
QUARTERLY
OF

APPLIED MATHEMATICS

EDITED BY

H. W. BODE G. F. CARRIER H. L. DRYDEN
TH. v. KARMAN J. M. LESSELLS W. PRAGER
I. S. SOKOLNIKOFF J. L. SYNGE

WITH THE COLLABORATION OF

M. A. BIOT L. N. BRILLOUIN J. M. BURGERS
J. P. DEN HARTOG H. W. EMMONS W. FELLER
C. FERRARI K. O. FRIEDRICHS J. A. GOFF
J. N. GOODIER G. E. HAY P. LE CORBEILLER
F. D. MURNAGHAN J. PfiRES E. REISSNER
S. A. SCHELKUNOFF W. R. SEARS SIR RICHARD SOUTHWELL
H. U. SVERDRUP SIR GEOFFREY TAYLOR S. P. TIMOSHENKO
H. S. TSIEN F. H. VAN DEN DUNGEN

Volume X APRIL • 1952 Number 1



QUARTERLY
OF

APPLIED MATHEMATICS

This periodical is published quarterly under the sponsorship of Brown University,
Providence, R. I. For its support, an operational fund is being set up to which
industrial organizations may contribute. To date, contributions of the following
industrial companies are gratefully acknowledged:

Bell Telephone Laboratobies, Inc.; New York, N. Y.,
The Bbistol Company; Wateebtjey, Conn.,
Cubtiss Weight Corporation; Airplane Division; Buffalo, N. Y.,
Eastman Kodak Company; Rochester, N. Y.,
General Electric Company; Schenectady, N. Y.,
Gulf Research and Development Company; Pittsburgh, Pa.,
Leeds & Northeup Company; Philadelphia, Pa.,
Pbatt & Whitney, Division Niles-Bement-Pond Company; West Habtfobd,

Conn.,
Republic Aviation Coepobation; Faemingdale, Long Island, N. Y.,
United Aibcbaft Coepobation; East Haetfoed, Conn.,
Westinghouse Electric and Manufactueing Company; Pittsbubgh, Pa.

The Quabteely prints original papers in applied mathematics which have an
intimate connection with application in industry or practical science. It is expected
that each paper will be of a high scientific standard; that the presentation will be of
such character that the paper can be easily read by those to whom it would be of
interest; and that the mathematical argument, judged by the standard of the field
of application, will be of an advanced character.

Manuscripts submitted for publication in the Quarterly of Applied Mathematics should
be sent to Professor W. Prager, or Professor G. F. Carrier, Quarterly of Applied Mathematics,
Brown University, Providence 12, R. I., either directly or through any one of the Editors or
Collaborators. In accordance with their general policy, the Editors welcome particularly contribu-
tions which will be of interest both to mathematicians and to engineers. Authors will receive
galley proofs only. The authors' institutions will be requested to pay a publication charge of $5.00
per page which, if honored, entitles them to 100 free reprints. Instructions will be sent with
galley proofs.

The subscription price for the Quarterly is $6.00 per volume (April-January), single copies
$2.00. Subscriptions and orders for single copies may be addressed to: Quarterly of Applied Mathe-
matics, Brown University, Providence 12, R. I., or to Box 2-W, Richmond, Va.

Entered as second class matter March 14, 1944, at the post office at Providence, Rhode Island,
under the act of March 3, 1879. Additional entry at Richmond, Virginia.

WILLIAM BYRD PRESS, INC., RICHMOND, VIRGINIA



The DESIGN and ANALYSIS of EXPERIMENTS
By Oscar Kempthorne, Iowa State College. Explains the techniques involved in the
design of experiments. Dr. Kempthorne's book complements Cochran and Cox's
Experimental Designs: The latter is concerned primarily with how an experiment is
designed; Dr. Kempthorne emphasizes why. Such methods as the analysis of multiple
classification data, randomization tests, factorial designs, fractional replication, and
incomplete block designs are covered in detail for the first time in any book. One of
the Wiley Publications in Statistics, Walter A. Shewhart, Editor.

1952. 631 pages. $8.50.

ANTENNAS: Theory and Practice
By Sergei A. Sciielkunqff and Harald T. Friis, both of Bell Telephone Labora-
tories. Explains the basic ideas and techniques behind antenna behavior and design.
The authors first survey the entire field, and then attack the problems of antenna
phenomena one-by-one, giving quantitative answers which they later confirm by
rigorous analysis. Antennas of many types in various ranges are covered. A volume
in the Wiley Applied Mathematics Series, I. S. So\olnikoff, Editor.

March 1952. Approx. 416 pages. Prob. $10.00.

ADVANCED ANTENNA THEORY
By Sergei Schelkunoff, Bell Telephone Laboratories. Presents recent important
work in advanced theory, including some previously unpublished material. Dr.
Schelkunoff gives a compact explanation of Hallen's method of obtaining asymptotic
solutions for thin antennas, Stratton and Chu's solution for spheroidal antennas,
and the author's theory of conical and thin antennas. A volume in the Wiley Applied
Mathematics Series, I. S. So\olni\off, Editor.

March 1952. Approx. 218 pages. Prob. $5.00.

NOMOGRAPHY and EMPIRICAL EQUATIONS
By Lee H. Johnson, Tulane University. Offers a thorough, step-by-step treatment
of the factors involved in the actual construction of specific nomographs. Among
the innovations in the book are: i) a method of analyzing an equation and its
variables before plotting in nomographic form in order to determine the best arrange-
ment of the scales; 2) a discussion of the effect of scale arrangement upon the ac-
curacy of a nomograph.

1952. 150 pages. $3.75.
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Presents a comprehensive set of sampling plans for use when inspection of the items is by variables
and when the lot is to be evaluated in terms of percentage defective. The largest part of the book
is practical, giving plans and procedures intended as working material for industrial use, while the
rest of the text is theoretical, intended for mathematicians and statisticians interested in sampling
inspection theory and practice.
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Table II. Streamlines

f = 0.5 ^ = 0.9 £ = 0.92
t x y x y x y

.00

.02 .769 1.618

.03 . 92 1.347

.04 .962 1.190

.05 .975 1.087

.10 .961 .860

.12 . 952 . 824

.14 .945 .801

.16 .942 .788

.18 . 940 . 783

.20 .940 .784

.22 . 943 . 790

.24 .947 .801 .065 1.017

.26 .954 .816 .105 1.007

.28 . 962 . 836 .123 1.001

.30 .973 .859 .131 .997 .042 .983

.35 1.009 .938 .124 1.000 .068 .976

.40 1.063 1.051 .096 1.019 . 054 . 983

.45 1.138 1.207 .049 1.049 .019 .998

.50 1.241 1.424 -.018 1.091 -.031 1.018

.55 1.387 1.731 -.108 1.148 -.904 1.042

.60 1.599 2.181 -.230 1.219 -.163 1.067

.65 1.922 2.822 -.397 1.318 -.234 1.092

.70 2.439 3.956 -.627 1.441 -.126 1.091

.75 3.333 5.986 -.959 1.595

.80 5.09 9.97 -1.426 1.798

.85 9.25 19.59 -1.766 2.022

.90 22.8 51.85

.95 117.4 282.6
1.00

For clarity only >p = 0.5 and = 0.92 are shown in the diagrams.

BOOK REVIEWS

Micanique des milieux continus et deformables. By Maurice Roy. Gauthier-Villars, Paris,
1950. Volume I, xxii + 363 pp., 2800 fr. Volume II, xii + 350 pp., 2300 fr.
M. Roy presents an account of the mechanics of fluids and elastic solids that is based upon the

application of thermodynamic principles to continua. The work covers substantially the content of a
second year course of lectures at l'Ecole Polytechnique, and the object is to give a synthetic account
of the fundamental principles and methods of this mechanics bearing in mind applications to engineering.

Each volume comprises two parts together with extensive appendices; the four parts are entitled
"thermodynamics and mechanics of continuous and deformable media", "theory of elasticity", "equilib-
rium and flow of fluids", and "theory of machines". The principal contents of these parts are described
briefly as follows. Part I. "Definitions and fundamentals of deformations"; finite and infinitesimal
strains, Eulerian and Lagrangian co-ordinates, acceleration, equation of continuity. "Fundamental
thermodynamic principles and equations"; thermodynamic variables, first and second laws of thermo-
dynamics, internal potential, general thermodynamic equation. "General theorems of mechanics";
stability of equilibrium, reciprocal theorems. "Applications to deformable media and elastic solids";
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distinction between elastic solids and fluids, stress, infinitesimal deformation of elastic solids, Hooke's
law, coefficients of elasticity, equations of equilibrium, isotropic and homogeneous solids, elastic con-
stants. "Application to viscous and non-viscous fluids"; thermodynamic definition of a fluid, viscosity,
Navier's hypothesis, dissipation function, equations of continuity and equilibrium and state, Reynolds
and Mach numbers. Part II. "Generalities, problems and equations and compatibility"; elastic equilib-
rium, Clapeyron's formula, Castigliano's theorem, elastic limit. "Plane elasticity"; plane stress and
strain, Airy's stress function, use of complex variables, examples. "Three-dimensional elasticity"; simple
tension problems, simple flexure of beams, pure torsion, Saint-Venant's problem, beam theory, theorem
of three moments. "Thin bodies and elastic bars"; elastic properties of bars, stability. "Small motions
of three-dimensional elastic bodies"; dilatational and rotational waves. Vibration of thin bars is con-
sidered in the appendix. Part III. "Statics of fluids"; equilibrium conditions, stability of floating bodies.
"Dynamics of non-viscous fluids"; Eulerian equations of motion, Helmholtz' circulation theorem,
Torricelli's and Saint-Venant's formulae, d'Alembert's paradox. "Plane irrotational flow of incom-
pressible fluids"; velocity potential, stream function, complex potential, singularities in flow field,
Kutta-Joukowsky hypothesis, Blasius' formulae, Kutta-Joukowsky theorem, aerofoil theory, images,
dead-water regions and cavitation, jets, vortexes, Karman vortex streets. "Three-dimensional irro-
tational flow of incompressible fluids"; sources and sinks, images, Rankine solids. "Three-dimensional
rotational flow of incompressible fluids"; free and bound vortex sheets, velocity induced by vortex ring,
Prandtl's lifting-line theory, air-screw theory. "Wave propagation"; propagation of small disturbances
in compressible fluid, shock waves, Hugoniot relations, stationary shock, waves on a canal. "Com-
pressible fluid flow"; potential flow, one-dimensional motion and blast waves, rectilinear singularities
in flow field, plane subsonic potential flow with the use of hodograph plane, Prandtl-Meyer expansions,
characteristics, simple waves. "Dynamics of viscous fluids"; slow motions, laminar motions, turbulent
motions, hydraulics, stability of laminar flow, Prandtl's boundary layer theory, transition, separation.
Part IV. "Case of a periodic regime"; fundamental theory, application to turbo-machinery. "Case of a
varying regime"; application to hydraulic turbines, stability of regime.

The reviewer commends the author for the clear and stimulating treatment of his subject. The
work is a useful contribution to the literature on the mechanics of continua. The reviewer regrets that
the tensor notation, with the summation convention, is not used; as Harold Jeffreys has remarked, this
notation, although not a necessity, is a great convenience and, when cartesian axes are employed, is not
complicated. If discussion were given of this notation, then, in the reviewer's opinion, the presentation
of the fundamental analysis would be considerably improved. The list of contents, although very de-
tailed, does not avoid the need for an index. A rather surprising feature of the work is that comparatively
few references are given.

H. G. Hopkins

Fourier transforms. By Ian N. Sneddon. First Edition. McGraw-Hill Book Company,
Inc., New York, Toronto, London, 1951. xii + 542 pp. $10.00.

The aim (stated in the preface) of this book is to present the theory of Fourier transforms and
related topics in a form suitable for the use of students and research workers interested in the boundary
value problems of physics and engineering. The book is written for those interested in the application
of the theory rather than the theory itself.

The theory of Fourier transforms, of Hankel transforms and of finite Fourier and finite Hankel
transforms is covered in the first three chapters (90 pages) of the book. In this section of the book there
appears, among other things, discussion of integral transforms in general, Fourier integral theorem,
LaPlace transform, Mellin transform and multiple Fourier transforms, Hankel inversion theorem,
Hankel transforms of the derivatives of a function, relation between Hankel and Fourier transforms,
dual integral equations and the Mellin transform. The Wiener Hopf technique and the delta function
are discussed and used in later chapters. The transform theory discussed in the first fifth of the book is
applied to physical problems of sufficient difficulty to be of value to the research worker.
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The chapter headings in that part of the book devoted to applications are as follows: 4: Theory of
Vibrations, 5: The Conduction of Heat in Solids, 6: The Slowing Down of Neutrons in Matter, 7:
Hydrodynamic Problems, 8: Applications to Atomic and Nuclear Physics, 9: Two Dimensional Stress
Systems, 10: Axially Symmetric Stress Systems, Appendix A; Some Properties of Bessel Functions,
Appendix B: Approximate Methods of Calculating Integral Transforms, Appendix C: Tables of Integral
Transforms (Fourier, LaPlace, Mellin, Hankel, Finite Fourier, Finite Hankel).

The text has many virtues, one of which is the development of the discussion in each chapter from
fundamentals; something that students will certainly appreciate. The book seems to be a very valuable
contribution to the literature of physics and applied mathematics.

Rohn Truell

Introduction to the study of aircraft vibration and flutter. By R. H. Scanlan and R.
Rosenbaum. The Macmillan Company, New York, 1951. x + 428 pp. $7.50.

This text is an introductory treatment of questions of mathematics, structural theory and aero-
dynamics which are of importance for the analysis of aircraft vibrations, forced or self-induced. It is
written for senior or graduate engineering students but should also be useful to others wishing to learn
the rudiments of the problem of "flutter".

E. Reissner

Quantum mechanics of particles and wave fields. By Arthur March. John Wiley & Sons,
Inc., New York, and Chapman & Hall, Limited, London, 1951. x + 292 pp. $5.50.

It might seem difficult to justify another book on quantum mechanics, yet this book by Arthur
March seems to cover concisely, and well, quite a few topics normally omitted in the elementary texts
on quantum mechanics. The chief virtue of the book seems to be that it helps to bridge the gap between
elementary texts and the current literature. It will be found that about half of the book deals with
relativistic quantum mechanics. The book is concerned primarily with the exposition of general principles
and it omits methods of calculation and many applications. The result seems to the reviewer to justify
the omissions.

The last chapter deals with the idea of universal length, an idea apparently first set forth by the
author. While the ideas of fundamental length do not seem to be a part of current theory, calculations
based on these ideas do, in some cases at least, give agreement with experiment.

Rohn Truell

Dimensional analysis and theory of models. By Henry L. Langhaar. John Wiley and Sons,
Inc., New York, and Chapman & Hall, Limited, London, 1951. xi.+ 166 pp. $4.00.

Dimensional Analysis and the Theory of Models are subjects which have been in common engi-
neering use for many years. The basic ideas are so elementary that adequate practical results can
frequently be obtained without a very rigorous understanding of the basic ideas on which the process
rests. In this book, the author attempts to bring together a complete picture of these subjects. The
first two chapters in fact, are devoted to a discussion of dimensional units, the elementary development
of Buckingham's Theorem and a series of applications to elementary problems. The third chapter is
devoted to the systematic procedures by which dimensionless products may be deduced. Thus, the
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first three chapters constitute what is sometimes regarded as the whole of dimensional analysis based
upon intuitive arguments.

In chapter 4, Algebraic Theory of Dimensional Analysis, the author has brought together a simple
but concise treatment of what is now known of the mathematical foundations of dimensional analysis.
In this chapter, Buckingham's Theorem is proved without appeal to the possible expansibility of various
functions into power series. After thus providing the sound foundation for dimensional analysis, the
book takes up in succession a series of specific examples. The items considered include Ship Propeller,
Underwater Explosions, Gas Flow, Archery Bow, Bending of Materials, Small Deflection of Elastic
Structures, Free Vibrations, Turbulence, Boundary Layers, Run off From a Water Shed, Centrifuga-
Compressors, Heat Transfer in a Pipe, Condensation, Transient Heat Transfer, Thermistors, Piezo-
electric Receivers, etc. Before taking up this last problem, a careful treatment is given to electrical and
magnetic units from the point of view of dimensional analysis.

The treatment of model theory from the point of view of model—prototype similarity starting
with the differential equations is considered in chapter 10.

The book makes no pretense to contribute to knowledge on the way which a person must proceed
to select the appropriate variables and appropriate basic dimensions for a given problem. To be sure,
the numerous examples would assist the student in attaining an understanding of how to go about it,
but the basic problem still remains. Thus, no clear understanding is yet available to guide the un-
initiated with this task. The reviewer does not consider the problem satisfactorily disposed of by the
statement that experience is the only guide. This is, of course, true at the present time but is to be
regarded as an unsatisfactory temporary situation.

For anyone uninitiated in the ways of dimensional analysis and the use of models or anyone wishing
an excellent systematic and thorough treatment of the subject, this book is excellent.

Howard W. Emmons

Tensor Calculus. By J. L. Synge and A. Schild. University of Toronto Press, Toronto,
1949. xi + 324 pp. $6.00.

This book presents tensor calculus in a manner well suited both to those interested in an abstract
study of geometry of spaces with general dimensionality, and to the increasing number of those in-
interested in the applications of tensor calculus to mathematical physics and engineering. This book is
an excellent classroom text, since it is clearly written, contains numerous problems and exercises, and
at the end of each chapter has a summary of the significant results of the chapter.

Chapter 1 deals with the definition of a space, and the definition and algebra of tensors. Chapters
2, 3 and 4 deal with Riemannian spaces of general dimensionality whose fundamental quadratic forms
are not necessarily positive definite, and include the concepts of distance, angle, geodesies, tensor
derivatives and the Frenet formulas. There are also extensive treatments of curvature of space and
cartesian tensors.

Chapter 5 contains a study in terms of tensors of the dynamics of a single particle and of a rigid
body. There is also here a discussion of the geometry and topology of various configuration spaces of
dynamical systems. In Chapter 6 there appear concise developments of the fundamental equations of
the mathematical theories of electricity and magnetism, hydrodynamics and elasticity, these equations
being deduced finally in terms of a general curvilinear coordinate system.

In Chapter 7 there is a return to a general Riemannian space, and such topics as relative tensors,
volume, Green's theorem and Stokes' theorem are discussed. Chapter 8 deals with certain non-Rie-
mannian spaces, in which there is no metric tensor and the tensor derivative is defined through the
introduction of a linear connection.

G. E. Hat


