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NOTES ON NONCOMMUTATIVE ERGODIC THEOREMS

SEMYON LITVINOV

ABSTRACT. Given a semifinite von Neumann algebra M equipped with a faith-
ful normal semifinite trace 7, we prove that the spaces LO(M,7) and R, are
complete with respect to pointwise, almost uniform and bilaterally almost
uniform, convergences in L°(M, 7). Then we show that the pointwise Cauchy
property for a special class of nets of linear operators in the space L' (M, 7) can
be extended to pointwise convergence of such nets in any fully symmetric space
E C R~, in particular, in any space LP(M, 1), 1 < p < co. Some applications
of these results in the noncommutative ergodic theory are discussed.

1. INTRODUCTION AND PRELIMINARIES

Let M be a semifinite von Neumann algebra equipped with a faithful normal
semifinite trace 7, and let P(M) stand for the complete lattice of projections in
M; see [1, 21, 20]. If 1 is the identity of M and e € P(M), we write eX =1 —e.
In what follows, we assume that 7(1) = oco.

Denote by L% = L°(M, 7) the algebra of 7-measurable operators affiliated with
M. Let LP = LP(M, 1) if 1 < p < 0o and L*®°(M,7) = M be the noncommutative
LP-spaces associated with (M, 7). For detailed accounts on the spaces LP(M,T),
p e {0} UL, 00), see [19, 15, 22, 17].

Let (A, <) be a directed set, and let ||-||o be the uniform norm in M. The follow-
ing definition presents two noncommutative counterparts of the classical pointwise
(almost everywhere) convergence.

Definition 1.1. A net {7,}aea C L is said to converge almost uniformly (a.u.)
(bilaterally almost uniformly (b.a.u.)) to @ € LC if for any given € > 0 there exists
e € P(M) such that 7(e!) < e and

(T — zq)elloc = O (respectively, ||e(Z — za)elloo — 0).

Remark 1.1. (1) A.u. convergence clearly implies b.a.u. convergence, while the
converse in not true in general - see [6, Example 3.1].

(2) Pointwise convergence in the space LY is not topological in general, that is, it
may not agree with any topology in LY; see, for example, the note [16].

The first ergodic theorem in the space L' equipped with b.a.u. convergence ap-
peared in the groundbreaking paper [23]. Ergodic theorems in the spaces LP,
1 < p < oo, endowed with b.a.u. or a.u. for p > 2 convergence were comprehen-
sively studied in another fundamental paper [11]. An alternative approach, based
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2 SEMYON LITVINOV

directly on [23], to deriving ergodic theorems in the spaces LP, 1 < p < oo, was
suggested in [14].

Given z € LY and t > 0, denote
py(z) = inf {||:ve\|oo e P(M), T(et) < t},

the t-th generalized singular number of x-see [10]. The function p:(x), t > 0, is
called the non-increasing rearrangement of x. It is worth mentioning that, as it
follows from the proof of [10, Proposition 2.2],

pe(z) = inf {||ze| oo : € € P(A), 7(e*) < t},
where A is any subalgebra of M containing the spectral family {e,\(|a:|)}>\>0 of
the absolute value |z| = (z*x)'/? of an operator x € L°. Thus, p(x) can be
alternatively defined as

pe(z) = inf {)\ >0: 7(ex(Jz))t) < t}.

Now, let us denote

R,={zeLl'+M: p(z) >0 ast — co}.
In view of [10, Lemma 2.5], R, is a x-algebra. Besides, it is clear that

R,={zeLl'+M: r(ex(|z])") <0 ¥V A >0},

so R is the noncommutative analogue of Fava’s space Ry - see [9, Section (2.2.15)].

Sequential completeness of the space L® with respect to a.u. and b.a.u. conver-
gences was proved in [7, Theorem 2.3]. In Section 2, we show that the space L°
and - more importantly for this article - the space R, are complete with respect to
these convergences.

Section 3 is devoted to the description how the a.u. (b.a.u.) convergence of
a generic class of nets of linear maps in any fully symmetric space £ C R, - in
particular, in any space LP, 1 < p < oo - can be deduced from the a.u. (respectively,
b.a.u.) Cauchy property for such nets in the space L1.

In Section 4 we proceed to outline some possible applications of these results to
nocommutative ergodic theory.

2. POINTWISE COMPLETENESS IN L°(M, 7)

Here we aim to show that any almost uniform or bilaterally almost uniform
Cauchy net converges in L° and to derive the same for the space R,. We will
employ the notion of measure topology in L° - in which L° is a complete metric
space - and use the fact that a Cauchy net in a complete metric space is convergent.

The measure topology t. in LC is given by the system
N(e,8) ={z € L°: T e € P(M) such that T(e*) < e and [|lze| < 6};

e >0, 0 > 0, of (closed) neighborhoods of zero. The following is an immediate
corollary of [15, Theorem 1]; note that it is understood that the space L° is the
completion of M with respect to t,.

Theorem 2.1. (L°,t.) is a complete metrizable topological *-algebra.

This is a pre-publication version of this article, which may differ from the final published version. Copyright restrictions may apply.



NOTES ON NONCOMMUTATIVE ERGODIC THEOREMS 3

Definition 2.1. A net {z,}aea C LY is said to converge to 7 € L° in measure
(bilaterally in measure) if for every ¢ > 0 and § > 0 there is v = v(g,0) € I
such that, given o € A with a > =y, there exists e, € P(M) satisfying conditions
7(ek) < e and

|G — wa)ealloe <8 (espectively, [|ea(F — 2a)eallo < 6).

The proof of the following lemma - which idea is attributed to E. Nelson (see
[18, Appendix, Theorem B]); note also the paragraph before [23, Theorem 1] - can
be found in [7, Lemma 2.1, Theorem 2.2].

Lemma 2.1. Let z € L° and e € P(M) be such that exe € M. Then there exists
f e P(M) such that

T(fH) <21(eh) and Jofll < lleze] o

The following statement is a version of [7, Theorem 2.2] for nets. We provide a
proof for the sake of the reader’s convenience.

Proposition 2.1. A net {4 }aer C L° is Cauchy in measure if and only if it is
Cauchy bilaterally in measure.

Proof. Clearly, it is sufficient to show the ”if” implication. So, let {z4}aer C L°
be Cauchy bilaterally in measure and fix € > 0, § > 0. Then there is v = (g, 0)
such that for any «, 8 € I with «, 8 > ~ there exists e, g € P(M) for which

13
r(ehs) < 5 and Jeas(ta — 25)easlloc <5

Then, by Lemma 2.1, for every «, 5 > 7 there exists fq g € P(M) such that
loo S 67

T(fap) < 27(eqp) e and (2o —25) faslloc < lleas(ta — 2p)eas
implying that the net {4 }aea C L° is Cauchy in measure. O
Now we are ready to prove main results of this section:

Theorem 2.2. The space L° is complete with respect to a.u. and b.a.u. conver-
gences.

Proof. We will show that LY is b.a.u. complete. Proof in the a.u. case is similar.
Let {#a}aen C L° be b.a.u. Cauchy. Then {z,}aea is clearly Cauchy bilaterally
in measure, which, by Proposition 2.1, implies that it is Cauchy in measure.

Let d be a metric in LY compatible with the measure topology ¢,. Then for every
d > 0 there is v € I such that d(z,,25) <6 for all a, 5 > 7.

So, pick 1 € I such that d(z4,x3) < 1 whenever o, > 7. Further, given

1
Yn € I such that d(zq,x5) < — for all a, 8 > 7, choose y,+1 € I such that
n

1
Tnt1 = Yo and d(xaaxﬂ) < m Voa,B > Yyt

It follows that the sequence {z,, } is Cauchy in measure, hence, in view of Theorem
2.1, there exists 7 € L? such that d(z.,,,Z) — 0 as n — o0.
Given § > 0, there is ny such that d(z,,Z) < §/2 whenever n > n;. In addition,

there is ny such that d(z,z5) < 3 whenever «, 8 > v,,. If ng = max{ni,na2},
then

| >

d(‘r’)’no ) /517\) < and, as Yo = Vnys d(fﬂa, :C'yno) < Va> Tng -

This is a pre-publication version of this article, which may differ from the final published version. Copyright restrictions may apply.



4 SEMYON LITVINOV

Therefore d(x4,T) < § whenever a > 7,,, implying that z, — Z in measure.

Finally, fix € > 0. Since {z4}aca is b.a.u. Cauchy, there exists e € P(M) with
7(et) < e such that the net {exne}acn is || - |oo - Cauchy. Then, as (M, ] - [lx)
is a complete metric space, we show as above that there is z. € M such that
lexae — xc|loo — 0, implying exq,e — 2, in measure. Also, as z, — T in measure,
it follows from Theorem 2.1 that ex,e — eZe in measure, hence z, = eZe, and we
obtain

lle(Z — za)elloo = ||Te — exnelloo — 0.

Therefore, it follows that L is b.a.u. complete. ([

Theorem 2.3. The space R, is complete with respect to a.u. and b.a.u. conver-
gences.

Proof. In view of Theorem 2.2 and, since R, C L° and a.u. convergence implies
b.a.u. convergence, it is sufficient to show that R, is b.a.u. closed.

Let a net {z4}aer C R, be such that z, — Z € L° b.a.u. Since () is a
non-increasing function of ¢, in order to show that z € R, that is, that ps(z) — 0
as t — oo, it is sufficient to verify that for every § > 0 there is ¢ > 0 such that
pe(x) < 8. Since ||zelloo < 0 for some e € P(M) with 7(et) < t implies that
pi(x) < &, this in turn will follow if we show that there exists f € P(M) such that

7(f1) < oo and ||Zf]|ee < 6.
Since z, — T b.a.u., given n € N, there exits e,, € P(M) such that
T(er) <27 and [len(Z — 2a)enloo — 0.

~ 1
Therefore, for each n there is ,, € {24 }aer for which ||, (T — z,)enllo < —.
n

Fix ¢ > 0, and let N be such that > 27" <e. Then, withe = A e,, we have
n=N n>N

1
7(et) <e and ||e(Z — zn)elloo < — V1 > N,
n

implying that R, > x, — Z b.a.u

Now, let § > 0. Since x; € R, there is e; € P(M) with 7(ef) < oo such that
lz1e1]loo < 6. As xy € LO, there exists P(M) > hy < e; such that 7(hi) < oo
and xoh; € M. Next, zo € R, entails that there is P(M) > es < hy such that
T(GQL) < oo and ||z2e3]|00 < &. Repeating this process, one can construct a sequence
{en} C P(M) satisfying conditions

en > ent1, T(er) < oo, and ||Zpen|le < 0, hence |lenznenlloo < 6, ¥ n.

Further, z,, — T b.a.u. implies that there exists P(M) > e < e; such that

7(e — e1) < 00, hence 7(et) < oo, and ||e(Z — 2y, )e|l0o — 0, implying that
l(en A €)Z(en A €)oo — [(en Ae)xn(en Ae)loo — 0.
Therefore, since |[(e, A €)zn(en A€l < d for every n, it follows that there exists
ng such that ||(en, Ae€)Z(en, A€)||oo < d. Then, by Lemma 2.1, it is possible to find
f € P(M) such that
7(f1) < 27((en, AN€)F) < 27‘(6#0) +27(et) <00 and || Zf]|ee < 6,

which completes the argument. [
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NOTES ON NONCOMMUTATIVE ERGODIC THEOREMS 5

3. POINTWISE CONVERGENCE IN FULLY SYMMETRIC SPACES F C R,

A non-zero Banach space (E, || - ||g) C L° is called fully symmetric if conditions
r€FE, yeL° and / pe(y)dt < / pe(x)dt ¥ s >0 (denoted y << )
0 0

imply that y € E and ||y||g < ||z| &

It is well-known that the space LP = (LP(M,7),|| - ||p) is fully symmetric and
LP C R, for each 1 < p < co0. Besides, if E C L° is a fully symmetric space, then
E CR,ifand only if 1 ¢ E [6, Proposition 2.2], implying that the noncommutative
Orlicz, Lorentz and Marcinkiewicz spaces E on (M, 7) with 1 ¢ E also lie in R;;
see, for example, [4, Section 7).

Remark 3.1. In contrast with Theorem 2.3, even in the commutative case, a fully

symmetric space may not be complete with respect to almost uniform convergence.
Indeed, denote by v Lebesgue measure on the interval (0,00) and define

R, ={feL'(v)+L®Ww): v{|f|>A}<oco VA>0},

the commutative precursor of R,, known as Fava’s space Ry; see [3] for details.
Given t € (0, 00), set
n
fa(t) = ZQk X2k, 2-x+1)(t), n=1,2,...
k=1
It is easy to see that {f,} C L'(v) and that {f,} converges almost uniformly to
a function f € R, such that f ¢ L'(v). Therefore, the fully symmetric space
L'(v) C R, is not complete with respect to almost uniform convergence. However,
for a special class of pointwise Cauchy nets in a fully symmetric space F the limits

belong to E - see Theorem 3.1 below.

A linear operator A : L' + M — L' + M is called a Dunford-Schwartz operator
(denoting A € DS) if A(L*) C L', A(M) C M and

JA@)[1 < llelh Vo € L and [JA@)]lw < ll2lle ¥ @ € M.

The following fact is well-known in the commutative case; see, for example, [12,
Chapter II, Section 4].

Proposition 3.1. If A € DS, then A(x) << x for all x € L* + M.

Proof. As it is proven right after [10, Theorem 4.4] - see also [8, Proposition 2.5] -
given z € L' + M and s > 0, we have

S
/ pe(z)ds = inf {||ly|1 + s||z|lc : z=y+2 z €L, y€M}.
0

This is a pre-publication version of this article, which may differ from the final published version. Copyright restrictions may apply.



6 SEMYON LITVINOV

Let x € L' + M and s > 0. As x = y + 2z, with y € L' and z € M, implies that
A(z) = A(y) + A(z), where A(y) € L' and A(z) € M, we can write
[ wta@ds =int {lull + sl s ) =y+5 @€ Ly e M)
0
<inf {JAW)[h +s[A() |l : Alx) = A(y) + A(2), z € LY, y € M}
< inf {[lyll + sllz]lc = Ax) = Aly) + A(2), z € L}, y € M}
<inf {{lylli +slzllec : 2=y +2, z €L, ye M}

= /OS pie(x)ds,

so the result follows. ([
The following statement provides a useful characterization of the x-algebra R..

Proposition 3.2. Let 2* = 2 € LY. Then x € R, if and only if for any 6 > 0
there exist ys € L' and z5 € M such that

(1) [25llc <6 and x=ys + zs.

9 b : : |x‘ + :L.
Proof. 7 = 7 : Fix § > 0. Since |z| € R,, we have 0 < x4 = —5 € R, and
0<z_ = m; * €ER,. Ifaxy = fOOO Adey is the spectral decomposition of x,
define yi = f;/oz Adey and zj = f0§/2 Mdey. Then we have

1)

zy =yf +25 and |zf e < 7

Next, z, € R, implies that T(eél/Q) < oo and zy =yt + zF for some y* € L' and
2T € M, hence

Yy = yg—ezjs_/Q = y+€(JS_/2 + (2" - Z;)eé_/z eL.

Similarly, z_ = yy + z; , where y; € L' and ||z; ||sc < /2, so it follows that
T = (y;' -y )+ (z(g|r — 25 ), where y;' —y; € L' and ||z;' — 25 ||oo < 0.

7«7 Let 2* = 2 € LY be such that for any § > 0 there exist y5 € L' and
zs € M for which conditions (1) hold. Fix § > 0. There exist ys € L' and zs € M
such that ||z5]lcc < /2 and = = ys + z5. Then, by [10, Lemma 2.5], we have

0
pe(x) < pepa(ys) + pe2(25) < peja(ys) + 5

whenever ¢ > §. Also, since ys; € L', it follows that u(ys) — 0 as t — 0o, so there
is to > 0 such that ¢ > ¢¢ entails p¢(ys) < 6/2. Thus, we conclude that p(z) < 6
for all ¢ > max{0,to}, implying that p;(x) — 0 as t — 0o, so x € R. O

We will call a map A : L° — L° selfadjoint if A(x)* = A(x) whenever z* = z.
Here is an immediate consequence of Proposition 3.2:

Corollary 3.1. If a linear selfadjoint map A : L' + M — L' + M s such that
A(LY) c LY, AIM) C M, and ||A(z)]|o < c||7]|oc for some ¢ >0 and any x € M,
then A(R;) C R~.

This is a pre-publication version of this article, which may differ from the final published version. Copyright restrictions may apply.



NOTES ON NONCOMMUTATIVE ERGODIC THEOREMS 7

Proof. Let * € R, and fix § > 0. By Proposition 3.2, there exist ys € L' and
z5 € M such that ||zs]|e0 < d/c and & = y5+25. Then A(x) = A(ys)+ A(zs5), where
A(ys) € L* and ||A(25) |l < 8, and Proposition 3.2 implies that A(x) € R,. O

Theorem 3.1. Let a net of linear selfadjoint maps Ay : L'+ M — L'+ M, a € A,
be such that
(1) An(LY) C L' for every a € A, and the net {An(z)}aca is a.u. (b.a.u.)
Cauchy for each x € L';
(2) Aq(M) C M for every oo € A, and there exists coo > 0 such that

Sup || Aa(@)]|oo < Cool|®|le ¥V & € M.
acN

Then Aq(x) = T € R, a.u. (respectively, b.a.u.) for every x € R.. If, in addition,
|Aa(@)|l1 < cil|lz|ly for some ¢1 > 0 and all z € LY, then, given a fully symmetric
space E C R,, we have Ay (E) C E for every o € A and Ay(x) — T € E a.u.
(respectively, b.a.u.) for every x € E.

Proof. We will prove the statement for a.u. convergence. Proof for b.a.u. conver-
gence is similar. Assume, without loss of generality, that x* = x and fix € > 0.
By Proposition 3.2, given m € N, there exist y,, € L' and z, € M such that

lzmlloc < — and & = Yy, + 2. Since the net {A,(ym)}aea is a.u. Cauchy, there
m
exist e, € P(M) and ~,, € I such that

5 1
om and (Ao (ym) — Ap(ym))emlloo < m Va,B > vm.

Thus, letting e = A, €m, we obtain

7(em

) <

1
T(e) <e and [(Aa(ym) = As(ym)elloe < — V0, > .

Therefore, given «, 8 > vy, it follows that
[(Aa () = Ag(2))elloc = [[(Aa(ym) = Ap(ym))ello

+ H(Aa(zm) - Aﬁ(zm))e”oo <

so the net {A,(z)}aca is a.u. Cauchy. Since, by Corollary 3.1, {An(2)}aer € R,
and, by Theorem 2.3, the space R, is a.u. complete, we conclude that there exists
Z € R, such that A,(z) > T € R, a.u

Let now E C R, be a fully symmetric space, and assume, in addition, that
|Aa(z)|li < eiflz|1 for some ¢; > 0 and all z € L. Put ¢ = max{cs,c1} and
denote ga = ctA,(x), a € A. As {ga}aej C DS, we conclude, in view of
Proposition 3.1, that A, (z) << z for all € L' + M, hence A (E) C E, and so
AL (E) C E for all a € A.

Next, let z € E. We have ga(x) — T € R, au. To simplify the argument,
choose, as in the proof of Theorem 2.3, a sequence {A,(x)} C {Aq(z)} with
A,(z) — Z au. Then it is clear that A,(z) — Z in measure, which, by [10,

Lemma 3.4], implies that (A, (z)) — (%) almost everywhere on ((0,00),v).
Further, as A, (z) << z, we have

/ pie (A (2))dt < / pe(z)dt ¥ s>0,neN.
0 0

1+ 2¢co
m )
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8 SEMYON LITVINOV

Therefore, as pi(An(z)) — p(Z) almost everywhere on ((0,s),v), it follows from
Fatou’s lemma that

/ e (T)dt §/ ue(z)dt ¥ s> 0,
0 0

that is & << x. Since FE is a fully symmetric space, we conclude that Z € E, hence
Aq(x) = ¢Z € E a.u., completing the argument. O

4. APPLICATIONS

For the sake of convenience, let us state the following immediate corollary of
Theorem 3.1.

Proposition 4.1. Let Ay : L'+ M — L'+ M, o € A, be a net of linear selfadjoint
maps such that
(1) there exist c1 > 0 and coo > 0 satisfying conditions
[Aa(@)lh < ezl ¥z e Lt and [|Aa(z)]|oo < coollzlloe V@€ M;

(2) the net {An(x)}aca is a.u. (b.a.u.) Cauchy for each x € L'.
Then, given a fully symmetric space E C L° with 1 ¢ E and x € E, there exists
T € E such that Ay(x) = T a.u. (respectively, b.a.u.).

We will now present some applications of Proposition 4.1.
Given d € N, denote
Nd ={n=(ni,...,nq): n1,...,ng € NUO}.

Let {nq = (n1(a),... ,nd(a))}aeA be anet in N¢. We write n, — oo if n;(a) — oo
for each 1 < i < d. Denote |n,|" = ni(a)- ... ng(a), and let |n,| stand for |n, /|,
with n;(a) replaced by 1 whenever n;(a) = 0.

Assume that {Ty,...,Ty} C DST and let z € L' + M. If a € A, set

2) An(z) = —— ) TR TE (),

n
| a‘ klgnl(a),‘..,kdgnd(a)

Then {A, }aen is a net of linear selfadjoint (positive) maps in L'+ M that naturally
satisfies condition (1) of Proposition 4.1. To ensure that this net also satisfies
condition (2) of Proposition 4.1, we need an additional assumption that the net
n, — oo remains in a sector of NZ (see [13, Ch.6, §6.2, 6.3] for the sequential,
commutative case):

Definition 4.1. A net n, — oo is said to remain in a sector of N if there exists

0 < ¢ < oo such that
ni(a)
nj(a)

assuming that n;(a) # 0.

<e¢ V1<i,j<dand a €A,

Now, straightforwardly adjusting to the net setting the argument in [6] that
yields [6, Theorem 5.3], we derive from Yeadon’s a weak-type (1,1) maximal in-
equality [23, Theorem 1] a weak-type (1, 1) maximal inequality for the net {A, }aea
in (2) and use it to show that it is b.a.u. Cauchy for every z € L'. Thus, as a
corollary of Proposition 4.1, we arrive at the following (cf. [6, Theorem 5.6]).

This is a pre-publication version of this article, which may differ from the final published version. Copyright restrictions may apply.



NOTES ON NONCOMMUTATIVE ERGODIC THEOREMS 9

Theorem 4.1. Let {T1,...,Ty} C DS be a commuting family, and let E C R,
be a fully symmetric space, for example, any space LP, 1 < p < oo. Then, given
x € E, the net {Aa(z)}aea given by (2) converges b.a.u. to some T € E, provided
the net n, — oo remains in a sector of N&.

Theorem 4.1 for d = 1 yields the following version of [23, Theorem 2] (recall that
the class of contractions « considered in [23] coincides with the class DS modulo
a unique extension - see [2, Proposition 1.1]).

Theorem 4.2. Let T € DS™, and let {ng}acn C N be a net such that n, — oo.
Then, given x € L', the net

Na—1
1 e
Aala) = — 3" TH@), a €A,
@ k=0

converges b.a.u. to some T € L',

Next, let C; = {z € (C :|z| = 1}. A function p : Ry — C s called a trigonomertic
polynomial if p(t) = Z w;A;, where n € N, {w;}7 C C, and {\;}7 C C;. A
Lebesgue measurable functlon B : Ry — C will be called a bounded Besicovitch

function if ||8]|c < 00, and for every € > 0 there is a trigonometric polynomial p.
such that

lim sup — / 1B(s) — pe(s)|ds < e.

t—o0

Let a semigroup {71} }:+>0 C DS be strongly continuous in L', that is,
| T:(z) — Ty, (x)||1 — 0 whenever t —t, forall € L'

Then, as it is shown in [5], given a Lebesgue measurable function 8 : Ry — C with
|Blloc < 00, for any z € L' and ¢ > 0 there exists the Bochner integral

/6 r)ds € L.

Note that if ||5]|e # 0, then for each ¢ > 0 the operator
18]l By« LY — L*
can be uniquely extended to a Dunford-Schwartz operator - see [2].

The following theorem was proved in [5]. Here we present an alternative, straight-
forward, argument.

Theorem 4.3. Let {T;}1>0 C DS™ be a strongly continuous semigroup in L', and
let B(t) be a bounded Besicovitch function. If 1 ¢ E C LY is a fully symmetric
space, then, given x € E, the flow {B:(x)}+>0 converges b.a.u. to some T € E as
t — oo. In particular, Bi(x) — Z € LP b.a.u. for every x € LP, 1 < p < c0.

Proof. Tt is clear that the net {B;};~¢ satisfies condition (1) of Proposition 4.1. As
the proof of [5, Theorem 3.1] shows that { B;(x)}~0 is b.a.u. Cauchy for all z € L!,
that is, condition (2) of Proposition 4.1 is also satisfied, the assertion follows. [

Remark 4.1. One can verify, using the approach in [11], or in [14, 6], that for
p > 2 the convergence in Theorems 4.1 and 4.3 is a.u.

This is a pre-publication version of this article, which may differ from the final published version. Copyright restrictions may apply.
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Finally, we notice that the results of this article can be applied to simplify and
streamline some arguments in the noncommutative ergodic theory; for example,
some presented in [4, 6].
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