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SOLUTIONS OF THE HYPER-BESSEL EQUATION*
By CHIA-SHUN YIH, (State University of Iowa)

In problems of hydrodynamic stability involving axial symmetry, it is sometimes
necessary to find the solutions of a differential equation of the type

LI} = 0

in which n is a positive integer, and (with D = d/dr)

L, = D2 + r~lD - r'2 - X2

is the Bessel operator of the first order. In this note, solutions of the equation

L"J = 0 (1)
in which

Lp= D2 + r'lD - p2r~2 + k2

will be given explicitly. The theorem one seeks to establish is the following: If p (taken
to be positive for convenience) is not an integer, the solutions of Eq. (1) are rmJ,(p+m) (kr)
in which m = 0, 1, 2, • • • , n — 1; otherwise they are rm.Jv+m(kr) and rmNv+m(kr), with
m ranging over the same integers. The symbols J and N stand for the Bessel function
and the Neumann function, respectively.

Proof: It is known that the solutions of Lvf — 0 are J+v(kr) for p not equal to an
integer and Jv(kr) and Nv(kr) for p equal to an integer. Thus it suffices to show that
if r'Zv+l(kr) (in which Z stands for either J or N) satisfies L*+1 / = 0, then r'+1Zv+,+l(kr)
satisfies = 0, since the proof for rmJ_(l>+m,(Ar) is identical with that for rmZv+m(kr).
This will be accomplished if one can show that Lvr'+lZp+, + l(kr) is equal to a constant
times r'Z„+,(kr). By straightforward differentiation one has

LS+lZv+.+l(kr) = r'+,LpZp+.+1(fcr) + s(s + l)r-%+,+1(fcr)

+ 2(s + l)r'DZp+,+1(kr) + (s + l)r"'Zp+.+1(kr)

= r' + lLpZp+,+i(kr) + (s + l)V-%+, + 1(fcr)

+ 2 (s + 1 )r'DZp+I+1(fcr).

But

and [1]

, T , 2p(s + 1) + (s + l)2
Lip — L*p+$ + l i 2

DZp+,rl(kr) = P + Skr+ 1 Zp+.+l(kr) + Z„+.(fcr)].

'Received May 14, 1955.



1956] CHIA-SHUN YIH 463

So

Ljr'*1Zv+,+x{kr) = r-+lLp+.+ 1Zv..+1(kr) + [2p(s + 1) + (s + 1 ,(*r)

+ (s + l)V-%+I+1(fcr) + 2(s + l)r*fc[- P+^.+ 1 ZT+.+1(kr) + Z„+.(fcr)]

= 2 (s + l)fcr'Z,+t(fcr)
since

L„+4+iZv+n.i(kr) = 0

by definition of Z.
Dr. Y. C. Fung of the California Institute of Technology communicated to the

writer a different proof of the present result by means of Almansi's theorem [2] on hyper-
harmonic functions. His proof will not be presented here.

It may be noted that since [1]

Z^ikr) + Zp+I(kr) = g Zv{kr) (2)

and since by the theorem just proved rZv+l(Jcr) and Zv(kr) are solutions of

Llf = 0, (3)
it follows from Eq. (2) that rZ^^kr) is also a solution of Eq. (3). In fact, by repeated
use of Eq. (2) and a similar one obtained by changing p to — p in Eq. (2), it can be proved
that if the m in the subscripts of the solutions given in the theorem is changed to — m,
the results will still be solutions of Eq. (1). These solutions are of course not independent
of the ones given in the statement of the theorem.
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