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A PROBLEM OF FINITE BENDING OF TOROIDAL SHELLS*

BY

R. A. CLARK AND E. REISSNER

Case Institute of Technology Massachusetts Institute of Technology

1. Introduction. In the present paper we consider a non-linear problem involving

finite axi-symmetrical deflections of toroidal shells with circular cross section. The

problem is that of an expansion joint for two straight sections of a cylindrical shell

loaded in axial direction (Fig. 1). The particular kind of expansion joint investigated

is generally called an "Omega" joint.

Fig. 1.

The linear theory of small deflections of such joints was recently considered by the

first-named author [1]. The purpose of the present work is to establish the range of

validity of the linearised theory and to obtain appropriate corrections to the linearised

theory if the behaviour of the joint is slightly non-linear.

The results presented in what follows may, of course, be extended with relatively

little modifications to other loading conditions for toroidal shells. The basic differential

equations for finite axi-symmetrical bending of thin shells of revolution which are used

in what follows may be found in a recent paper of the second-named author [2],

For the present problem, under assumptions which are discussed further on, we have

to deal with the system of non-linear differential equations

/3" + sin £ = ju^(cos £ + 0 sin £) + /u^/3 sin £,

\f/" — n/3 sin £ = — J/i/S2 cos £.
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subject to the boundary conditions /3(±7r/2) = ^(±jt/2) = 0. The constant parameters

are n = [12(1 — v2)]1/2(b2/ah) where b is the radius of the cross section of the middle

surface of the shell, a is the radius of the center line of the torus, h is the wall thickness

of the shell and v is Poisson's ratio; and Q = [12(1 — v2)]1/2(aP/Eh2) where P is the axial

load per unit of circumferential length and E is the modulus of elasticity of the shell.

As for the linearised problem, it is found that the following two ranges should be

considered separately:

(i) n = 0(1); (ii) m » 1 •

When n = 0 (1) the linearised theory is applicable as long as /Al « 1.

When n^> 1, which is the case for many practical applications, the linearised theory

is applicable as long as ju2/3 fi <3C 1.

In these two cases non-linear corrections to the results of the linearised theory may

be obtained by developments in powers of p.9. and ^2/3fi, respectively. The present paper

contains numerical results for the second, less simple, of the two cases.

The physical significance of these results may be seen by considering the relative

axial deflection 8 of the two edges of the toroidal joint. As long as yu = 0 (1) we have

8 = 0(bnQ) = 0(Pb3/Eh3) and the condition for linearity is 5 <5C 6. When /x » 1 we

have 5 = 0(612) = 0(Pba/Eh2) and the condition for linearity may be written in the

form 5 « b/fi2/3. In the former case the relevant order of magnitude conditions are the

same as those which hold if instead of a toroidal shell with center line radius a we had

a straight cylindrical shell with a = °°. In the latter case the finite radius a affects the

results and non-linearity must be considered for progressively smaller values of 8 as n

becomes larger. In either case the deflection 5 may be large compared to the wall thick-

ness h of the shell without the occurrence of non-linear effects.

2. Differential equations for finite axi-symmetrical bending of thin toroidal shells.

Let

r0 = a -f b sin £, z0 = —b cos £ (1)

be the parametric equations of the undeformed middle surface of a toroidal shell of

constant thickness h. The basic differential equations for finite bending, up to terms

of second degree, are then [2; Eqs. Ill and IV],

£2
sin £ — (r0F) cos £ — cos £ + (r07) sin £]},

(2)

_ r (^Y+„ afL _ r2 §£+„ ^
To L W r0 J L r0 r0 J r0

j^/3 sin £ - | /S2 cos £^ + ^ (r°F)' (3)
vc

r0

+ \(Z'f r2 (r{)* -vf\(r0V) - vf [fi(r0V)]'
L r0 r0 J r0

'0 '0
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In equations (2) and (3), ^ is a stress function, /3 the change in the meridian angle due

to deformation, pH the horizontal component of surface load intensity and V the vertical

(axial) stress resultant given by

r0F = —J (a + b sin £)bpv d£, (4)

where pv is the vertical component of surface load in intensity (Fig. 2a). The quantities

D and C are defined by

D - 5<fbj' c = Eh- <5)

Primes indicate differentiation with respect to £.

In terms of SP and /3 we have, for the horizontal (radial) stress resultant H

H = ¥/r0 , (6)

and for meridional and circumferential stress resultant and Ns, as indicated in Fig. 2b,

roN£ = cos £ + (r0F) sin £ + /3[^ sin £ — (r0F) cos £], (7)

bN, = W + br0p„ . (8)

The meridional and circumferential stress couples Me and Me are given by

Mf,-!>[(•** ++ (10)

Fig. 2a.
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N ,

r <30

Fig. 26.

The horizontal and vertical components of displacements u and w are given by

u = g {N. - vN(), (11)

w = - b J (j3 cos | | /32 sin ̂  (12)

Omission of all non-linear terms reduces equations (2) to (12) to the corresponding

equations of the linearized theory which were considered in [1].

3. Dimensionless form of the differential equations for a shell subject to edge loads

only. Let P be the magnitude of the axial edge load per unit of circumferential length

measured along the section { = — x/2 of the toroidal shell and assume that no distributed

surface loads are acting. This means that in equations (2) to (4)

Ph = 0, p, = 0 (13)
and

r0F = aV0 = (a — b)P — const. (14)

As in the linearized theory one may define two parameters X and n by

X = b/a, n = [12(1 - f)]in(b'/ah), (15)

and introduce a dimensionless stress function \f/ and a dimensionless load function 0 in

the form
[12(1 — v2)]1/2 [12(1 - ,2)],/2
 W % 0 =  W(16)

With this the differential equations (2) and (3) assume the form

cos £ Q, I X cos £ V v\ sin £ ~1

_\1 + Xsin?/ + 1 + X sin £_]
 _

p T 1 + X sin £ p

"[IX2 sin £ cos £ 1 yX cos £

(1 + X sin £)2 ~ 2 1 + X sin £

1 + X sin £

P (17)

[^(sin £ — 0 cos £) — 0(cos £ + /3 sin £) j,
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X cos j
+" +

1 + X sin
l_ _ r(x cqs* v _ ~i.
in J L\1 + X sin £/ 1 + X sin £J

L X2sin£cos£ i/Xcos£ "I rX sin £ .

L (1 + Xsin£)2 + 1 + XBinfJ1 1 + Xsin^*

^[^Sin|-^2 cos J
1 + X sin j (18)

I X2 sin £ cos £ fX cos £

L(1 + X sin £)2 + 1 + X sin £

J X2(sin2 £ — cos2 £) ?X sin £ \ _ v\ cos £ ,

+ ' (1 + X sin £)2 + 1 + X sin £T 1 + X sin £ ^ ]•

We note that the definitions (15) for X and n and the fact that b/h >5> 1 for a thin

shell always imply that X y.. In what follows we restrict our attention to problems

where we also have

X « 1, (19)

which means that the radius of the cross section of the torus is small compared with

the radius of the center line of the torus

Under the assumption that (19) holds the differential equations (17) and (18) can

be simplified considerably so as to read

/3" + n sin £ ̂  = m[^(cos £ + /3 sin £) + ^8 cos £], (20)

1^"— M sin £/3 = — Jju/32cos£. (21)

The following discussion will be based on these two non-linear simultaneous differential

equations for /3 and \p.*

In terms of /3 and \p, again under the assumption that X <3C 1, we have for direct and

bending stresses and for displacements the following formulas

     — h j.' ('29t
eD h [12(1 - V2)}1'2 b * ' ^ '

^ = [!2(i - „2)]1/S a ^C0S £ + i® sin + (sin £ ~ ^ cos f)°]> (23)

_ 6 Me _ E h _
VtB — j^2 — 2Q _ y2\ ^ P , Csb — VO-JB , (.*4)

M 1 ah _ 1
b ~ [12(1 - v2j]1/2 62 (25)

| = - J (/3 cos £ + | /32 sin £^ rf£. (26)

4. Boundary conditions for problem of Omega joint. Since the solution of the problem

in accordance with Fig. 1 is symmetrical with respect to the plane z = 0 (£ = ±ir/2)

we need consider only the lower half of the toroidal shell ( — 7r/2 < £ < 7t/2). At the

outside circumference of the torus (£ = x/2), we have the symmetry conditions of no

'Equations (21) and (21) may be considered as equations for the leading terms in a development

in powers of X of the solutions of the complete equations (17) and (18).
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change of slope of meridian curve due to deformation and of vanishing horizontal stress

resultant H. In terms of /? and these conditions read

0(x/2) = 0, *(t/2) = 0. (27)

At the inner edge of the torus (£ = — x/2) we have conditions of elastic support

through the two cylindrical shells to which the toroidal shell is joined. The complete

formulation of these conditions is required when stresses and deformations are to be

determined for small and moderate values of ju. Our previous work [1] on the basis of

linearised theory indicates that when n » 1 the exact form of these boundary conditions

is unimportant for the determination of significant stresses and deformations.

Since explicit calculations in what follows are restricted to the case ju 1 the re-

maining boundary conditions are taken in the form

0(-x/2) = 0, H-t/2) = 0. (28)

5. Range of applicability of linearised theory for moderate values of parameter ^

and method for determination of non-linear corrections. Inspection of the differential

equations (20) and (21) indicates a difference in the character of the solutions depending

on whether n is of order of magnitude unity or is large compared to unity.

In the former case, that is when

M = 0(1), (29)

the only parameter which can become large is the load parameter n&. This possibility,

however, is found to be excluded by the physical conditions of the expansion joint

problem. As long as (29) is satisfied we have the order of magnitude relations

0 = 0(n 0), i = 0(«). (30)

From this the order of magnitude of the deflection w is

w = 0(b/j.Q) (31)

Since w = 0(b), at most, it follows that juO = 0(1) is the practically significant range.

Introduction of (30) into (20) and (21) indicates further that the linearised theory

is applicable as long as

M0 « 1 (32)

or, in view of (31), as long as the deflections are small compared with the radius b of

the cross section of the torus, independent of the thickness h of the shell.

Corrections to the linearised theory may be determined by developing the solutions

of (20) and (21) in powers at the parameter

= A. (33)

If we write
oo co

P = pQ E Ab/3„ , * = Q E AV„ (34)
n-0 n-0

and substitute these expansions into equations (20) and (21) we obtain

E (ft' + sin £ ^„)A" = cos ( + A(sin £ + E t„An cos E £»An, (35)
n-0 \ n-0 / n-0

E (tf' - M2 sin f flOA" = m2a( E &AnV cos {. (36)
n—0 — \ n —0 '
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Equating coefficients of like powers of A then gives the following pairs of equations for

/3„ and </<„ :

P'o' + sin £ = COS £,

(37)
K - m2 sin £ /30 = 0,

n —1

ft' + sin £ in = /3„_j sin £ + XI cos £, n > 1,
ik = 0

(38)
j n— 1

K' - M2 sin £ p„ = - /i2 X Mn-i-i cos £, n > 1,
-fc-0

where the first pair (37) are the equations for the linearised theory.

For sufficiently small values of n each successive pair of equations (37) and (38)

may be solved by developing /Sn and \pn in powers of the parameter n as

CO CO

A. = E in = £ (39)
m—0 m—0

For moderate values of n another approach is to determine solutions of (37) and (38)

as Fourier series in a manner similar to that used for Mathieu functions.

As our work here is primarily intended to furnish an analysis valid when n 1 we

shall not carry out any explicit calculations for the case n = 0(1).

6. Approximate solutions for large values of n. We now consider the system of differ-

ential equations (20) and (21) with the boundary conditions (27) and (28) under the

assumption that

M » 1 • (40)

Our approach is guided to some extent by what we know [1] concerning the solution of

the linearised problem under the assumption n 1. For the linearised problem we have

a narrow zone around £ = 0 where bending is important. In the remainder of the toroidal

shell bending is a secondary effect and membrane action dominates. We shall show that

an approximate solution for the non-linear problem may be found which is qualitatively

similar to the solution of the linearised problem.

As long as we exclude the point £ = 0 we may obtain formal solutions of (20) and

(21) by expanding as follows
00 CO

0 = E 0»M~n, i "• (41)
n-*0 n—0

Requiring the coefficients of all powers of n to vanish after substitution of (41) in (20)

and (21) we have the following relations

Mo — 2 tan £) = 0,

(42)
io = n cot £ + Mo cot £ + 0/?0 ,

A. = in-i esc £ + i cot £ pk(3,
2 ■*n-k y

= —fin-1 esc £ + QjS„ + cot£ X Mn-

n^> 1. (43)
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From (42) we have, in view of the boundary conditions (27) and (28),

/80 = 0, -yp0=O cot £, (44)

which is the solution of linearised membrane theory. With (44) we have next from (43)

ft = i" csc £, = fi/?! + f0Pi cot £ (45)

or

/3X = 2ft csc3 £ cot £, \pi = 2S22 csc5 £ cot £. (46)

In order to have the first two non-vanishing terms in the expansions both for \p and /3

we also determine j82 , with the result that

9 0 cos£

ii sin4 £
[l + - (l7 + 43 -A- +•■•],
L m \ sin £/ sin £ J

sm £ L M sin £ J

(47)

We may readily see that the complete expansions (47) satisfy the boundary conditions

(27) and (28) term by term but their singularities at £ = 0 indicate that these expansions

cannot be valid near £ = 0.

In order to obtain a solution which is valid near £ = 0 we observe that for | £ | <3C 1

we may approximate (20) and (21) by

fi" + = M[fi( 1 + /?£) + M,

i" - m£/3 = — §m/32-

(48)

As for the linearised form of these equations we make the substitutions

* = m,/3£, (49)

13 = M,/3fi/(x), i = MVXz) (50)

which transforms (50) into

f" + xg = 1 + n*/3nfg + Uxf,

(51)
g" - xf = -y2/3nf,

where now primes indicate differentiation with respect to x.

We shall here restrict further attentions to problems for which

n2/3Sl = 0(1). (52)

Equation (52) evidently must hold in order that the solution of the non-linear system

(51) should have the same qualitative behaviour as the linearised system.

Since y. » 1 we may now neglect the last term on the right of the first of equations

(53). Setting further

T = fi2/3U, (53)
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we are left with the system

/" + xg = 1 + Tfg, g" - xf = -iTf. (54)

Since n >>> 1 we may replace the boundary conditions at x = ±(ir/2)/z1/s by the following

conditions

/(± oo) = 0, ff(±<=°) = 0. (55)

We assume the solutions of (54) may be written in the form

/ = Z fnW, g = ± g.(x)T". (56)
n = 0 n=0

Substitution of the expansions (56) in (54) results in successive pairs of equations for

the functions /„ and gn . Each pair of equations may be combined into one complex

differential equation for a complex function T„ defined by

Tn{x) = /„( x) + igjx). (57)

The resultant differential equations are

T'n'{x) - ixTJx) = R„(x), n = 0, 1, 2, • • • (58)

where

R0(x) = 1, Rn(x) = Z ~ | ifn-k^, n > 1 (59)

and where, in view of (55),

Tn{± -) = 0. (60)

Two linearly independant solutions of the homogeneous equation corresponding to

(58) are given by the tabulated functions h^ix) and h2(ix) which are defined in terms

of Hankel functions [3] by

h^z) = (|

(61)
h2(.Z) = (|23/2),/3^>(|23/2).

The method of variation of parameters furnishes the solution of (58), (59) and (60)

in the form

j^/ii(o;) R„(t)h2(it) dt + h2(ix) f R„(t)hi(it) dt^, (62)

where use has been made of the fact that the Wronskian of hi(z) and h2(z) is (4/«) (3/2)1/3.

The function T0, which is a modified Lommel-function, and its first derivative have

been tabulated previously [1]. In order to obtain an idea of the magnitude of the non-

linear effect we have calculated Ti(x) and its first derivative by numerical integration
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using equation (62). Figures 3 and 4 contain graphs of the real and imaginary parts of

the functions T0, T'0, Tx and T[ .

From the behaviour of the functions hi and h2 it may be deduced that fn(x) is even

in x when n is even and odd in x when n is odd while the reverse is true for g„(x).

We note further that from the asymptotic behaviour of the functions hx and h2 it

can be concluded that the behaviour of T0 and T, for large values of x is as follows

fo(x) ~ g0(x) ~ (63)

fi(x) ~ gx{x) ~ (64)
x x

It remains now to interpolate between the functions /3 and as defined by (50) and

(56) for small values of £ and the functions /3 and \p as defined by (47) for values of £

around £ = ±x/2. We shall carry out this interpolation for the first two terms in the

series for /3 and for \[/. Write in equations (47), representing the solutions of (20) and (21)

for sufficiently large values of £,

y = nl/3 sin £ (65)

giving

0 = ^cos^Tl - + •••],
V L V y'5 J

t = m1/3^ cos£- [l + M2/3fi + •••].
y L y° J

(66)

We now compare this with the solution around £ = 0 which may be written, in view

of (50), (53), and (56), in the form

0 = M1/3fl[/o(z) + M2/3a/i(z) + •■■],

i = m1/3O[0o(s) + h2/3®9i(%) + •••]•

For sufficiently large values of x = ji1/3£ we have from (63) and (64)

x L x J

(67)

(68)

In order that we may have a continuous transition between the solutions (66) and the

solution (67) we now modify the solutions (67) to read

H = nU3UUa{y) + n2/3HMy) +•••],

(69)
<P = nW3n[go(y) + n2/3ttgi(y) + • • •]•

Since x ~ y when £ is small we have agreement between (69) and (67) in this region.



1953] A PROBLEM OF FINITE BINDING OF TOROIDAL SHELLS 331



332 R. A. CLARK AND E. REISSNER [Vol. X, No. 4

For large y equations (69) are, in view of (63) and (64)

/J ~| fl + ...1,y L y -1

^ ~ M1/3n^ |~i + n2/3n~+ •••].
y l v j

(70)

Equations (70) agree with equations (66) in all terms except one. The reason for the

absence of one of the terms in (70) which occurs in (66) is due to the fact that we omitted

the last term in the first of equations (51). While this is permissible as long as x is 0(1)

it is no longer permissible for | x \ 1 and so we cannot expect complete matching of

the developments (68) around £ = 0 and (67) around £ = rfcx/2. Since as we shall see

all significant numerical contributions of the solutions are to be found in the vicinity of

£ = 0 this lack of complete matching may be admitted without effective consequences.

7. Numerical results and determination of range of linearity for n 1. In order to

obtain an idea of the numerical effect of non-linearity for the expansion joint problem

we must introduce the solutions (69) into the expressions (22) to (26) for stresses and

displacements.

Just as in the linear problem the significant stresses are the circumferential direct

stress <TSD and the meridional bending stress <r£B . These stresses have their largest values

near the section £ = 0 and in the vicinity of this section we obtain from (22), (24) and

(69)

"eD = [12(1 — v2-)]1/2 V/3 + n2/3Ug[(y) + ••■], (71)

= 2(1 - ,'j \ + ™W(v) +•••], (72)

where y ~ m1/3£-

The corresponding results of the linearised theory are equations (71) and (72) with

only the first terms inside the brackets [1].

Since g[, and g[ , and f'0 and f[ are of the same order of magnitude (see Figures 3

and 4) we have in fact as the condition for negligible non-linear effects on stresses that

the parameter yu2/30 must be sufficiently small.

According to the linearised theory ceD is an even function of £ and has its maximum

at £ = 0, while a(B is an odd function of £ and has its maximum for £ = £„

where f"(ym) = 0 which relation is equivalent to 1 — ymg0{ym) = 0. The value of ym =

/i1/3£m following from this relation was found in reference 1 to be ym — ±1.225.

Inclusion of non-linear terms in (71) and (72) introduces both even and odd func-

tions of £ into a-go and <t£b . The maximum of aeD then no longer occurs for y = 0. Let

2/i be the value of y for which aeD = creCimal. . Equation (71) indicates that

g'o'iyi) + ^/3^g'i'(yi) + • • • = 0

or, in view of the form of the differential equations for / and g, that

2Vl - n2/3Q[f0(y1) + m2/30/i(yd +•••] = 0. (73)

Numerical values of yx for a few values of fx2/3Q may be found in Table 1, together with

the corresponding values of g'(y0 = g'o(yi) + fi/3Ug[(yi). It is seen that consideration
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of the first non-linear term increases the value of as compared with the value of

the quantity according to the linearised theory. This increase is, however, only slightly

more than two percent up to values of 0.3 for the quantity ///30. The location of the

maximum of ceD is seen to be shifted toward the axis of the torus.

Maximum values of the bending stress <r(B occur according to (72) where

foiVm) + S/3W(yJ + • • • = 0 or, in view of the differential equations (54) where

ym[go(ym) + M2/3%l(2/m) + • • •]

= 1 + m2/30[/„(2/J + ji2/3 £2/ i(yj) ] IgoiVm) + m2/3^(2/)] (74)

= 1 + n2/3®[f o(ym)go(.ym)] + ■ • •

Equation (74) has two solutions ymA and ym,2 . Values of y„A and ym,2 may also be

found in Table 1. It is seen that with increasing values of n2/3Q both of the locations of

extremum values of uiB shift towards the axis of the torus. In order to see the magnitude

of the non-linear effect on <r(B,mai we have also tabulated values of f'(ym) = fo(ym) +

///3fl/;(?/m). Non-linearity is seen to increase the bending stress at the inside maximum

location and to decrease it at the outside maximum location. When n2/3tt = 0.3 the

increase in stress is about six percent. When 0 is negative rather than positive this

situation is reversed.

Table 1: Data for Values and Location of Maximum Stress

MS/3ft Vl Vm.l /'(.Vm.l) ym.i /'(.Vm.i)

0 0 0.939 -1.225 -0.753 1.225 0.753
0.1 -0.064 0.942 -1.284 -0.767 1.155 0.744
0.2 -0.130 0.949 -1.337 -0.784 1.080 0.741
0.3 -0.200 0.969 -1.382 -0.804 1.000 0.743

Let <5 be the relative axial displacement of the inner edges of the toroidal joint. We

then have from (26)

Is = w(l) - w(~l) = -b {p cos * + i ?sin *) (75)

With /3 from (69) and with y = p.' sin £ equation (75) becomes

15 - -6 $+1;

--06 f [(My) + S/3aMy) + • • •)
J —ui/i

S _y dy 

"V/3{i - (y/^r )1/2

+ 2{i — (2//^t1/3)2}1/2 M2/3i2/i(2/) + • • -)2] dy. (76)

Since f0(y) is even in y and fAy) odd in y we see from (76) that

| 8 = -06
f f0(y)dy + 0(nt/3tf) 1. (77)

J
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The leading term in the omitted expression is due to the function f2(y) which has

not yet been calculated. Since fi , which gave first order corrections for the stresses,

does not contribute to the value of 5, we may conclude that non-linear corrections to 5

are, for small values of /j2/30, even less significant than are these corrections for the values

of the stresses. We know [1] that

[ foiy) dy ~ f f0(y) dy = -tt (78)
J—H »/• J— co

and so

8 = 2wQb[l + 0(ju4/3 02)]. (79)

From (79) we may obtain the order of magnitude of the relative axial displacement up

to which the linearised theory is applicable. The condition for linearity <JC 1 may,

from (79), be written in the form

2x (ab)2/3

5 « ^ - 3[12(1 _ v2)]1/2 bW3 . (»U)

For practical purposes we may take instead of (80)

5 < (80')
6n

The inequalities (80) are remarkable for the facts that (1) displacements much larger

than the wall thickness of the shell fall within the scope of the linearised theory, and

(2) the ratio of permissible displacement 5 to the radius of the torus decreases as the

parameter y. increases.
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