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II. The question has been raised by Wintner [10] whether the constant 2 occurring
as the coefficient in (3) is the least value of a for which

M > —Co — a X} I c„ |2 (14)
n = 1

holds for an arbitrary periodic function/(i) defined by (2). Although this question will
remain unanswered, it can easily be shown, as a consequence of (4), that a ^ 1/4x2.
For, suppose (14) holds for all /(<) defined by (2); then, by (4), —a | c„ |2 g
ir2N2 + 5R(cw) holds for N = 1, 2, • • • . If cN is real, it follows that ir2N2 + cN + ac^ =£ 0;
hence, by a consideration of the discriminant of this last quadratic expression, 1 —
4:<xir2N2 ^ 0. For N = 1, this implies a ^ 1/4x2, which was to be shown.
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A MODIFICATION OF SOUTHWELL'S METHOD*
Bt W. H. INGRAM (New York)

J. L. Synge1 has given a geometrical interpretation of Southwell's method of solution
of the problem Ax = b when A = (a,,) is symmetric and ^ aaxixi is a positive
definite form. A modification of the method having application to the more general
case in which xATAx is a positive definite form makes use of the ellipsoids of the Gauss-
Seidel process.

For any vector x, there is an error e defined by the equation

Ax — b = e, (1)

therefore

(xAt - b)W(Ax - b) = eWe; (2)

*Received Jan. 2, 1951.
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W is a diagonal weighting matrix for weighting the relative importance of the equations
of the set (1). An orthogonal transformation T exists such that

TtAtWAT = D = [<h , d2, • • • , d„)
is a diagonal matrix of positive elements d{ . The substitution

x = Ty, x = yTT ,

into (2) gives

dxyl + d2y\ + d3yl -f • • • - 2/31j/1 - 2(i2y2 - 2p3y3 - ... = eWe - bWb, (3)

an equation in which /3 = TTATWb. It is seen that (3) is the equation of a family of
hyperellipsoids with the properties

(a) a common center at (/3i/di , /32/d2, • • •)
(b) a common orientation,
(c) common principal axes' ratios,
(d) parameter e.

To complete the squares, one adds X) $/di to both sides of (3):

Vdi = /3D"1/3 = bATD~lTTATb = bWb.

It is seen that the ellipsoids converge to a point as e —* 0 and that their common center,
given by e = 0, is the solution of (1).

The solution may be approximated in the same way as for the family of ellipsoids
employed by Southwell and by the same process.

THE LAPLACIAN AND MEAN VALUES*
By R. M. REDHEFFER and R. STEINBERG (University of California, Los Angeles)

Introduction. The Laplacian V2/ represents deviation from the average in the following
sense [1]. Let f0 be the mean value of / over a cube of edge 21,

8t3f0 = JJJ f(x + u, y + v, z + w) du dv dw. (1)

Then

lim 6(/0 - f)/f = V2/, (2)
0

provided / is sufficiently smooth. This result is interesting in that it is independent of
the co-ordinate system. Also it sheds a certain light on the wave equation. Thus, if the
restoring force at a point in a medium is proportional to the deviation from the average,
in some sense, then one might expect the equation of motion to be a V2 / = bftt , where
a measures stiffness, b inertia.
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