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THE CHEBYSHEV APPROXIMATION METHOD*
Br

PRESTON* R. CLEMENT**
Electrical Engineering Department, Princeton I'nieemity

A treatment of the general Chebyshev approximation method as it interests physicists
and engineers is given, with a detailed discussion of the properties of Chebvshev poly-
nomials. Brief applications to electric circuit theory are presented.***

Introduction. Of the various means of approximating a given function, the Cheby-
shev method is, for physicists and engineers, one of the most interesting and important.
Originally introduced by P. L. Chebyshev in a mechanical linkage problem, (26) this
procedure came into particular importance in electrical engineering with the publication
of a new method of filter design by W. Cauer. (5)

It is the aim of this paper to review the various articles written on this subject, with
the purpose of presenting the material in a manner sufficiently general to permit physicists
and engineers to appreciate fully this approximation problem. Particular emphasis is
given to Chebyshev polynomials, with brief applications to electric circuit theory.

1. The Problem of Approximation. Chebyshev Approximation. Consider a function
/(x) defined in an interval a ^ x S b. Let gn(x; a,i) be a function defined in the same
interval with n adjustable parameters a, , • • • , a„ . Our problem is the following: What
should be the values of the n parameters in order that gn(x; a.) will approximate f(x) as
well as possible in the interval (a, &)?

The answer to this question depends, of course, on what is meant by the expression
"as well as possible." The applied mathematician is interested in obtaining a function
gn(x; a,) which will be easier to use in his calculations than the original function f(x),
yet which will produce a result sufficiently close to the exact answer. A frequently used
approximation is that of least squares; that is, the a's are adjusted so that

[ I/O) - ffn0; a,)]2 dx

is a minimum. For example, if the interval (a, b) is ( — ir, t), if /(x) is odd about the
origin, and if g„{x) a,) = a, sin x + o2 sin 2x + • • • + a„ sin nx, then the least squares
approximation will produce the Fourier coefficients for the a's.

Let us now consider an engineering problem, the design of filter networks on an
amplitude spectrum basis. Suppose that it is desired to have a transmission characteristic
/(x) which has a constant non-zero value in the pass bands and a zero value everywhere
else. It is clear that with a physically realizable circuit such a characteristic can only be
approximated. Thus in this case, we can denote by g„(x; a,) the amplitude spectrum of
the actual filter circuit which should approximate our ideal characteristic f(x) "as well
as possible." x will denote the frequency, and the a4 will be numbers determined by the
adjustable circuit parameters of the system.

For the purpose of filtering, it is clear that the least squares approximation may not
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be a very satisfactory one, since one may desire the guarantee that in the stopbands the
attenuation for every frequency is above a certain definite value. With the least squares
approximation, the attenuation in the mean of a frequency mixture in the stopbands is
indeed very high, but for one or more frequencies it may be quite small.

Thus to insure that such large departures from the ideal characteristic do not occur
for any frequency, we would demand that the maximum of

I /O) - g»(x', a<) I
be a minimum in the prescribed interval (a, b). When such is the case, g„(x; a,) is said to
approximate f(x) in the Chebyshev sense in the interval (a, b). Hereafter, we will mean
by "approximate," approximate in the Chebyshev sense.

If we let h„(x; a,) = f{x) — g„(x; a,-), our general problem becomes the following:
Given an arbitrary function hn(x] a,) with n parameters a, , • • • , an , what should be the

values of these parameters to make the maximum difference from zero of h„(x; a,) a minimum
for a ^ x ^ b; i.e., so that h„(x; a,) approximates zero in (a, &)?

2. The Function hn(x;ai). In all that follows in this .section, it will be assumed that
hn(x; a() is an arbitrary function defined in the interval a ^ x ^ b, subject to the re-
striction that the function and its derivatives with respect to x, a{ , • • • , a„ are finite and
continuous. In order to determine the values of the parameters for the maximum devia-
tion of hn(x; a.) from zero to be a minimum, the actual value of this deviation, and the
points at which this deviation is assumed, two sets of equations will be considered.

The first set arises simply by noting that if Ln is the smallest possible maximum
deviation of hn(x; a,) from zero in (a, b), then when the parameters are properly adjusted,
the equation

hlix-fl.) — L» = 0

will give the set of points Xi , x2 , ■ ■ • , x„ in (a, b) at which the maximum is assumed.
If the value Ln is assumed on the boundary of the interval, then two of the points of the
set Xj , • • • , x„ are a and b. The rest of the points are on the interior, where the first
derivative must vanish.Hence if differentiation with respect to x is denoted by a prime,
the first set of equations to be satisfied is

hl(x; a,) - Ll = 0 }

(x — a)(x — b)h'n(x; a,) = 0.)
(1)

These equations will have n common solutions which are real and distinct; xx , x2 , • • ■ ,
xv .

The second set of equations comes from a theorem stating a necessary condition on
h„(x; a,) in order for the function to satisfy the Chebyshev condition.

Theorem 1. Given a function hjx\ a,) continuous along with its derivatives in the
interval a 5S x g b. Let xx , • • • , £„ denote the set of points in (a, b) at which | hjx; a.) |
assumes a maximum. Let the greatest of these maxima be denoted by M. Then if M =
M(ai , a2 , • • ■ , a„) has a minimum value for the parameters specified (i.e., M = Ln),
the following set of equations is insoluble for every set of non-zero real numbers S, , S2 ,
• • • , S„ such that the sign of Sk is the same as that of h„(xk; a,), k = 1, 2, • • • , /i.
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dhjx, ; a,) , , dh„(x, ; a,) „ , , d/)„(x, ; a,) x 0
^ Ai —|— a2 ~r ' ' ' ~r 0 An — O]
dc^ aa2 dan

dh„(x2 ; a,) „ , dl>„{x2 ; a,) N , , <3/i,,(•<", ; a,K 0
A> ' A2 "I" ' ' * "T ~ An — *-2

da, uCLo ofl),
(2)

dA„(:r„ ; a,) . d/<„(a-,. ; a,) d/i„(-r„ ; «,) . _ „
n A] ~T~ A2 ~t~ * * * "T~ A„ oM
C/d, OQ.2 C/Qji

A theorem similar to this was proved by Chebyshev (27). The extension to the present
form was given by Kircherberger (20).

Example 1. h2{x\ a,) = x + + a2 , ( — 1 ^ x ^ 1).

For this function, equations (1) become:

(x2 + a,x + a,)2 - L\ = 0, (3)

(x — I)(x + l)(2x + a,) = 0. (4)

Substituting two solutions of (4), x = +1 and x = —I, into (3) and subtracting the two
resulting equations:

a, + a,a2 = 0. (5)

Taking a2 equal to —1, which certainly satisfies (5), the desired polynomial appears to be

x2 ± 2x — 1 (6)

with a maximum deviation in the interval ( — 1, 1) of 2.
Let us use the plus sign in (6). Then the polynomial has a maximum at + 1 of + 2

and a minimum at —1 of —2. Equations (2) then become

— X, + x2 = —Si

Xi + X2 = S2

where S, , S2 are positive. Thus

X, = (S2 + Si)/2,

X2 = (S2 - SO/2,

violating the necessary condition for Chebyshev approximation given by theorem 1
that equations (2) be insoluble. The same would apply if the negative sign had been
chosen in (6). Thus (6) is not the desired polynomial.

To solve our problem we note that another solution of (5) is possible, namely, at = 0.
Substitution of this value for a, gives for a2 the value of — J. Hence the polynomial
becomes

x2 - i (7)
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with a maximum deviation of § at x = ± 1,0. For this function equations (2) become

— X, + X2 = Si ,

X2 = —S2, (8)

Xi + X2 = S-j ,

where Sx , S2 , <S3 are greater than zero. It is clear that (8) is insoluble in the X's. Thus
the necessary condition that the polynomial approximate zero in the Chebyshev sense
is satisfied. That this is the proper polynomial of second degree follows f rom the fact that
the maximum deviations are equal and three in number. This property of polynomials
will be shown in section III.

Exam-pie 2. h^x-, at) = x + a, sin (7x/2), ( — w x ^ ir).

Again the problem is to find the value of a, such that the maximum difference of
this function from zero in the interval ( — t, ir) is a minimum.

Equations (1) becomes

x + 2a,x sin (7x/2) + a2, sin2 (7x/2) — L] = 0, (9)

(x — ir)(x + t)[1 + (7/2)ai cos (7x/2)] = 0. (10)

By a process similar to that used in example 1, it can be shown that the function x + a,
sin (7x/2) which satisfies the Chebyshev condition in the interval ( — x, ir) is

h,(x; ai) = x + 0.39 sin (7x/2),

with its maximum deviation equal to 2.75. Its graph is shown in Fig. 1.

2.75

-TT
IT

 (-2.75

Fig. 1. The function x + a, sin (7x/2) which satisfies the Chebyshev condition in the interval ( — *,»).
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Example 2 was presented primarily as an illustration of a function which satisfies
the Chebyshev condition yet whose relative maxima are not all equal. For many general
functions, however, the Chebyshev condition is satisfied only when all the relative
maxima are equal. This statement is made more precise in the following theorem.

Theorem 2* Given a function hjx; a,) defined and continuous along with all its
derivatives in the interval (a, b). Let ^ be the number of ordinates of hn(x; a*) where the
magnitude of the function is a relative maximum, including the end points a and b and
let /x = n + 1, where n is the number of parameters. It is further assumed that either
the first derivatives of h„(x; a,) with respect to the a, do not vanish at , • • • , xM or
else if the first derivative vanishes, the first non-vanishing derivative is of odd order.
Then if h„(x; a,) satisfies the Chebyshev condition in (a, b) the n relative maxima are all
equal.

This so-called equal maximum property of Chebyshev functions will also occur in
certain special cases where n ^ n + 1. For instance, in example 2 if the antisymmetrical
function had been taken as x + sin (5x/2) in the interval ( — ir, x), then all four
maximum deviations would be equal under the Chebyshev condition, even though there
is only one parameter to adjust.

We will now leave the general Chebyshev function and consider the important
special case of the Chebyshev polynomials.

3. Chebyshev Polynomials. Given a function f(x) which is finite and continuous
along with all its derivatives in the interval (a, b). Let g„(x; a.) = dix"-1 + a2x"~2 +
• • • + a„ be the approximating function. Hence the function which we desire to approxi-
mate zero in the Chebyshev sense is

hn(x) a,) = f(x) - + a2x"~2 + • • • + an\. (11)

Let x, , x2, • • • , be the set of points in the interval (a, b) at which the function given
by (11) assumes its maximum deviation Ln . Under these conditions, equations (2)
become

AjX" ' + X2x" 2 + " " " + — Si

X,xj 1 + X2X2 2 + • • • -(- A,,-^ 4" = S2
(12)

1 + X2.r^ 2 "I" ' ' ' "I" + An —

Now let P{x) denote A,a;"-1 + A2a;"~2 + • • • + A„, an entire rational function of (n — l)th
degree, which by system (12) is determined only in so far as that at a prescribed point it
has a prescribed sign. To settle the question of whether equations (12) can be satisfied
by a suitable choice of coefficients, it is necessary to consider the number of changes of
sign of S, , S2, • • • , >S„. If there is a change of sign in going from Sk to Sk+l , then there
is a root of P{x) = 0 between xk and xk+1 . Since we have (n — 1) roots at our disposal,
and since the number of changes in sign can never exceed the number of roots, then it
follows that if the number of sign changes in the S's is less than or equal to (n — 1),

*The statement of this theorem and its proof follows along the lines of one given by LeCorbeiller (22),
except that it was found necessary to add a hypothesis to take care of special functions.
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system (12) will be soluble for the X's. Hence the following proposition has been demon-
strated;

A necessary condition for the function h„(x; a,) as given by (11) to approximate zero
in the Chebyshev sense is that among the set of values hn(xI ; a,), h„(x7 ; a,), • • •, h„
(x„ ; a;) there are at least n changes in sign.

From this it follows that if hjx; a,) as given by (11) is to approximate zero, then
equation set (1) will have at least (n + 1) common solutions in («, b), and further the
maximum deviation L„ will be alternately a maximum and a minimum of the function.

To show that the condition of the non-solubility of equations (2) is not only necessary
but also sufficient for the function given by (11), it will be shown that the condition
leads to a unique function hjx; a,).

To prove this, assume that there exists a function lijx; «,) = f(x) — (a,.r""' + a2
x"'2 + • • • + a„) which also satisfies the non-solubility condition, in other words, whose
maximum deviation is less or equal L„ . Thus it follows that (h„ — /»„) is a polynomial
of degree at most (n — 1). By the previous discussion there are at least (n + 1) points
at which \hn\ = Ln and at least (n + 1) points at which j hn \ ^ L„ . Tims (/?„ — />„) has
at least n zero points in (a, b). This means that necessarily hu = hn .

Let us now take for f(x) the simplest possible form:

fix) = (13)

Thus the function which we wish to approximate zero may be written as

K(x; b,) = x" + 6,x-1 + b2xn~2 + ■■■ +bn (14)

where the b's of equation (14) are simply the negatives of the corresponding a's of equa-
tion (11).

For convenience, let us repeat equations (1).

hl(x; b{) — Ll = 0, (la)

(x — a)(x — b)h'n(x; &,) = 0. (lb)

Since equation (16) is of degree (n + 1), it follows from the previous discussion that all
its roots must be distinct, and furthermore they must all also be roots of equation (la).
Now since the roots of h'Jx; b,) — 0 are roots of (la), it follows that there are (n — 1)
double roots of (la). Hence the system of equations

K(x; 6.) - Ll = 0

[h'Jx; 6,)]2 = 0

will have (2n — 2) common solutions in the form of pairs of double roots. The other
two common solutions to (la) and (16) must occur at x = a and x — b. Thus the equations

hl(x; 6.) - Ll = 0

(x — a)(x — b)[K(x-, i>,)]2 = 0

will have 2n common solutions. When it is recognized that the coefficient of x2n in the
first of these equations is unity, while in the second it is n2, it is seen that the differential
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equation to be solved is

« - Ll - (|=)'. (15)

There are four solutions to equation (15) which result from the four possible combi-
nations of signs appearing after the square root of both sides has been taken. These
solutions are

h, - L. L a„.{"in)(-2'r + -»+!) + o) (If.)
cos I, (cosj \ a — b / J

where C is the constant of integration. Since our problem is to determine the 'polynomial
of »?th degree which approximates zero best, we are restricted to the solution

, 7 f (~ 2.r + a + b\h„ = Ln cos n arc cos I  _ , 1 + C . (17)

The constant of integration is determined by the requirement that at the boundaries
of the interval (a, b), the polynomial must assume its maximum deviation. This re-
quirement is satisfied for C — 0, though, of course, placing C equal to an integral multiple
of 7r would not change the function h„.

In order to get (17) in a form which shows its polynomial character more readily, let

/ — 2x + a + b\
\ a — b /'z = arc cos

Then

h„ = L„ cos nz = L„,/2[(cos z + i sin z)" + (cos z — i sin z)n]

= 2{aLZ by K-2x + a + b + V4x2 - 2(a + b)x + 4ab)"

+ ( — 2x + a + b — \/4x2 — 2 (a + b)x + 4a6)"j. (18)

For the coefficient of x" to be unity, as given in (14),

* - tw
Tabulation of Chebyshev 'polynomials in the interval (a, b).

From equation (18) the following set of polynomials are obtained;

a + b
ht=x- -g—

. 2 3((i b) . q2 -f- Gab -f- J)2hi - * 1 x + § 

, 9(a + b) j 3a2 + 12a6 4- 3b2 a + b , , , ,2.
h3 = x g x -| g x —— (a + 14ao + o )

Chebyshev polynomials in the interval ( — 1, 1).
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It is usually convenient to deal with the Chebyshev polynomials in the interval
( — 1,1) instead of the interval (a, b). From (17) and (19), these functions may compactly
be written as

—cos (n arc cos x).
2

For our purposes the polynomials of unit maximum amplitude in the interval ( — 1, 1)
will be more useful: i.e., the polynomials given by

Tn(x) = cos (n arc cos x). (20)

Hereafter, references to Chebyshev polynomials will means those functions given by
(20). The first ten such functions are tabulated in Table I for convenience. Fig. 2 shows
a few of these polynomials.

Table I. Tabulation of the Chebyshev Polynomials
T„(x) — cos (n arc cos x)

T0(x) = 1

Tj(x) = x

T2(x) = 2x2 - 1

T3(x) = 4x3 — 3x

T4(x) = 8x4 - 8x2 + 1

T5(x) = 16a;5 — 20x3 + 5x

T6(x) = 32z6 - 48a;4 + 18x2 - 1

T7(x) = 64/ - 112a;5 + 56a;3 - 7x

Ts(x) = 128a;8 - 256a;6 + 160a;4 - 32a;2 + 1

Tt(x) = 256a:9 - 576a;7 + 432x5 - 120a;3 + 9a;

T10(x) = 512a;10 - 1280x8 + 1120a;6 - 400a;4 + 50a;2 - 1

Another convenient form for Tn{x) is, from (18),

Tn(x) = | [(a; + Vx2 - 1)" + (x - Vx2 - 1)"]. (21)

Also, the expansion of (20) gives:
[ n/2 ] / x \ n — 2\

(»i« (22)

where [n/2] denotes the largest integer contained in the set 0, • • • , n/2.
A still further form for Tn(x), which may be checked by using the original differential

equation, is

Tn(x) = 2"(—1)" ̂  Vl^V2 ~(1~ *2r1/2 (n ^ 0) (23)
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Further properties of the Chebyshev polynomials. 1. Recurrence relation. Letting again
2 = arc cos x, Tn = cos nz. Since cos (n + l)z + cos (n — l)z = 2 cos nz cos z, then
T,h i + Tn_! = 2TnT, . Thus taking into account from (20) the values of Tn for n = 0,1:

Tn+l = 2xTn - (24)

where

-I

Fig. 2. The Chebyshev polynomials T„(x) = cos (n arc cos x).

2.Orthogonal property. The T's are othogonal to each other in the interval (—1, 1)
with respect to the function 1/ VT"— x2, as is easily seen from the fact that

/*' dx I"J T„(x)Tm(x) ^ = I cos nd cos md dd —

0 (m ri)

| (m = n ^ 1) (25)

7r (m = n = 0)

3. Generating functions. One generating function which may be used to define the
T„(x) is:

" t W- (' < «
A second such function is

in 7=   = Z r.(«) -• (t < 1)
- 2xt + 1 ^ »

4. Maximization of the largest root. This property will be stated in the form of a
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theorem, which will be useful later on in the application of the Chebyshev polynomials
to antennas. The outline of the proof is given in ref. (14).

Theorem 3. Let C(a) be the class of polynomials with real coefficients of degree n
having all of their roots in the interval (— 1, 1) and such that for every polynomial
P(x) belonging to this class, P(x) = ( — 1)"P( —x), P{ 1) = 1, and if xa is the largest root
of P(x) then | P(x) | ^ a for | x | ^ | x0 | < 1. Then it follows that there exists a poly-
nomial M(x) in C(a) which maximizes | x0 |. Furthermore, M(x) assumes the maximum
value of ± a at (n — 1) points within the region | x | g | x0 |, and M(x) = aT„(z0x)
where z0 satisfies the relations: T„(z0) = 1/a; z0 > cos (x/2n).

5. The Un(x), Vn{x), and W„(x) functions. Whether one considers the nonlinear
differential equation (see eq. 15)

(I)' + <»•-«-» '
or the linear differential equation

<>-'''S-<27>
both of which are satisfied by Tn(x) — cos (n arc cos x), it is apparent that there are
three other solutions, which may be written

Un(x) — sin (n arc cos x),

Vn(x) = cos (n arc sin x),

W„(x) = sin (n arc sin x),

one of which may be taken with Tn(x) as the second independent solution, from which
the other two solutions may be derived. If Un(x) is taken as the second solution, it can
easily be shown that

72„(x) = (-1)T2„(x),

F2n+1(x) = (—l)nE/2»+iOr)>

W2Jx) = (— iyu2n(x),

w2n+1(x) = (—i)"r2n+i(x).

Table II. Tabulation of the Functions
Un(x) = sin (re arc cos x)

Uo(x) = 0

(28)

L\{x) = VT^~
U2(x) = x y/1 — x2

U3(x) = (4x2 - 1) Vl - x2

U4(x) = (8x3 - 4x) Vl - x2

U5(x) = (16x4 - 12x2 + 1) Vl -
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The U„ functions also satisfy the equal maximum and minimum property throughout
the interval (— 1, 1) that the T„ polynomials do. The former functions are irrational,
however, as Table II shows, and have n extremal points, rather than (n + 1), as fig. 3
shows.

-I

Fig. 3. The functions Un(x) = sin (n arc cos x).

6. Relation of the Tn polynomials to the Bessel functions JJi). The Bessel function
J„(t) in the time domain will produce, through the Fourier integral, the following func-
tion in the frequency domain:

n/ An 2 ^ t2(—0 /, 2 to < 1
VI - 00

lo CO2 > 1

(-iY r Tn(u)

FUn(t)] = [ Jn(t)e-°' dt =
J — CO

Hence, we may write

JniO = ^ f eia,-jM= dw. (29)
7r J_i -\y J — qj

7. Relation to the Neumann polynomials. The Neumann polynomials 0„(z) are
defined by the relation

0n(z) = \ f° [(x + Vl + x2)" + (x - V1 + x2)"]e— dx.

Hence this relation can be written

0„(2) = (~iT [ e—Tn(ix) dx.
J 0

8. Relation of T„ and U„ with Lissajous figures. Let a closed cosine curve with n
periods be drawn on the surface of a cylinder with unit radius and with the axis in the
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z direction, as shown in Fig. 4. Thus we may say that the curve is given in space by z =
cos nd and r = 1. Therefore, the abscissa of the orthogonal projection of this curve on
the plane formed by the 2-axis and the 6 = 0 line is then x = cos 6. Hence the projected

Fig. 4. The curve cos 76 on a cylinder of unit radius and its projection on a plane to form a Lissajous
pattern.

figure gives the relation between x = cos 6 and z = cos nd and is thus represented by

z = cos (n arc cos x).

If time is introduced as the variable instead of 6, the projection of the curve z = cos
nd can be written in the parametric form

z — cos nt,

x = cos t,

and thus represent Lissajous figures for an integral ratio of the two composing frequencies.
If the curve had been taken as z = sin nd, then the projections would have been

proportional to the Un{x) functions instead of to the TJx).
9. Tn(x) and U„(x) in relation to Fourier series. A similar geometric interpretation

can be given (30) to show the relation of the Tn and Un functions to Fourier series. The
connection can be seen, however, quite easily in the following way. Let Y(8) be a given
function in an interval, say (a, b). Developing this function in a Fourier series, we have

CO

^(0) = X) (a» cosn0 + b„sinn0). (a g 8 ^ b)
n — 0

If x is set equal to cos 6:
CO

F(cos-1 x) = J2 [anTn(x) + bJJn{x)]. (a ^ cos-1 x ^ b)
n — 0

10. Expansion of an arbitrary function in Chebyshev polynomials. By taking into-
account the orthogonality property, it is an easy matter to show that if the series

oo

2c0 + H cnTJx)
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converges uniformly to the sum f(x) in the interval — 1 ^ x ^ 1, then

C„ = ~ f' f(x)Tn(x) —M=. (30)ir J-i Vl-i

As an example of the use of a function expanded in Chebyshev polynomials, consider
the curve of plate current versus grid voltage for a triode. (31) Linear theory of triode
amplification is based on the assumption that the operating region is so small that the
'characteristic may be replaced by a straight line throughout the region with negligible
error. This involves considering only the linear term in the power series expansion about
the operating point. To calculate the harmonic distortion resulting from a finite grid
swing, the higher derivative terms in the power series become important. From experi-
mental measurement the coefficients of the Taylor series can only be derived from the
limit towards which the measurements converge for an infinitely small grid swing.

Consider a sine wave applied to the grid, so that the grid voltage e„(t) is given by

eo(0 = e„0 + a cos ut. (31)

The application of e„(t) causes a plate current to flow of the form

ia(t) = I0 + h cos ut + I2 cos 2ut + • • • .

Now if we write
x = cos ut (32)

then
iJJ) = h + IiTi(x) + I2T2(x) + ••• . (33)

In other words, the amplitudes of the higher harmonics which are measured ex-
perimentally, are, for a given operating point and grid swing, the coefficients of the
triode characteristic expanded in a series of Chebyshev polynomials. Thus the expression
of the triode characteristic in this form is easy to obtain experimentally, and when once
written, gives the information regarding the amount of harmonics under particular
operating conditions.

Application of Chebyshev Polynomials to Antennas. It is frequently the problem in
antenna design that the beam should be as narrow as possible, the power gain should
be a maximum, and the sidelobes should be relatively small. These requirements are
normally not easy or even possible to satisfy simultaneously, so the problem arises as to
what to term the optimum field pattern. For this discussion we shall term that field
pattern optimum which has a minimum beam width for a specified sidelobe level.

To determine a method for obtaining the optimum pattern, consider an array of n
isotropic point sources of uniform spacing and all in the same phase, as shown in fig. 5.
For even n, the array is given by 5a; for odd n, by 5b. The amplitudes of the individual
sources are denoted by the A's as shown. Hence the total field for 5a in a direction 6 is
given, for large distances, by the expression (21)

E.

iisiaiiucfi, tiic cajjicssiuu v.^a7

2At cos 0/2 + 2A2 cos 30/2 + • • • + 2A„/2 cos (n — 1)0/2, (34)J even

and for 56,

Eodd = 2A0 + 2Ay cos 0 + 2A2 cos 20 + • • • + 24(n_,)/2 cos (n — 1)0/2, (35)

where 0 = 2ird/\ sin 6 and d is the distance between point sources. It is clear that (34)
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Fig. 5. Linear broadside array of n isotropic sources with uniform spacing.
a. n is even. b. n is odd.

and (35) may be written in the form:
n/2 n/2

E„„ = 2 £ cos (2& - 1)0/2 = 2 £ ^lJVi(x), (36)
*«1 i-1

(n—l)/2 (n-1)/2

= 2 23 cos ty* = 2 AkT2k(x)) (37)
it-0

where a: = cos <f>/2.
It is now the problem to determine the value of the 4's in (36) and (37) so that the

optimum pattern is obtained. One way is to make all of the ^4's equal. This, indeed, gives
a maximum gain and a narrow beam width, but the level of the side lobes is very high.
Another way is to make the A's proportional to the binomial coefficients, in which case
the side lobes disappear altogether if the spacing between elements is less than half a
wave length, but unfortunately increased beam width and loss of gain result.

Now let us consider Dolph's method (14) of using the Chebyshev polynomials to obtain
an optimum pattern. Suppose we have an array of n sources as in Fig. 5, where n may be
odd or even. Let the specified ratio of the main lobe maximum to the minor lobe level
be R. The problem is to find the relative source strengths for the pattern to be optimum
in our prescribed sense.

The forms (36) and (37) show that the field due to the n given sources is described
by a polynomial of (n — l)th degree, which may be denoted by P„_ i(x). The solution of
the equation P„_i(x) = R will give xR , the point at which the pattern assumes its.
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maximum value. Letting y = x/xH , then (1 /R) Pn-i(y) will have a value of unity at
y = 1, and we have that y (rather than x) is equal to cos <f>/2. It is necessary that F„_,(t/)
have all its roots in the interval (— 1, 1), and furthermore be an even function about the
origin. Thus P„_i(?/) satisfies the requirements of Theorem 3. Hence it follows that if the
distance from the greatest zero to the point y = 1 is to be a minimum (which must be
the case for the beam width to be a minimum), then P^^y) must be proportional to
the Ohebysliev polynomial 7"„_,(.r). Examples appear in Dolph's paper.

Relation of the Chebyshrv polynomials to filters. Consider the network shown in fig. 6,

V T? V | ^n-i y
JL-VVV—r—VA VA—Nw-

X, X, L X,

Fig. 6. Finite chain of reactive elements connected in ladder form.

«
which is composed of n identical circuits of isolated lossless elements. Let the driving
emf at the input terminals be a sinusoidal source of amplitude F0 and of angular fre-
quency u>. Let x, and x2 represent the reactances of the circuit elements at this frequency.
Then

Xi It = £2(/fc_i + /ji+i 21 k)

or, by placing x = xl/x2 + 2,

Ik +1 k + Ik-1 = 0. (38)

From equation (38) it can easily be shown that if

y«(x) = - (ra 7 {)*n-2 + {U2 2)z"~4 

then in terms of I0 an I, , Ik+l may be expressed as

Ik+i = Vkli Vk-Jo • (39)

In terms of 70 and F0 :

Vk = —Vk-iXtlo + (Vk-i ~ yt-2)Vo ,

h = (Vk — yk-i)Io - Vk-iVo/x2 .
\

The y's are polynomials satisfying the same recurrence relation as (38). By comparing
the expansion of y„{x) with the expansion (22), the following relation between the y's
and the Chebyshev polynomials can be derived:

r + Ti(x/2) if n is odd.]
yn(x) = 2 Tn(x/2) + T„_2(z/2) + • • • (40)

+ T0(x/2) if n is even.]
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Through the use of equation (40) not only can the successive currents and voltages
in the network shown in fig. 6 be expressed in terms of Chebyshev polynomials, but also
the input impedance and transfer impedance for any load z, .

Application to directional couplers. It has been pointed out by F. Bolinder (2) that if
one wishes to maximize the ratio of the width of the pass band to the level of the reverse
wave in the pass band in a directional coupler, then for a given number of elements one
will choose the coupling factors in such a way that the variation of the reversed current
level with distance will be a Chebyshev polynomial.

Conclusion. This paper has presented the properties of the Chebyshev approxima-
tion method and the Chebyshev polynomials which may be of interest and use to eng-
neers and physicists. The application of the method to filter design has not been covered
here because of the length of the subject and the detail required. Glowatzki (16) gives tables
for determining the number and sizes of elements needed in a filter which meets certain
specified requirements. A number of other references on this subject are given in the
bibliography, where also may be found references to articles of a detailed mathematical
nature for those interested in this aspect of the problem:
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