+b;r) (1 + r@b

(1.8)

for a,b > 0 with a + b > ab and for r € (0, 1), with the best possible exponents A(a,b) = ab/(a + b) and
u(a, b) = 0. It was also indicated in [28, Remarks] that if 0 < A = ab/(a + b) < 1, then

1! <F(a,b;a+b;r2)
1+Ar (A+nrt  F(a,b;a+b;r)

(1.9)

H. Alzer and K.C. Richards’ results are significant and beautiful. However, the bounds especially the
upper bounds in (1.6)—(1.9) are not sharp enough. In fact, the inequality F(a, b;a + b; r?) < F(a,b;a + by r) is
obvious. In [19], the upper bound 1 in (1.6) was improved to [4/(4+r)] + r?/5. On the other hand, the following
problem is natural: For what values of a, b € (0, o), the first inequality in (1.6) or in (1.7) can not be directly
extended to F(a, b;a + b; r)? This problem is actually contained in Ismail’s question above-mentioned.

The main purpose of this paper is to improve H. Alzer and K.C. Richards’ inequalities (1.6)—(1.9) (see
Theorems 1.1 and 1.2), including all the lower and upper bounds in these inequalities, and to give the solution
of the problem above-mentioned (see Theorem 1.3). Richards’ results together with our Theorem 1.3 give a
better answer to Ismail’s question. We now state our main results below.

Theorem 1.1. Let p = a(1 —a), n = p/(1 + p), u = p>(p + 2)/[4(p + D],

plo+Dp+2) I -
41+ pr)(1—p +pr)’D2 = Do) = Dill/4n =1 163+ )4 +1)

Then for a € (0,1/2] and r € (0, 1),

Dy =Di(p,r)=1-

1 2

+ur- < %(7’) < ! 2

+n(1-D))r* < +nr (1.10)

1 +pr Ha(Nr)  1+pr

1+pr
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and the coefficient n in the upper bound is best possible. In particular, for r € (0, 1),

Z T L+ 2(=D -
dar T30 “aertsU TP s i s

and the coefficient 1/5 in the upper bound is best possible.

(1.11)

Theorem 1.2. For each n € Ny, a,b € (0,00) with ¢ = a + b and « = ab/c, and for r € (0,1), let a, =
(@n(D)n/[(©)nn!], Pu(r) = Xi_gaxr* and P(r) = 1 = 2a,40r"3(1 = r)/F(a, b; ¢; ). Then
Py(r?) ar < F(a,b;c;r?) < P"(rz)P(r) < Pu(r?)
Pn(r) F(a,bycsr)  Pp(r) Pp(r)
forn € Ny, a,b € (0,00) and for r € (0,1). The first inequality is sharp as r — 0, while the second and third
inequalities are sharp as r — 0 or r — 1. In particular, for all a,b € (0, 00) and r € (0, 1),

(1.12)

1+ ar? F(a,b;c; rz) 1+ ar?

- . 1.13
1+ar ars F(a,b;c;r) < 1+ar ( )
Moreover, if ab < c, then for n € Ng and r € (0, 1),
P 2 F v e 2 P 2
l’l(r ) (1 _ rn+1) < (a’ b’ cr ) < n(r ) (114)
F(a,b;cir) — Pu(r)

Py(r)
Theorem 1.3. Letc =a+ b and a = ab/c for a,b € (0,), 1 € (0, ), and F(r) = F(a, b;c;r).
(1) The function f(r) = (1 + ar)F(r?)/F(r) (g(r) = (1 + PNAF@?)/F(r)) is strictly increasing from (0, 1)
onto (1,1 + @) ((1,2Y) ifand only if ab < ¢ + 1 (A > a, respectively). In particular,

1 F(a,b;c;r?) 1 F(a,b;c;r?)

T+ar  Fabon ™ G+ " Fabicer (1.15)
forall r € (0,1) if and only if ab < ¢ + 1 for the first inequality and A > « for the second inequality.
(2) For 1,6 € (0, ), if the inequalities
1 F(a,b;c;r? 1
l+ar+Tr2< F((a,b;c;r)) < 1+cxr+5r2 (1.16)
hold for all r € (0, 1), then
7<(a/2)min{2/(1 + a),1 —ab/(c + 1)}, (1.17)
0> (a/2)max{2/(1 + @), 1 —ab/(c + 1)}. (1.18)

Furthermore, if the first (second) inequality in (1.16) holds for t = a/(1 + @) (6 = a/(1 + @)) and for all
r € (0,1), then (ab)*> —ab+c(c+1) < 0 ((ab)*> —ab +c(c+ 1) > 0, respectively). In other words, if T = /(1 + @)
(6 =a/(1 +a)) and (ab)> — ab + c(c + 1) > 0 ((ab)*> — ab + c(c + 1) < 0), then the first (second, respectively)
inequality in (1.16) does not hold.

In the sequel, for a, b € (0, 00) and r € (0, 1), we always let c = a + b,

ap = (@)n(b),/[(c)un!] (n € No), a = a; = ab/c, (1.19)
F(r)=F(a,b;c;r), G(r) = F(a,b;c + 1;r), (1.20)
and for a € (0,1/2] and n € Ny, let
p=a(l —a), n=p/(+p), (1.21)
by = 7(@n(1 = @ /[201)°), ¢ = bau /by, (1.22)
dp = bops1/bn, pn = cn +dp. (1.23)
By the derivative and linear transformation formulas for F(r) (see [6, 15.2.1 & 15.3.3], for example),
F'(r) = aG(r)/(1 = 7). (1.24)
Clearly, p < 1/4. It is well known that for a, b € (0, o),
B(a,b)F(x) = R(a,b) —log(1 — x) + O((1 — x)log(1 — x)) (1.25)

as x — 1, where R(a, b) = =2y — y(a) — ¥(b) and vy is the Euler-Mascheroni constant (see [6, 15.3.10]).
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2 Preliminaries

In this section, we prove four lemmas needed in the proofs of our main results.

Lemma 2.1. Fora € (0,1/2] and n € Ny, let p be as in (1.21), and by, c,, d,, and p, as in (1.22)—(1.23).
(1) The sequence {b,+1/b,} is strictly increasing in n € Ny, with lim,_,c b1 /b, = 1.
(2) The sequence {c,} is strictly decreasing inn € Ny, withcy =1, ¢y = (p+ 2)/4 and ceo = 1/2.
(3) The sequence {d,} is strictly increasing in n € Ng, withdy = p, d] = (o + 2)(p + 6)/36 and d, = 1/2.
(4) The sequence {p,} is strictly increasing in n € N, with p; = (o +2)(p + 15)/36 and p- = 1.

Proof. (1) It is easy to obtain the following relation

b,,+1:n2+n+p: _n+1—p. .1
by, (n+1)2 (n+1)32
Since p € (0, 1/4], it follows from (2.1) that lim,,_,c, b,,41/b, = 1, and
bni2  bnv1 n2+(3—2p)n+2—3p S 4n2 +10n+5
bui1 b, (n+ 1)2%(n+2)? T4+ 1)2(n+2)
Hence we obtain the conclusion in part (1).
(2) By (2.1), we obtain
Cnel _ bansr baust by (40?7 +2n+ p)(dn +6n+2 + p) 2.2)

cn bt b bps 42n + 12(n> + n +p)
8’ +8n+2-p
42n+ 122 +n + p)

for all n € Ny. Hence the monotonicity property of the sequence {c,} follows.
Clearly, cop = 1 and ¢; = (p + 2)/4. By the asymptotic expansion for I'(x + a)/I'(x + b) (cf. [6, 6.1.47]),

. TQn+alQu+1-al(n+1)7? 1
e = lim — (2.3)
nso F'n+a)l(n+1-a)l2n+1)2 2

(3) Similarly, by (2.1) and the fact p € (0, 1/4], we have

doet bz ban by (4n* +10n+ 6 + p)(d4n® + 6n +2 + p)
dn b2n+2 b2n+1 b,H_] 4(211 + 3)2(112 +n+ p)
8(1 — p)n? +4(5 — 8p)n + p* —28p + 12 o1
42n+3)2m2 +n +p)
for all n € Ny. Hence the monotonicity property of {d,} follows. It is clear that dy = b1/by = p and d| =

(o + 2)(p + 6)/36. Similarly to (2.3), one can obtain the limiting value do, = 1/2.
(4) For n e N, put

=1+

gn =128n% + 608n° + (80p + 1104)n* + (272p + 952)n>

+ (16p% + 332p + 388)n” + (30p% + 168p + 60)n + p° + 17p* + 30p,
rp =128n® + 608n° + (144p + 1072)n* + (544p + 856)n°

+ (16p° + 676p + 300)n” + (480> + 300p + 36)n + 36p° + 36p.

Then by (2.1) and (2.2), we obtain

Pnst _ Cnrt L +dpsi/Cart _ Cnrt 1+ bong3/bonio
R L o Yy o
B (4n* +2n +p)(4n2 +6n+2+p) 1+ 4n* +10n+6 +p)2n + 3)72
B 42n+ 122 +n+p) g 4n? +2n+p)2n+1)2
B (4n* +2n +p)(4n2 +6n+2 +p)(8n2 +22n+15+p) g
N 42n+ 322 +n+p)8n2 +6n + 1 + p) T

(2.4)
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It is easy to show that the function p - p(p*> — 19p — 6) is strictly decreasing on (0, 1/4]. Since p < 1/4,

Gn — Tn =(32 — 64p)n* + (96 — 272p)n° + (88 — 344p)n*
+(24 - 1320 - 18p%) n + p (p” — 19p - 6)

81 171
Z(Qn - r,,)|p:1/4 = 16114 + 28713 + 2}’[2 — §n - a > O’

namely, g, /r, > 1. Hence by (2.4), {p,} is strictly increasing in n € N.
The limiting values of p,, are clear. O

Lemma 2.2. Forn € N, let Aypy1 = (1+p)(b2n+1 — pbu) + p(ban-1 + pbop-2) and Azpiz = (1 +p)(bp+1 — bons2) —
p(bay + pbry—1). Then for alln € N,

Aop1 > A2 > 0. (2.5)

Proof. First, we prove the second inequality in (2.5). It is clear that for all n € N,

(1 + p)bp+1
p2b2n—1 + prn + (1 + p)b2n+2

Azpi2 >0 © Bi(n)

> 1. (2.6)

Let By(n) = 2n + 1)*(n* + n + p)(4n* — 2n + p), B3(n) = 16(p + 1)B2(n) — (0 + 2)B4(n),

Bui(n) =(1 + p)(4n® + 6n + 2 + p)(4n® + 2n + p)(4n®> — 2n + p)

+ [4p(n® + n)2n + DI + 4p(n + 1)*2n + 1)*(4n” = 2n + p),
©1(p) =128 — 64p — 256p> — 64p>, a2(p) = 192 — 224p — 640p% — 192p°,
©3(p) =32 + 16p — 400p% — 272p°, @4(p) = —48 + 152p — 144p? — 192p°,
@s(p) = = 16 +480 = 760> = 52p° = 120%, @s(p) = —4p” +22p° - 69",

and @7(p) = 4 + 4p — 5p* — p>. Then it follows from (2.1) and Lemma 2.1(2) that for n € N,

1+p bus1/by
Bi(n) = )
cn  pbo—1 /by + (1 + P)bops2boys1 [[Dons1b2,] + p
L4+ Y
T op+2  pPbon_i /by + (1 + p)bonsaboni1/[Pans1b2n] + p
o _ 160+ DBy(n) Bs(n)
=B = B T ot )Bat) @7)
B3(n) =1(0)n® + @2(p)n” + 3(p)n” + pa(pIn® + @s(p)n” + e(pIn + p>@7(p). (2.8)

It is easy to verify that ¢; (¢p) is strictly decreasing on (0, 1/4] with ¢;(1/4) = 95 (¢2(1/4) = 93,
respectively), ¢3 is strictly increasing and then decreasing on (0, 1/4] with ¢3(0) = 32 and ¢3(1/4) = 27/4,
@4 is strictly increasing on (0, 1/4] with ¢4(0) = —48, 5 is strictly increasing and then decreasing on (0, 1/4]
with ¢5(0) = —16 and ¢5(1/4) = —615/64, s is strictly decreasing and then increasing on (0, 1/4] with the
minimum ¢g((33 — \/ﬁ)/24) = —0.02101246 - -- > —0.02102, and ¢7 is strictly increasing on (0, 1/4] with
¢7(0) = 4. Hence it follows from (2.8) that for n € N,

27
Bs(n) >95n° + 93n° + Zn“ — 48n3 — 16n* - 0.02102n
27
>48 (n6 - n3) + 16 (n6 - nz) + (n6 - n) +30n° + 931 + Zn4
>30n° + 93n° + 6n* > 129. (2.9)

By (2.7) and (2.9), B1(n) > Bs(n) > 1. Hence by (2.6), Ay,42 > 0 forall n € N.
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Next, we prove the first inequality in (2.5). Clearly, this inequality holds if and only if

(14 P)b2us2 + bas1) + pb2a + (0 + p)b2act + p*b2a—2 > (14 p)byst + pby)
o 1> 010m = (0 + Dibas1 + pby)
(0 + D(bans2 + bops1) + pban + (0 + pH)bout + p?boy
_P+1 P+ buy1/by
"~ (p+ D(bonsa + bans1) /b + plp + Dby [bay + p*bon—2/bay + p’
forn e Nand p € (0,1/4]. By Lemma 2.1(2) and (2.1), the following inequality holds

Q1(n) < O2(n) = Q3(n)/ Qa(n), (2.11)

(2.10)

where
e+ Dn*>+2p+Dn+2p
(n+1)?

B

00 =2p+ 1+ 2| = 20+ 1)

bons1 (b2n+2
by

byu-t by

+1)+ po+ 1) — +p"——=+p

2n bZn
_ Os(n)
4n+ 1)2Q2n + 1)2(4n% = 2n+ p)(4n2 —6n+p +2)’

Qs(n) =p” (p* + 9p + 24p + 20) + (51207 + 1024p + 512) n® + (8969 + 768p + 128) n
+(64p° + 576p” — 960p — 832) n° + (1920 - 96p” - 832p — 160) n’
+(3680° — 64p7 + 144p + 368) n* + (216p° + 72p% + 176p + 32) n’
+(20p* + 104p° + 88p” + 32p — 48) n* + (8p* + 24p” + 8p” — 16p)n

Q4(n) =(o + )—/—

2n

forn € Nand p € (0,1/4]. By (2.11) and by computation, we obtain

B+ 1)
Q2 ==

=1 = Q¢(p,n)/Qs(n), (2.12)

2n+1)% (4n* = 2n + p) (4n* = 6n + p + 2) [(o + Dn* + (2p + D + 2p]

where
Qs(p,n) =0s(n) = 8(p + 1)(2n + 1)* (4n* = 2n + p) (4n* = 6n + p + 2) [ (0 + D)n* + (2p + D + 2p]

=Qs(n) — [(512p2 +1024p + 512)n® + (51207 + 512p) n’
+(2560° +256p” — 768p — 768) n + (5120° - 5120% - 1024p) n°
+(320* +448p” + 32007 + 192p + 288) n* + (969" — 96p* + 224p” + 416p)
+(136p" — 64p° — 184p” — 16p — 32) n* + (80p* + 120p° — 8p” — 48p)n
+16p% (p* + 3p + 2)]

=(384p” +256p + 128) n” — (1920° — 320p” + 192p + 64) n°
— (320p° — 416p” — 192p + 160) n° — (320" + 80p® + 384p” + 48p — 80) n*
— (96p* = 3129 + 15207 + 240p — 32) n* — (116p* - 168p° - 272p” — 48p + 16) n’
— (720* +96p° — 16p> = 32p)n + p° — Tp* - 24p” — 1207 (2.13)

Differentiation gives

% =(256 + 768p)n" — (192 - 640p + 576p%) n® + (192 + 832p — 960p*) n®
0

— (48 + 768p + 240p% + 128p°) n* — (240 + 304p — 936p” + 384p°)
+ (48 + 544p + 504p” — 464p°) n” + (32 + 32p — 288p” — 2880 ) n
+5p* = 28p° — 72p% — 24p, (2.14)
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52
996 76807 + (640 — 1152p)n° + (832 — 1920p)n> — (768 +480p + 384p2) n*

Op>
— (304 - 1872p + 11520%) n + (544 + 1008p — 139207 ) n*
+ (32 - 576p — 864p2) n+20p° — 84p” — 144p — 24, (2.15)
33
aQ36 = — 115218 — 19201° — (480 + 768p)n* + (1872 — 2304p)n°
0

+ (1008 — 2784p)n> — (576 + 1728p)n + 60p* — 168p — 144. (2.16)

Clearly, the function p > 60p> — 168p — 144 is strictly decreasing on (0, 1/4], and a;pr is strictly decreasing in
p € (0,1/4]. It is easy to show that for n € N, the function Q7(n) = 16n° — 121 + 12n* = 313 = 150 + 3n + 2

is strictly increasing with Q7(1) = 3. Hence for all n € N and p € (0, 1/4],

8 Qs - 53Q6|
op3 dp3 lp=0

= (—1152n6 —~1920n° - 480n4) + (1872n3 + 1008n2) —576n — 144

< —3552n* + 2880n° — 576n — 144
< 48 (14n3 +12n+ 3) < 1392,

2 2
00 9 Q6| =560n +92n° + 478n> + (208n” + 3521 + 352n° — 912n*)
0p? 0p? lp=1/4
1039
1 2 2 1055
+ 66(n n)+(65n T )

>2n? (280n5 +46n + 239) > 1130,

d 9
99 &| =256n" — 192n% + 192n° — 48n* — 240n> + 48n® + 32n
ap dp 1p=0
=16nQ7(n) > 48n > 48
from which we see that Qg is strictly increasing in p € (0, 1/4] and
Os(p, 1) > Q6(0,n) = 161> (n2 - 1) 2n-1%Q2n+1)>0. (2.17)
It follows from (2.11), (2.12) and (2.17) that Q;(n) < 1. Consequently, Az,+1 > A2y by (2.10). O

Lemma 2.3. Let fi(r) = [(1 + PF(r) — (1 + an)G(P)/r, fr(r) = F(r)/G(r) and f3(r) = (1 + *F(r?)/F(r).
(1) Suppose that the Maclaurin series of fi is 3., Cnr". Then C, > 0 if and only ifab < ¢ + 1.
(2) f> is strictly increasing from (0, 1) onto (1, co).
(3) f3 is strictly increasing from (0, 1) onto (1,2%).
Proof. (1)PutCo =(c+1—ab)/(c+1),and forn € N, let

_ 2%+ (Bc+ 1 —abn +c[(c+ 1) — ab]

Cn nm+c)n+c+1)

ne

It is easy to obtain the following relation

an+1 n* +cn+ ab n+c—ab

an _n2+(c+1)n+c:1_m' (2.18)

It follows from (1.1) and (2.18) that

1 ) 0 S a, & a, |

=— n+ — rl’l_ _rn_ b "

fl(r) r(;anr nz:;an 1 C;)n+c a nZ::n+Cr

i (n+ Day n+c—ab "

_ a,r
“ (n+c+ Da, n+c "
sl 2 2+ 3c+1—-abn + +1)—ab -

=Z n* + (3¢ abjn+cl(c+1)—a ]anr” _ ZC,,r”. (2.19)
L n+c)n+c+1) =0
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If ab < ¢ + 1, then by (2.19), we see that Cy > 0 and C,, > 0 for all n € N. Conversely, if C,, > 0 for all
n € Ny, then Cy > 0, that is, ab < ¢ + 1. Hence part (1) follows.

(2) Let &, = ca,/(n + c). Then by (1.1), (r) = (52 anr”) /(z;j; 0@nr"), and a,/a, = 1+ njc. Hence
the monotonicity of f, follows from [22, Lemma 2.1]. The limiting values of f, are clear.

(3) By differentiation and by part (2),

(1 +7r)fa(r)
af3(r)

for all r € (0, 1), yielding the monotonicity of f3. The limiting values of f3 are clear. O

[ ()=l +

2 2~ (1
rfz(r)/fz(r)r (I+r) > A -1

1-

Lemma 2.4. For each n € Ny, a,b € (0,00) with ¢ = a+ b, and for r € (0, 1), let P,(r) = 3} _, agr®. Then the
function f4(r) = F(r)/P,(r) is strictly increasing from [0, 1) onto [1, o0).

Proof. Let fs(r) = ¥**'/P,(r). Then we have

A =14 500 ) agan 7, (2.20)
k=0

) n+l+ Y0 (n+1-bar*

fr) = £ Pl,, 7 . 2.21)

From (2.21) we see that f5 is strictly increasing on (0, 1). Hence the monotonicity of f; follows from (2.20).
The limiting values of f4 are clear. O

3 Proofs of Main Results

3.1 Proof of Theorem 1.1

For r € (0, 1), let fo(r) = (I + pr)Ha(r) = Ha( NP, 1) = [1+p+pr(1+ pr)| (VD) = (1 + p)(1 +
o) Hy(r), Agns1 and Ag,yp be as in Lemma 2.2. Then by (1.2) and (1.22),

JWFUHWE%W—EWW
n=0

n=0
[s+] o0 o0
:r2 an+lr2n +PZ bn+1r2n+1 - an+2rn
n=0 n=0 n=0
[e6] o0 o0 (e8]
2 2 2n+1 2 2n+1
=r an+lr " +pzbn+1r - Zb2n+2r " - Zb2n+3r "
n=0 n=0 n=0 n=0

ﬂ2§}memMﬂM+§kh¢mwwumﬂ, G.1)
| n=0 n=0

fr(r) =1 + p) Z b,r" +p Z b + p? Z b3
n=0 n=0

n=0

~(14p) ) bar™ = p(L+p) ) bur™™!
n=0 n=0

:% (2 +p2 —p) P+ i [(1 +p)by + pby— +p2bn—3] "

n=3
~(14p) ) b = p(L+p) ) bur™™!
n=2 n=1
71- (o] [se]
ng (2 +p° —P) o+ Z Appar 7" - ZA2n+2V2"+2- (3.2)
n=1 n=1
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By Lemma 2.1(3), p — dp+1 < (28p —p2 —12)/36 < -9/64. Hence by (3.1) and Lemma 2.1(4),

Fory > | 3 (1= casbuerr™ + > (o = dn+1>bn+1r2"]
n=0 n=0

_°° _ 2n N 2n _ _r
= Y +p=pbur® > p ) b = p| Han) - .

n=1 n=1

from which we obtain

(14 pr)Halr) > KNP+ p | Har) - 5, (3.3)
() >N —7p]2 (3.4)
1—-p+pr

It follows from (3.3) and (3.4) that
Ha(r) o1 +p«/"%(r) —-n/2
Ha(Nr) Ha(Nr)
p KNP (L +pr))2
L—p+pr Ha(\r)
N ,or2 ) Z;o:() bpior”
l—p+pr Xolobyr
By Lemma 2.1(1), b,42/by = (bn+2/bu+1) - (bp+1/by) 1is strictly increasing in n € Ny. Hence by [22, Lemma
2.1], the function r — (Z;’;’:O bn+2r") (Z:’:O b,,r”)_1 is strictly increasing on (0, 1), so that by (3.5),

(1 +pr)

>1+

-1 3.5

Ha(r) S 1
Ha(Nr)  1+pr
yielding the second inequality in (1.10).
It is clear that n(1 — D1) > n[1 — D1(p, 1)] = u. Hence the first inequality in (1.10) holds.
By Lemma 2.2 and (3.2), we obtain

bopr?
bo(1 = p + pr)

- 1-=D)r )
1+pr+77( e, (3.6)

Yy = T
> 22 (2492 =) + 3 (A = Agi) P > T2 (2492 = p) P,

n=1
from which it follows that
2 y,2
Ha(r) < 1 L P np(2 + p* — p)r . 1 -
Hao(\Nr)  1+pr 1+p 8(1 +p)(1 +pr)Ho(Nr) 1 +pr

and hence the third inequality in (1.10) holds for all r € (0, 1). By (1.25), we obtain

m 1| 20 1 B

P2 | Tapr| T

Hence the coefficient 5 in the upper bound in (1.10) is best possible. The remaining conclusion is clear. O

3.2 Proof of Theorem 1.2

Let f; be as in Lemma 2.4, and 1 (r) = P,(r?)F(r)=P,(r)F(r?). Then hy(r) = P,(r?)Pu(Nf4(r)— f2(rD)] >
0 for all r € (0, 1) by Lemma 2.4, and by (1.1),

hi(r) =P, (rz) P,(r) + i akrk - P,(r)|P, (rz) + i akrzk}
k=n+1 k=n+1
=1 P, (rZ) i ak+n+lrk - ’JHan(r) i ak+n+1r2k] . (3.7)
k=0 k=0
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It is easy to see that

n

7 P,r) = P, (rz) - Z apr** (1 - r’"”_k),

k=0

and hence by (3.7), h1(r) can be rewritten as

hy(r) =1 {Pn (rz) i Apans17* (1 - rk) + znl air* (1 - r””_k)} i ak+n+1r2k}
= S k-1 0 n n—k ko:O
:r"”(l -r) {P,, (r2) Z ak+n+1rk Z r [Z [aerk ri]] Z ak+n+1r2k} . (3.8)
k=1 i=0 k=0 i=0 k=0

By (3.7) and (1.24),

hy(r) <r™1 P, (r) [Z AppnsC =" Z dk+n+1r2k]

k=0 k=0

00 k+n 0
=w”(y—mPAmzz(@ﬂﬁuk§:#}<'(1_rﬂ”“)ZS kayr'™!
k=0 i=0

k=n+1
<r(1 = r)P,(NF'(r) = arP,(r)G(r),
from which it follows that
F(r?) _ Pu(r?) G(r)
> —ar .
F(r)y  Pu(r) F(r)

This, together with Lemma 2.3(2), yields the first inequality in (1.12).
Next, from (3.8) we obtain

[ [

@) > A=) [Py (7)) D akenear + Pu () D arenerr™
=1 =0
>2r"* (1 = PP, (rz) Qerni1 7K > 200273 (1 = PP, (rz),
k=1
from which it follows that
F(r?)  Pu(r? P,(r?
(r%) < (1 )P(r) < (r )'
F(r) Py(r) Py(r)

If @ < 1, namely, ab < c, then by (2.18), a, is strictly decreasing in n € Ny. Hence by (3.7),
() < 7P Y apenart < P Y aw® = P GF(),
k=0 k=0

from which the first inequality in (1.14) follows.
The remaining conclusions in Theorem 1.2 are clear. O
3.3 Proof of Theorem 1.3

Clearly, f(0) = g(0) = 1. By (1.25), we can obtain the limiting values f(17) = 1 + @ and g(17) = 2.
Let f1, f> and f3 be as in Lemma 2.3. Then by differentiation,

iy () = fa(r) = S B 3.9

a(l + CYV)F(I’Z)G(r)f (r)= fS(r = f2(r) 1 +ar fz(l"z) r s (3.9)
1+r a |[1+r 2r

()= fo(r) =2~ - : 3.10

2 S (r) = fo(r) = A0 A (rz)} (3.10)
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By Lemma 2.3(2), we obtain

r/2 2 . | 72
f3(r) > fa(r) Trar ™t ol r-l=r-l+-— arfz(r)
3 1+r _or(l-r)
=(1 - r)[1 —h)- 1] = a1 G.11)

If ab < ¢ + 1, then by Lemma 2.3(1) and (3.11), fg(r) > O for all r € (0,1). Hence by (3.9), f is
strictly increasing on (0, 1). Conversely, if f is strictly increasing from (0, 1) onto (1,1 + @), then fio(r) =
F(If(r)— 11 > 0for all r € (0, 1), so that by I’Hopital’s rule and (1.24),

S Ly 1 [aF(rz) + MG(VZ) - %G(r)
-r

0 <lim
i —

r—0 12 2r-0r

2 r—>0 r
2ar
1+r

=a+%lim G(rz)—F(rz)—Cc_l’_—blF(a+l,b+1;c+2;r)—

r—0

:2(;1 pler1-ab),
and hence ab < c + 1, thus completing the proof of the assertion on f.

It follows from (3.10) that f5(0) = A—q, so that if g is strictly increasing on (0, 1), then A > a. Conversely,
if A > a, then g(r) = (1 + ryt-e Jf3(r), which is strictly increasing on (0, 1) by Lemma 2.3(3).

The remaining conclusions in part (1) are clear.

(2) Let fi1(r) = f(r) = 1 = 6r*(1 + ar). Then by part (1), f11(0) = 0 and fi;(17) = a — 6(1 + ).

If the second inequality in (1.16) holds for all » € (0, 1), then fi;(r) < 0. In particular, f1;(17) < 0,
namely, 6 > /(1 + @). On the other hand, f/,(r) must be nonpositive for sufficiently small r, since f11(0) = 0.
By differentiation,

Hi)r=f'(n/r-3562+3ar),
and hence by (3.9),

1
0 0 r2F(r)? FlT+ar )

') . al +ar)F(r)G(r) {1 [r’zfz(r) ] 2f2(r) }
m—-—==1 - —1[+ -1

1 12 _1_
- a+alim - ﬂ—l]:a+alimu
—or| 1+ar r—0 r
F(r) - b
:a/(l—a/)—i-a/limM:a(l—a—),
r—0 r c+1
’ r ’ 1_
fim /11 :lim[m—é(2+3ar)} _erl-ab os<o.
r—0 r r—0 r c+1

yielding 6 > (c + 1 —ab)a/[2(c + 1)]. Consequently (1.18) follows. The proof of the condition (1.17) is similar.
Finally, if the first inequality in (1.16) holds for all r € (0, 1) and 7 = @/(1 + @), then

1
0<= {(1 +a)(1 + ar)F (rz) - [1 +a+ar’(l+ ar)] F(r)}
I
so that by I’Hdpital’s rule,

A + o)1 + ar)F(r?) - [1 +a+ard(l+ ar)] F(r)
U= 11_r)r(1) r2

a
=~ 51D |(@b)* - ab + c(c + 1)].

This implies that (ab)*> — ab + c(c + 1) < 0. Similarly, if the second inequality in (1.16) holds for all r € (0, 1)
and 6 = /(1 + a), then (ab)*> — ab + c(c + 1) > 0. The remaining conclusion is clear. O
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4 Concluding Remark
1. In (1.11), the coefficient 9/320 is not best possible. For ¢ € (0, ) and r € (0, 1), let

Gi(r) = (4 + 1A (r) = [4+ 64 + Nrf (),
@ +nEr) = 4r" A (r) = 2(1 + NIEW) = (1 = NH (V)]
2L+ 0@ +nEWH + A -2+ 502 (VP

Clearly, h(17) = 1/5. By (1.3) and [4, Lemma 5.2(1)], we obtain

h(r) =2

- — —
HOY) = 17r i {4@@@ . H (), EQD) <1r rA ()
ré(r) = 2[E(VP) - (1 = 1A (V)
+ 2
1

:—+ihm [éa() 2

4r r—0 1

21 L (a2,
8 élio{z -1 [ n!

@@(W)—(l—r)%(\/;)]

r

oo

[ee)

1
+Zn

n=

(1/2)n a7
-2

By differentiation,
2(1 = nG(r)
r[(4 + NE(Wr) + (1 = r)(12 + 51 (V)]

Computation supports us to raise the following conjecture: There exists anumber r € (0.56177187,0.56177188)
such that / is strictly decreasing on (0, ro] and increasing on [rp, 1), so that sup,.,.; A(r) = 1/5 and

= h(r) - 6. 4.1

0.07481609685 < o = Oinf] h(r) = h(rp) < 0.07481609978. 4.2)
<r<

If this conjecture is true, then by (4.1), G, is strictly increasing (decreasing) on (0, 1) if and only if § < o
(6 > 1/5, respectively), and (1.11) can be improved to the following one
4 ) JH(r) 4 1

2
- 4.
4+r+o-r <<%/(\/’_’)<4+’”+5r’ 4.3)

with the best possible coefficients o and 1/5. More generally, we raise the following open problem: What is
the best possible value of u depending only on a € (0, 1/2] such that for all @ € (0,1/2] and r € (0, 1),
1 1
+urt < Aalr) < +r’?
Ha(Nr)  L+pr

2. Clearly, the upper bounds in (1.10)—(1.14) are all less than 1, and improve those given in (1.6)—(1.9).
3. Based on the third inequality in (1.10) or in (1.11), it is natural to ask whether the inequality

1+pr

F(a,b;a+b;r2)< 1 a 5

+ 4.4
F(a,b,a+ b;r) 1+ar l+a/r @4

holds for all a, b € (0, ) and r € (0, 1). Our Theorem 1.3(2) gives a kind of necessary conditions with which
the inequality (4.4) holds. We raise the following open problem: Find the necessary and sufficient condition(s)
under which (4.4) is valid, as we did in Theorem 1.3(1).
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