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determined. The method which essentially corresponds to the method of power series,
used for ordinary differential equations, may be applied to more general kernels than
those of the homogeneous polynomial type considered here. It may also be extended to
other systems of linearly independent functions, such as trigonometric functions, depend-
ing on the construction of the kernel which in that case would have to involve a finite
number of trigonometric terms.

The method should prove of great value in the treatment of vibration problems of
systems with polynomial mass distributions and concentrated masses. Two of the
simplest problems of this type, whose exact solutions have been known for a large
number of years, have been solved by a closely related method in [1],
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ASYMMETRICAL FINITE DIFFERENCE NETWORK FOR
TENSOR CONDUCTIVITIES*

By L. TASNY-TSCHIASSNY (University of Sydney, Australia)

In a paper recently published in this journal [1] the problem dealt with was described
by its author in the following way: "Given a region in which Eq. (4) holds and a large
number of points in the region chosen at random, in what way should the points be
interconnected with 'physically realizable' electrical resistors in order that the voltages
at the nodes shall be as nearly as possible the correct solutions of the boundary value
problem characterized by Eq. (4) and appropriate boundary conditions?"

The Eq. (4) quoted is the special case of the differential equation

+ r = 0 (1)

for [e] being the unit tensor, i.e., for isotropically conducting material. In Eq. (1) $ is
the electrical potential in a two-dimensional continuum, r the current density of a
distributed transverse external source, a the conductivity of the continuum in a certain
direction, and [a] the non-uniformity tensor of the conductivity. The scalars r, tr, and
the tensor [e] may be functions of the position.

The author of the present Note had been interested in a practically identical problem
for which he had coined the expression "triangulation of a two-dimensional continuum"
and which included the general case of tensor conductivities [2], He replaced the interior

'Received March 3, 1954.
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of a triangle of any suitable shape and small size by a delta of resistors (see Fig. 1)
so that, with the exception of the boundary, two resistors in parallel always connected
a node pair in the final equivalent network. If the principal (maximum or minimum)

A,
(a.)

Fig. 1. Replacement of the interior of a triangle by a delta of resistors

conductivities are denoted by a — <?x in the x-direction and <r„ = kac in the ^-direction,
so that

«] =
1 0

.0 k.
the formula

' I + k 1 - k cos (#>, + <p2)
2Y3/<rx = -g—cot + 2 sin a3 (2)

(and similarly for Fj and Y2) resulted, which for k = 1, i.e., isotropic materials, is identical
with MacNeal's Eq. (10). With a proper lay-out of the nodes it can, for tensor conduc-
tivities also, be easily arranged that sides of triangles coincide with the boundaries and
that all resulting conductances connecting two nodes are positive, i.e., physically real-
izable.

MacNeal's paper embodies two remarkable advances in the solution of the problem
in question. One is finding that an infinite multitude of simulating networks exists for
given node points, and the other is the precise definition of the part of the continuum to
be lumped at a node as far as the distributed external current sources are concerned.
These advances can be extended to tensor conductivities, quite frequently met with
in engineering, along the line of MacNeal's method.

In Fig. 2, which corresponds to a part of Fig. 4 in MacNeal's paper, let A and B
be two nodes of the simulating network and 1 and 2 the corresponding points of the
dual network so that the current IAB crossing the line 12 within the two-dimensional
continuum divided by the potential difference VAB between the points A and B deter-
mines the conductance YAB of the resistor joining A and B. Let the direction 12 be
found from the direction AB in the following way: Draw the line 34 perpendicular to AB.
•Multiply the distance Ar4 from the y-axis of a suitable point 4 of this line by l/k. Make
Nx' parallel to Ox and N2 equal to l/k:N4. Using MacNeal's notation we obtain for
Ia,

IAB = —[ <y dr n-{[e]V$} = — f a dr{n[e]} • V</> = — <r-r34 | V<f> |0 cos a (3)
J 1 J 1
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so that
T7- ^*34 r30 . rQ4
YAB = 0-7— = 0-7 h a -J—• (4;

Uji Iab Lab

Fig. 2. Portion of the asymmetrical network of triangles.

This relation is general, whether 0 is the mid-point of A B or not. Equation 4 shows the
splitting-up of YAb into two partial conductances corresponding to the interior of the
two triangles ABC and ABD.

A closer investigation for 0 as the mid-point of AB is carried out in the notations
of Fig. 3. The bisectors HiL, H2L and H3L of the sides of the triangle AyA2Ai , with

Fig. 3. Conditions for 0, 0', and 0" of Fig. 2 being the mid-points of AB, BC and CA respectively.
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the Cartesian co-ordinates of A, , A2 and A3 being (xt , yj, (x2 , y2) and (x3 , y3) respec-
tively, intersect at L. Let the lines H3M and H,M be the lines derived from the lines
H3L and H^L by the procedure by which in Fig. 2 the line 12 was derived from the
line 34. Let them intersect at the point M, ysr). Using basic methods of analytical
geometry we obtain for ?/.„

2? = - x2)(x2 - X,)(X, - x3) — [yl(x2 - X,) + ylUi - x3) + y\{x3 — X2)] ^
V" X3(y2 - yx) + x2(y, - y3) + x,(j/3 - J/a)

and a similar formula for xM • These formulae are symmetrical in the co-ordinates of
A i , A 2 and A3 , so that the line IL.M derived from the line H2L by the same procedure
passes through M. In other words, if the points 0, 0' and 0" in Fig. 2 are the mid-points
of the sides of the triangle ABC, the line 02 for the side AB and the corresponding lines
0'2 and 0"2 for the sides BC and CA intersect in one point 2.

If (see Fig. 3) the ratio

v H3P3 yM - (y, + y2)/2 (f..
Y3 = °tj'2 = (b)

that corresponds to the ratio <T-r0.,/lAB of Fig. 2 is computed, we obtain after some
manipulating

27 =   4-  kg ^7)
cot ip2 —~ cot tan tp\ tan (p2

Equation (7) is identical with Eq. (2), as can easily be shown. Hence Eq. (2) represents
the special case of Eq. (4), if the point 0 (Fig. 2) and the corresponding other two points
0' and 0" are the mid-points of the sides of the triangle ABC.

Tensor conductivities can be dealt with also by a change of variables [3], This method
leads to the same results.
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IMPEDANCE SYNTHESIS WITHOUT MUTUAL COUPLING*
By AARON FIALKOW (Polytechnic Institute of Brooklyn)

and IRVING GERST (Control Instrument Co.)

In a fundamental contribution to network theory, Bott and Duffin [1] have given a
method for the synthesis of an impedance which obviates the use of any mutual coupling

'Received Feb. 16, 1954; revised manuscript received April 12, 1954. After submitting the paper for
publication, we have learned that independent papers embodying substantially equivalent results but
using different approaches from our own and each other were presented by F. Reza and R. H. Pantell
at the January 1954 meeting of the A.I.E.E.


