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ON MAPPING AND MEASUREMENT OF RANDOM FIELDS*

By
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1. Introduction. For random fields in space, such as turbulent flow patterns, the

significant measurements are presently believed to be those of such statistical properties

as the correlation functions and the "power spectra". Such measurements are usually

made difficult by the fact that we can seldom measure directly any quantity at a point

where, by point, we mean a region of space so small that the properties are substantially

constant within the region. When the resolving power of the instrument is comparable

with the extent of the fluctuations occurring in the field, a correction must be made for

the resulting averaging that will inevitably occur. A further complication frequently

occurs in that we are not measuring the desired quantity itself but some functionally

related quantity involving derivatives, integrals and the like. Again it is necessary to

correct the statistical results for such unwanted effects. By a proper choice and use of

instruments it is usually possible to obtain a linear response from the instrument. For

a very large class of useful instruments, the instrument reading 0(x) is expressible in

the form

fi(x) = J K(x, s)U(s) dV(s)

where U(x) is the quantity whose measurement is desired and the kernel K(x, s) is

determined by the properties of the instrument, x and s are space position vectors and

dV(s) is the volume element at the point s. Unless otherwise noted the integration is

extended over the entire field. A few simple examples will perhaps prove useful in illus-

trating the generality of this type of response behavior.

1. If the instrument is perfect, then K(x,s) = 5(s — x) where 5(s — x) is the Dirac

function. In this case ft(x) = U(x).

2. If the instrument measures a derivative of U(x), then K(x,s) = — 5'(s — x) where

8' is the corresponding derivative of the Dirac function.

3. If the instrument gives a "Gaussian average" over a region of space having a

characteristic dimension a, then

r„, n i r-(x - s)2iK(*>s) - ex" L—;—J
(2

where n is the number of dimensions of x.

We can view the above integral equation as a mapping process in which the instru-

ment performs a linear operation, converting the original field U(x) into the associated

field fi(x). From the instrument readings, we have the map of 0(x), whereas the map

of U(x) is the one that existed in nature. For random fields, the problem is to determine

the statistical properties of U (x) from the statistical properties of 0(x).

In what follows, we have been able to solve this problem for the case where the field

*Received February 25, 1952.
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U(x) is statistically homogeneous infinite in extent and the response characteristics of

the instrument are not changed when the instrument is moved around in the field.

Because of this independence of position, the response kernel must be a function of

the single variable (s — x). Thus we have

0(x) = / K(s - x)U(s) dV(s).

A simple change of variable gives the equivalent form,*

fi(x) = J K(s)U(x + s) dV(■).

2. General relations. For definiteness, and with application to turbulence in view,

we consider a three-dimensional random vector field, U,(x), which is statistically homo-

geneous and infinite in extent. 8<(x) is an associated random vector field which is con-

nected with the primary field by the relation

n,(x) = J Kik(s)Uk(x + s) dV(s)

where a repeated index means summation over the index. Averages are taken over the

entire range of independent variables.

<t/.(x)).T. = lim V ,(x) dV(x)
r-.» * \") JVU)

where V(r) is the volume of a sphere of radius r. We assume (£/,(x))av. are all zero.

Space averages may be functions of a parameter like time, however, we omit reference

to it to avoid an elaborate notation. Ra(£) and /3,,(£) denote correlations of the original

and the mapped field respectively.

= (Ui(x)Uj(x + ©>„. ,

/J„(© = <0,(x)0,(x + 0>„. ,

Eij(k) and I\,(k) are the spectra of f/,(x) and J2<(x) respectively.

Ei,(k) = J R<i(0 exp [ik-fl dV(0,

r,-,(k) = gp / find) exp [ik-£] dV(£),

with corresponding inverse relations,

R„(£) = J Ea{k) exp [-ik-Z}dV(k),

PiiQO = f r,i(k) exp [—zk-^] dF(k).

"These operators have been used, among others, by N. Wiener0'.
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It is well known that the auto-correlation (e.g. Ru(£)) and the "power spectrum" are

the Fourier transform of each other (1). By power spectrum of Ui(x) we mean the

quantity,

lim r —> oo | J Ui(x) exp [zk■ x] dV(x)

where F(r) is the volume of a sphere of radius r. This limit is identical with Eu(k) which

is the Fourier transform of Rn{K)- ^n(k), 7?22(k) and 2?33(k) are the power spectra of

the vector random field f7((x), similarly ru(k), r22(k) and r33(k) are the power spectra

of ft,(x). In general, by power spectra we mean the diagonal elements of Eu{k) or r,,(k)

and by spectra we mean the entire tensor.

For simplicity we have assumed pure band spectrum. In order to include the case

of line spectrum, it is necessary to define an integral spectrum. The correlation is the

Fourier-Stieltjes transform of this integral spectrum.

As mentioned earlier, 12; (x) can be viewed as the mapping given by a linear instrument

which is exploring the field, J7,-(x). Since 0,(x) is the field directly available to us from

the output indicators of our instruments, the usual situation is that |8<f(£) and r,,(k)

will be known to us by means of the conventional experimental techniques for obtaining

such statistical data. The problem before us is to obtain the statistical quantities

and 2?i#(k) of the primary field if we know the response function Kti(s) of the instrument.

If we substitute the value for = / Kik(s) Uk(x + s) dV(s) into the expression

0u(?) = (0,(x) Q,(x + 9)„, , we obtain

13,,-(0 = lim ^ dV(x) JJ Kik(t)K,,(s)Uk(x + t)Ut(x + ? + s) dF(t) dV(s).

The integration involving an averaging process and the two integrations with respect

to t and s can be interchanged if if,-,(s) is zero outside of a finite domain or if L\(x) is

finite

A,® = ff s) lim f ^ Uk(x + t)U,(x + ? + s) dF(x)] dF(s) dF(t)

= ff Ktk(QKn(*)Rk& + s - t) dF(s) dF(t)

let

t — S = T

then

Pa® = ff Ktt(a + *)K„(u)Rtl(t - t) dF(s) dV(x).

Integrate first with respect to s and denote by ^ik,i(t) the "correlation" of Kik(s) and

K„{ s).

*«„(*) = I K„(s + x)Kn(s) dF(s), (2.1)
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then

iM© = / - «) dV(*). (2.2)

It is well known that the Fourier transform of the convolution of two functions is the

product of their respective transforms. Taking Fourier transform of (2.2) we get

r„(k) = Siki,(k)Ekl(k) (2.3)

where

S„„(k) = J *,mi(t) exp [-«k-*]dV(x). (2.4)

We can express 2?,-,-(k) in terms of r<,(k) by solving the set of nine linear equations

(2.4), and taking the Fourier transform of Eti(k) (which is now expressed in terms of

r,,(k)) we can get the correlation /£,,(£). So that equations (2.1)-(2.4) give the solution

to our problem of expressing the correlations and spectra of the original field in terms

of the corresponding quantities of the mapped field.

If the matrix Kt{(s) is diagonal there is no cross feeding from one component to

another. Each component can be treated independently and Kti(s) in effect becomes a

scalar, e.g. for the first component we have

SMx) = J Ku(s)UI(x + s) rfF(s)

and the formulas (2.1)-(2.4) simplfy to

= / Ku(s)Ku(s + t) rfF(s), (2.1a)

fin (JO = / +i(*)Ri& ~ r) dV(>c), (2.2a)

rn(k) = Si(k)£n(k), (2.3a)

and

Now,

/Sj(k) = J ^,(*) exp [ — ik-x] dV(t). '2.4a)

W) = / Ku(s)Kn(s + t) dV(s).

A simple change of variable gives

iM = / ^.(-s)*^ - s)dV(s),

i.e. ^i(t) is the convolution of Ku(— s) and Kn(s). If F(k) is the Fourier transform of

Ku(s), then Sj(k), the Fourier transform of ^i(t), is F( — k) F(k) = | F(k) |2. Therefore

<S,(k) is a real and an even function of k. We may call it the power sensitivity spectrum

of K(s); it gives the square of the sensitivity of the probe as a function of the vector
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wave number, k. It is a multi-dimensional spatial generalization of the customary

frequency response in circuit analysis. The principal difference, is in the fact that time

has a preferred direction, on the other hand space does not necessarily have such a

restriction. In the standard methods of circuit analysis K(s) is the impulse response of

the circuit and it acts only on the "past" of the signal.

Before taking up some cases in detail we consider the simple case of an instrument

which has uniform sensitivity in a spherical domain.

In the electron circuit theory the filter that averages the input signal over a finite

interval in time with uniform weighing has no great significance. On the other hand,

when instruments with finite spatial resolution are considered this is one of the simplest

cases. A hot-wire anemometer with uniform sensitivity over a finite span is the one-

dimensional case. A circular disc averaging some optical effect is a two-dimensional

example. A small spherical probe measuring chemical concentration ur a fluctuating

field can be a three-dimensional case. Fig. 1 shows the response function K{s), its "auto-

correlation", ^(t), and its "power sensitivity spectrum", <S(k). Since the dimensional

K(S)

I
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Functions characterising the response of an instrument

having uniform sensitivity in a spherical domain, one

dimensional, two dimensional, three dimen -
sional.

Figure I
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form of these is different in one, two and three dimensions, these quantities are normal-

ized so that / K{s) dF(s) = 1.

3. Example 1: Velocity field measurements by hot-wire anemometer. We apply

the considerations of the last section to isotropic turbulence. For this purpose we intro-

duce the customary terminology. 17,; (x) is the fluctuating velocity field, R{j(Q its correla-

tion tensor, and 2?<;(k) its spectral tensor. If the turbulence is isotropic R>j(%) can be

expressed in terms of two scalar functions f(r) and g(r) (2)

= B„(0, t, 0)

<Ul)»f(r) = Rn(r, 0, 0)

««(© = (t/?).T{/(r) ~ g{r) U, + r2 = . (3.1)

Ri,(K) is an even function of £, and it follows that its Fourier transform Eik(k) is also

an even and real function of k. f(r) and g(r) are connected by the continuity equation of

incompressible flow (2).

f(f) - g(r) =

Total turbulence intensity

Z = Ru(0) = / fi,,(k) dV(k).

Eix(k) is thus the spectral density of (U*)*,. in the wave-number space. It is useful

to introduce a "three-dimensional" energy spectrum which will give the energy density

of all disturbances having the same wave number magnitude k. This is done by inte-

grating £\ , (k) over a sphere of radius k, thus,

E(k) = J Eti(k) da(k)

where d<j(k) is the surface element of a sphere of radius k. If we apply the conditions of

isotropy and continuity equation of incompressible flow to Ev,• (k) and make use of the

definition of E(k) we find (3)

£.-,(k) = (k2da - kt,). (3.2)

Commonly measured "one-dimensional" spectrum is the Fourier transform of (f7i),T.

Sir).

(Ui).TJ(r) = Ru(r, 0, 0) = JJJ En(k) exp [-iktr] dk, dk2 dk3

= J Ei(kt) exp [—ik{r] dki

E^) = ff E»(k) dk2 dk3 = £ff (tf + kl) dk2 dk3

= \ f" (k2 - k\) dk; k2 = fc.fc, .

where

(3.3)
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From which the inverse relation follows:

=2kU,(h^)\
For the measurement of t/i(x) component of the turbulent velocity, a hot-wire of

length 2 I is set parallel to xa . It is sensitive to Ui (x) and its output is proportional to

the integral of Ux(x) over a length 2 I along the wire. For simplicity we have assumed

uniform distribution of temperature along its length, giving constant local sensitivity

to L\ (x).

The point of view adopted here is that simultaneous measurements of three-di-

mensional random field f/i(x) are made at all points in space and we represent these

measurements by another random field fii(x). It is from fti(x) that we compute various

correlations and spectra, and this step involves no "error". The "error" is involved in

getting ft^x) and consideration of this "error" will give a "correction" not only for the

correlations but also for the various spectra.

In actual practice the wire is stationary with respect to the mean flow carrying the

homogeneous turbulence and it is sensitive chiefly to Ui up to a reasonably large tur-

bulence level. Under the same assumption we can assume that a "frozen" turbulence

pattern is swept over the wire and, knowing the mean speed, we can convert time fluctua-

tions into space fluctuations. The wire resolution is effectively perfect in Xi and x2 direc-

tions, but is finite in x3. From this it is immediately obvious that it will map an isotropic

field into a non-isotropic one, with the highest k3 wave-numbers washed out by the

integration (or "averaging") over 2 I at each wire position. In fact, only a probe with

spherically symmetric sensitivity distribution transmits isotropy.

jjK(s)ds,d»2

-I

-21 21

S(0,0,Kj)

Figure 2 — Functions characterizing the response of a hot wire of length 21
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The mapping operator corresponding to hot-wire of length 2 I set parallel to x3 is,

(5(Si) <S(s2) for | s3 | < I,

K{ s) =
(.0 for | s3 | > I.

We first calculate ^(-c) and /S(k), the functions characterising the hot-wire or the mapping

operator K(s)

*(*) = J K(s)K(s + x) dV(s)

/I— I | /» /»
ds3 JJ 5(s0 5(s2) 5(s! + rj) 6(s2 + r2) dsi ds2

- r— I i

-i

= S(tj) 8(t2)(21 - Its I); lr3 I <21. (3.4)

Since S(sj) and S(s2) are not functions in the ordinary sense, but infinitely sharp dis-

tributions, we have shown the graph of ff K{s) dsids2 and // ^(t) dridr2 in Fig. 2. We

see that while /J K(s) dsi ds2 extends over a distance 21, J J ^(-c) dr, dr2 extends over a

distance 4 I. S(k), the power sensitivity spectrum is the Fourier transform of ^(-u)

S(k) = J dr3 JJ 5(7-0 5(t2) exp [ — ik--c] dn dr2 .

The graph of *S(k) is shown in Fig. 2. It is constant with respect to ky and k2 and it is

almost zero for | k3 | > r/l. The area under the tails is not large and as I —> 0 <S(k) = 4 Z2

for larger and larger value of k3 and as I —»S(k) acts almost like the Dirac function

in x3 direction. In these limiting cases it is necessary to properly normalize S(k).

The relation between rn(k) and £a(k) is given by (2.3)

r„(k) = 4(~^)A\,(k)

(3.5)
_ J_ /sin k3lV E(k) 2 2
~2*\ k3 ) k4 {ki + ^

for isotropic turbulence (see (3.2)). r^fcj) is the "one-dimensional" spectrum of the

mapped field. It is the spectrum obtained by analysing with a wave analyser the output

of a hot-wire sensitive to U1(x).

T^kt) = JJ" rn(k) dk2 dk3

let a = {kl + kl)* and k3 be the new variables.

WM_2 f , r „ /sin kslY E(kW
Tl(kl) - 7r J, da Jo dks \ ks ) (a2 - kir2^

(3.5a)

(3.5b)

= Z2 f W[l(k2 - k])1/2] (fc2 - k]) dk
Jkx *
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where

™ ; JJ(T)'<3-6>
W(a) has been numerically integrated and its graph is drawn in Fig. 3; the dashed line

is the asymptote. Comparing (3.5b) and (3.3) we see that for small I the measured "one-

Figure 3 — The function W(«.)

dimensional" spectrum r,(/c,) approaches the true "one-dimensional" spectrum Ei(kt)

except for a factor 412 which is the steady state hot-wire response. For large I (i.e., I —* <»)

^ ^ J" ^ (k2 - tf),/2 dk. (3.7)

If the integral (3.5b) converges, then it is always possible to find an I such that (3.7)

is correct within a preassigned approximation. A better estimate on the error in (3.7)

will depend on kx and E(kx) for k > kx. The squared output of the probe is increasing

continuously with increasing length of the hot-wire, for the limiting case of infinite wire

length the squared output per unit length, tends to a limit. In order to put this in a

standard form for inversion, we differentiate, T^/b,) with respect to kx thus:

r,'(*«) _ r E(k) dk~ 'J
Jk,Uh ~ Jkl k3 (k - k,)

2\ 1/2•

For this limiting case the inversion of the integral equation is (see Appendix):

/>'<*> <3-8>

Integrating by parts, we get

pm ~ 2tt r- r'(k) - T'jk,)
= rl Jkl - k\)3/2 kdk- (3-8a)
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Integrating again by parts, we have

E(k)t.kl - k) - [r(fc.) - r(/c)] (2&2 _ dk (3 8b)
TTl Jki _ fc2)5/2 V U V

Also

Ei(ki) =\f°^ (k* ~ dk

rdk r dAk> - kw®
- 2*1 Jkt dlC Jk S fcft2 - k2)1'2

integrating first with respect to k then integrating twice by parts, we get

Ei(k,) - h L (/- }f$/2' (3-9)

We thus see that either the "three-dimensional" spectrum or the true "one-dimensional"

spectrum can be recovered from the spectrum measured by a hot-wire of "infinite"

length, (by "infinite" length we mean a length much larger than any scale of turbulence).

For this limiting case the length to diameter ratio of the hot-wire is large and the tempera-

ture distribution becomes strictly uniform and independent of the operating conditions,

as we have assumed here. If

E(k) ~ k* exp [~k\/kl],

then

Ei(kt) ~ exp [~k\/kl] and j(r) = exp
[=?]

where k0 is a constant. In this case there is no relative distortion of the "one-dimensional"

spectrum or the longitudinal correlation measured with a hot-wire of finite length.

Calculations show that

r,(fc,) = Vt
4f£,(fci) 2«c0

2P ^ - ol7„ erf (W) < 1

= 1 for k0l <£ 1.

The relation between true and measured intensities of turbulence can be put in terms of

the scale of turbulence (4,5).

measured

true

where

I f"m
/to *'0

dr.

In these formulas we have taken account of the fact that the steady state response of

the hot-wire is 4 I2.
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The measured lateral correlation /3n(o,r,o) is related to Rn(o,r,o) by (2.2a)

0n(0 = / *(t)tfn(t " «) d7(x).

Substitute the value of <£(*), from (3.4)

0n(£i > £2 > £3) — J dr3 JJ S(tj) 8(t2)(21 — j r3 |)/2u(( t) rfr! rfr2

We consider two special cases of |8n(?)> Pn(o,r,o) and /3u(r,o,o). Substitute the value of

Rn(X — *) from (3.4) -we get

MO, r, 0) = <tf)„ I'' (2l ~ I + t3)1/2] dr3 (3.10)
j -21

and

0n0", 0, 0)

- <«>„ /_" (2, - | „ |){^ + - ;|(/ + V~\ r, + gW, + rS)„,| dri

using the relation f(r) — g(r) = — r/2 /'(r) we get

ftt(>*1 0, 0) = <£/?>„ 2Z f /[(r2 + r*)1/2] rfr3 . (3.11)
Jo

Equation (3.10) was first derived by Skramstad (6) by considering the relative

geometry of two wires used to measure g(r). The main advantage of our point of view

is that it is not necessary to consider separate corrections for spectra and correlations

if we concentrate on the properties of the probe (linear operator). If the wire length is

much larger than scale of turbulence, it may be considered effectively infinite, then

^"(V'0) = <tf>„ 4 g[(r> + r*)'/2] dr3 .

This integral equation can be solved and the true correlation recovered from the measured

correlation (see Appendix)

let £ = r tan d, then

(Ul)„g(r) ̂  ^ MO, r sec 0, 0) d6. (3.13)

4. Example 2: Density field measurements by shadow method. The shadow picture

of projectiles at high velocities show vividly the turbulent structure of the wake (Fig.

4); the intensity of light on the photographic plate is a function of the density of the

medium surrounding the bullet. We want to investigate whether the ability of the

shadowgraph to show details can be put to advantage in recovering the statistical in-

formation about the density field from such a "picture" of turbulence. Firstly, the

shadow method is sensitive only to the second derivatives of the density field and
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Figure 4—The Shadowgraph of a 19mm. Shell at 1700 Ft/Sec. in Atmospheric Air.

secondly, since the light passes through a finite thickness of the wake, the final change

in the intensity of fight is the integral of the effects along its path. So that the "picture"

is only indirectly related to the turbulent density fluctuations. According to our termi-

nology this picture is a mapping of the primary density field. We will first consider the

relation between the light intensity on the photographic plate and the density field.

The wake of a bullet is given as an illustrative example and we consider below the

random density field in general.

Let p(x) be the fluctuating random density field, statistically homogeneous and

infinite in extent. A portion of the field, lying between x3 — I and x;i + I and extending

to infinity in the other two directions, is removed from the rest of the field. Parallel

SHADOW SCREEN
TURBULENCE S

H ̂

Figure 5 — Optical arrangement for taking shadow pictures.

light after passing through this slab of the field is incident on a photographic plate (Fig.

5). The light arriving at the plate will be more or less intense according to the distortion

produced by density fluctuations acting as concave or convex lenses. The shadowgraph

depends on the position of the slab relative to x3 axis. A single shadowgraph gives the

mapped field for a fixed value of x3 and the complete mapping consists of a continuous

set of shadowgraphs, one for each value of x3 .

For small fluctuations of density, the refractive index n is a linear function of p;

H = 1 + C p where C is a constant. If the photographic plate is placed closer than the
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first focus point there are no singular points on the photographic plate, and the light

intensity B{x1, x2, xa) falling on the plate compared to the intensity, Bu, of the inci-

dent light is (7)

h(x x x ) — ̂ " ~ ^Xl ' X" ' — f (— 4- —^ dx
( 1 ' 2 ' 3) " B(Xl , x2 , x3) ~ L-, \dxl + dx\) dXs '

We have omitted the dimensional constant in the above relation. We may mention that

d2/dxl + d2/dxl is the Laplacian in two dimensions and we shall later make use of this

fact. The density field is mapped into h(x) by a simple integro-differential operator

K(s) which of course belongs to the general class of operators considered earlier. This

becomes clear when we express it in terms of the Dirac function and its derivatives. Thus,

h(x) = J K(a)p(x + s) dV(s)

where

(V'(sj) S(s2) + 5(s2) for | s3 | < I,

K( s) = <

\0 for | s3 | > I,

and 8" is the second derivative of the Dirac function. The equivalence of the two ex-

pressions for h(x) can be demonstrated by substituting for K(s) and integrating by

parts. We now introduce the usual terminology. Let T(!Q and P(k) denote correlation

and spectrum respectively of the density field.

T(Z) = (p(x)p(x + 0).v.

and

p(k) = 87 / m exp dm

m = / P(k) exp [-tk-?] dV(t)

P(k) is the spectral density of (p2(x))av. in the wave, number space. "Three-dimensional"

spectrum of density, G(k), is the spectral density of (p2(x))iV. with respect to wave

number magnitude, k,

G(k) = | P(k) d<r(k)

T(r,0,0) is the correlation usually measured by hot-wire technique. The "one-dimen-

sional" spectrum, G^kJ, is the Fourier transform of T(r,0,0)

T(r, 0, 0) = JJJ P(k) exp [ — ikj] dk^ dkl dk3

= J Gi(ki) exp [ — ikir] dk^

(4.1)
where

dk2 dk3
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If the random temperature field is statistically homogeneous and isotropic, then

G1(kl) = ~ Jf ^ dk2 dk3

(4.2)

The inverse relation is

fdGA)!
L dk, Jtl

G(k) = -2k\ . (4.3)

Consider the mapped field h(x), since we have assumed a statistically homogeneous

field, the statistical properties of h{x1, x2, x3) with xt and x2 as variables are independent

of x3 . Let

/3(fi , f2 , 0) = {h{xt , x2 , x3)h(xi + f2 , x2 + £2 + x3)„. .

This correlation can be obtained from the shadowgraph. For this purpose two slides are

made from the shadowgraph and placed back to face. The combined pattern is the

same as for a single slide if the position of two plates is matched. If t(xi , x2, x3) is the

transparency of either plate, the transparency of two plates displaced from the matched

position by amounts £, and £2 is

t2 = t(xx , x2 , x3)t(x! + £i , x2 + & , x3).

Let /(Xj, x2, x3) = t0 + At(x, , x2, x3) where t0 is the average transparency. The fluctuat-

ing transparency A^a-j , x2 , x3) = clh(xi , x2 , x3) where Cj is a constant, if the photo-

graphic process is linear. Making use of this relation and taking averages of t2 we find

<<2>„v. = tl + cl(h(x! , x2 , x3)h{xl + & , x2 + £2 , x3))„.

(4.6)
= tl + efofc , , 0).

We can determine /3(£,, £2, 0) by measuring combined transparency of two plates.

^(t) is the "auto-correlation" of K(s)

f(t) = I ^ ds3 fj" {5"(s,) 5(s2) + 5"(s2) 5(Si)}

• {8"(s, + t,) 5(s2 + r2) + 5"(s2 + t2) 6(s! + T])} dsi ds2 (4.7)

= {^(r.) «(r0 + 6iv(r2) fi(r,) + 25"(r1) 6"(t2) }(2Z - | r3 |) | r3 | < 21.

/S(k) is the power sensitivity spectrum of K{s)

5(k) = J *(*) exp [-it•t]d7(r)

= 4(fc? +

(4.8)

The shadowgraph method responds to second derivatives of the density field, this

accounts for the factor (kl + kl)2. Since the light passes through a path 21 (which
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corresponds to a hot-wire of length 21 in the previous example of velocity spectrum

measurement) the factor 4 [(sin k3l)/k3]2 appears in the sensitivity spectrum. If

r(k) = §^5 / 0© exP <*F(£) (4-9)

then

T(k) = ,SXk)P(k)
(see (2.3a)

= 4(*J + kl)2(~^J

for isotropic random density field

r(k) = m + k\)2{^^j g|, (4.10)

and

m = I J Jp- (kl + kiy(~^f exp [-ik-z\ dV(k). (4.11)

If I is much larger than any scale of turbulence, then [(sin k3l)/k3]2 acts almost like a

Dirac function, i.e., we can replace G(k)/k? by {G[(fcJ + &£) *]}/(&? + k\) and integrate

with respect to k3 . Under this assumption

f ' 0) = // G[(k2 + kl)l/2m + kl) exp [—f(fc^i + k£t)] dk, dk2 . (4.12)

Introducing polar coordinates

— r cos <f>; ki — v cos

= r sin <f>; k2 = v sin

We have

and the inverse relation

13(f) = 2irl f v3G(v)J0(vr) dv, (4.12a)
Jo

v2G{v) = J r/3(r)J0(vr) dr. (4.12b)

The measured correlation /3(r) and v2 G{v) are Fourier-Bessel transforms of each other

(8). For v < < 1 v2 G(v) ~ v4 making the first and the third moments of /3(r) always zero.

The relation between the conventional correlations T( f) and the correlation of the

shadowgraph is given by equation (2.2)

m = / - t) d.v(x).

Substitute ^(t) from equation (4.7) and integrate with respect to t, and r2

A,® - £ <21 -1 „ d(| + 2 + |)nf - r.) i„.
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For isotropic density fluctuations

ml + &1"] = 2 [" (21 - t3)A?« + |2 + rD1/2] dr3 ,
Jo

(4'13)

/S(r) = 2 f2' (21 - t3)A2T[(r2 + r32)1/2] dr3 ,
►'o

where A, is the bilaplacian in two dimensions for circularly symmetric case. If I is much

larger than any scale of density fluctuations, then

Vf- = 4 A2T[(r2 + rl)1/2] dr3 , (4.13a)

= A 2<t>(f). (4.13b)

r2 log r is the elementary solution of bilaplacian in two dimensions (9). If we assume

that T(r-)r_<„ ~ 1/r'; « > 0 then the solution of (4.13b) is

<t>(r) = gtl [o [o ZP(Z)(r2 + f ~ 2r% cos 6) log (r2 + - 2cos 6)1/2 ddd £

= ^ £ MM'2 + f) log r + |2] ± f" mmr + log ? + r2] df.

We note that the first and third moments of /3(£) are zero, using this fact:

<t>(r) = ^ [ mi(r2 + f) log r + f] di + ± J" 0(M(r + f) log $ + r2] d£

substitute for <£(r) from 4.13a

*(r) = 4 f T[(r2 + r2)1/2] dr3
n

= r MMr2 + I2)(log | - log r) + r2 - {*]

(4.13c)

This integral equation can be solved for T(r) (see Appendix)

r2T(r) = ~ J" Ws) - 4>'(s)s] [g2 l^2]1/2

= ^ J" & /3(l)i[(3s2 + f)(log { - log «) + 2s2 - 2£2] [g2 ̂ 2]1

integrate first with respect to S.

r2T(r) = f /3©£ d* f [(3s2 + {2)(log { - log s) + 2s2 - 2£2]
8tI Jr JT 1 4 4 J"6 0/ ^ ^ J (s2 - r2)l/2'

(4.14)

T(r) = ± ^ mMZ, r) dt,
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where

X(f, r) = -4 f" (3s2 + J2)(log £ - log •) + 2s2 - 2£2) 2 *\vt
(s2 - r)

(4.15)

- 3|VV r .

From (4.13c) and (4.14) we see that scale of density fluctuations L„ and the micro-

scale \p can be expressed directly in terms of /3(£).

Lt = J" T(r) drf T(0) = -| j"p(Q? log ? dl-/ f}®? df,

and

X2, = -2T(0) / T"(0) = -6 Jg MM2 d!j / [g 0®

We denote by Yi(/ci) the "one-dimensional" spectrum of the mapped field.

7i(fc,) = J/ r(k) dk, dh

-i +

For the case of "infinitely long" light path, we can simplify this expression (see (4.11)

and (4.12))

Ti(fei)
I

= / (ti + *$<?[(*! + 2)I/2] dh

(4.16)

- L fc3(?W (to2 -k\)U2-

The "three-dimensional" spectrum can be recovered from the measured spectrum by

solving equation 4.16 (see Appendix).

Also

G{k)k-"> = Wr Fk [kym' (At (4-17)

Gi(M) = | f G(k) f
(4.18)

__l r# r fry,(art ,,
A, fc5 A r - fc2)i/2

integrate first with respect to k

r(h \ -=± r J 2/c' - g2 _ 1 * + ft2 - fe.)1/2l u i q\
~ ttZ A, Tl®W^(f - &?)1/2 4£? Jfc. J s' ( )

We can also use Schlieren instead of shadow method to measure correlation and spectrum

of random density field. If we assume that the light path is larger than scale of density
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fluctuations then true correlation and spectrum of density fluctuations can be recovered

from the measured quantities in the same way as in the case of shadowgraph.

5. Concluding remarks. The above considerations are useful in many other prob-

lems besides the problem of measurement of random fields.

In the statistical treatment of a random field it is sometimes useful to formulate the

problem in another field which is derived from the original field in a specific manner.

The reason for this may be theoretical convenience or that the mapped field is much

more suitable for making physical hypotheses.

The infinite hot-wire or light path corresponds to the case where we have averaged

a three-dimensional random field in one direction (along the wire length) and the result

is a two-dimensional random field. We have shown that no information is lost in the

homogeneous case if the dependence of correlations on the distance along the wire length

can be expressed in terms of the vector perpendicular to this direction. Having clarified

the case of the infinite light path, we see that the shadowgraph method is essentially

the determination of the field due to random "charge" distribution, i.e., we know the

spectrum and correlation of the charge distribution and we want to find the spectrum

and correlation of the "potential".

In the case of a dissipative medium we can look at the field for positive times as the

mapping of the field at time t — 0 by a time dependent operator.
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Appendix

Solution of the integral equations

m - f. «/- (A1)

p(x) = f g[(x2 + f)I/2] dt. (A2)
Jo

Equation (A2) can be reduced to (Al) by the transformation y = (x2 + £2)*. For the

solution of (Al), let | = x csc 6 then

1 r/2
\p{x) = - / 4>{x csc 6) dd.

X J o

This equation can be reduced to Schlomlich equation by the transformation x = 1 /y

let

= V(y) and = <%),

/» */2

y(y) = / $(y shi o) do.
J 0

Solution of Schlomlich equation is (10)

"%) = - [*(2/)L-o + ~yf ^(y sin 6) dd,
7r t J o
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or in terms of the original variables

<f>(x) = - — — f [x csc 0iJ/(x csc 0)]' csc2 d dd
L?r Ji = co 7T J o

(A3)

(f - x2)1

Alternatively,

4>(S) #iKx) = [
• ' x

can be solved by the transformation

«= (!.r1/2

«(r - xy

i

i.

X = (X:)-1/2,

= «^[(€,)~I/2I = *&),

.*(x) = *[(x,)-,/2] = *(x,)-

Substituting these in our equation we get Abel integral equation.

*(x.) _ 1 r $({,) <*6,
(z,)1/3 2 Jo [{,(*, - ^)]1/2'

Its solution is (10)

i*(xQ _ 1 _d_ fXl d£,
(*i)1/a irdxjo IM*. " f.)]1/2'

or in terms of original variables

M --I*'I*[«JT^- <-«)

References

1. Wiener, N., The Fourier Integral and Certain of its Application, Cambridge Press 1933, Reprinted

by Dover, New York.

2. Karman, T. v. & Howarth, L., Proc. Roy. Soc. A194, 192 (1938).
3. Batchelor, G. K., Proc. Roy. Soc., A195, 513 (1949).
4. Frenkiel, F. N., Phys. Rev. 75, 12, 1263 (1949).
5. Corrsin, S. & Kovasznay, L. S. G., Phys. Rev. 75, No. 12, 1954 (1949).
6. Dryden, H. L., Schubauer, G. B., Mock, W. C. & Skramstad, H. K., NACA Report No. 581, 22.
7. Weyl, F. J., Analytical Methods in Optical Examinations of Supersonic Flow, NAVOR, Rep. 211-45,

Dec. 11, 1945.
8. Kovasznay, L. S. G., Heat Transfer and Fluid Mechanics Institute, ASME, p 218 (1949).
9. Nicolesco, M., Les Fontions Polyharmoniques, Actualites Scientifiques et Industrielles, 27, Herman

& Co., Paris (1936).

10. Whittakar, E. T. & Watson, G. N., Modern Analysis, 229, Cambridge Press.


