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THERMO-ELASTIC SIMILARITY LAWS*
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A. E. GREEN**, J. R. M. RADOK AND R. S. RIVLIN

Brown University

1. Introduction. In a book edited by Hetenyi [1], Mindlin and Salvadori have

discussed certain similarity laws for thermo-elastic problems. They were, however,

primarily concerned with the replacement of thermo-elastic problems by purely elastic

problems involving dislocations. In the present paper we are concerned with the con-

ditions which must be satisfied by the physical parameters describing the properties

of a body and a scale model (scaled both in linear dimensions and time) in order that

the stress in the original body may be determined from that at the corresponding position

and time in the scale model by means of the multiplier M (= rigidity modulus of body/

rigidity modulus of model). It will be seen that the conditions for the stresses in the

body to be an arbitrary constant C times those in the model are then easily obtained.

In deriving these conditions much of the mathematical analysis of Mindlin and Salvadori

could have been used. However, we have preferred to obtain them by somewhat different

methods.
We consider that surface tractions and temperatures are specified on the surface

of a body and a scale model, the surface tractions and temperatures on the body being

respectively M and 0O (a constant) times those at corresponding points and times in

the scale model. The dimensions of the body are assumed to be I times those of the

model and any time for the body is r0 times the corresponding time for the model.

It is then found that for three-dimensional thermo-elastic problems, the stresses in

the original body are M times those in the model provided that

(i) Poisson's ratio a is the same for the model and the original body;

(ii) /3 (= Q0v/n) is the same for the model and original body, where v is the co-

efficient of thermal expansion, n is the rigidity modulus and 90 = 1 for the

model; and

(iii) a (— tqk/12) is the same for the model and original body, where k is the thermal

diffusivity and t0 = 1, I = 1 for the model.

If the body is subjected to plane thermo-elastic strain, the stresses in the body are

M times those in the model provided that /3, a and a have the same values for the model

and the original body. If the surface tractions applied to each closed boundary of the

body considered are self-equilibrating, the stresses in the body are M times those in the

scale model provided that /3(1 — 2<r)/(l — <r) and a have the same values for the model

and the original body.
In a generalized plane stress problem, the average stresses are M times those in the

model provided that 0, c and a have the same values for the body and the model. If the

surface tractions applied to each closed boundary of the body are self-equilibrating,

the conditions become that a and /3(1 — 2<r) have the same values in the model and the

original body.
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Finally, we have the case of a body in plane thermo-elastic strain and a scale model

in generalized plane thermo-elastic stress, the surface temperatures in the body being

0O times the average surface temperatures in the model, while the surface tractions in

the body are M times the average surface tractions in the model, the averages being

taken over the thickness of the generalized plane stress model. Then, the stress in the

body is M times the average stress at the corresponding position and time in the model,

provided that <r, (3 and a have the same values in the model and the original body.

However, if the surface tractions applied to each closed boundary of the body are self-

equilibrating, these conditions can be replaced by the weaker conditions

a* = a and /3*(1 - 2a*) = 0(1 - 2cr)/(l - a),

where <r*, P* and a* are the values of o-, /3 and a respectively for the model.

In all the cases considered, it is assumed that no body forces are applied and that,

although the surface tractions and temperatures may vary with time, such changes

are sufficiently slow for inertial forces to be neglected. In the plane problems, the simi-

larity laws apply, of course, only to the planar stress components.

In each of the cases discussed, the modelling conditions given above are those for

which the stresses in the body considered are M times those in the model. Since the

governing equations of the problems considered are linear, we can readily derive con-

ditions under which the stresses in the original body shall be any constant C times

those in the model. For example, let us consider the case in which the original body

is in plane strain and the model is in generalized plane stress, and the surface tractions

applied to each closed boundary of the body are self-equilibrating. The condition

/8*(1 — 2c*) = 0(1 — 2a)/(1 — <t) implies that

M (1 - 2cr*)(l -
Wo N 1 - 2a

where N is the ratio of the thermal expansion coefficients for the original body and the

model. If we now multiply both the surface tractions and temperatures in the scale

model by M/C the stresses in the original body will be C times the average stresses

in the model and 0O will be changed to

o c (1 - 2<r*)(l - a)
N 1-2 a

Similar results may readily be obtained in the other cases considered.

2. Fundamental equations. We use Cartesian tensor notation and denote a rectan-

gular coordinate system by , where Latin indices take the values 1, 2, 3. Components

of the displacement, strain, stress and surface traction (or stress vector) are denoted

by Vi , €,, , th and Ft respectively and t is time and 6 temperature. If motion in the

elastic body is such that inertial terms may be neglected, and if body forces are zero,

then

7^ = 0. (2.1)

The stress-strain relations [2] are

tu = 2^e,', + i ^ 2a e"5iI) — vebii
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*-*(£+£)■ <->

and the equation of heat conduction is

d*d = 1 30

dy< dyi k dt (2.3)

In (2.2) Sa is a Kronecker delta, n and a are the rigidity modulus and Poisson's ratio

respectively, and v is a coefficient of thermal expansion. In (2.3) k is the thermal dif-

fusivity.

We now express (2.1), (2.2) and (2.3) in non-dimensional form by using the sub-

stitutions

y* > V* lv-i , T Totf

r„- = ntit , Fi = nfi , e = doT,

where I is a standard length, r0 a standard time and 90 a standard temperature. Also,

x{, Ui, t, e,(, tij, fi and T are non-dimensional coordinates, displacements, time, strains,

stresses, surface tractions (or stress vectors) and temperature respectively. Using (2.4),

Eqs. (2.1), (2.2) and (2.3) become

^ = 0, (2.5)
dXj

tit = 2[eij + Y^Yae"5i) ~ 11TSii '

e =1/^ + ^1
" 2 \3x, + dxJ

(2.6)

and

respectively, where

d2T 1 dT

dXi dX( a dt
(2.7)

a = and fi = —• (2.8)

The stress components tu may be eliminated from (2.6) and (2.7) to give the three

differential equations

d*ui , 1 d\ n dT n .
 + i _ o- " P = °- (2-9)dXj dXj 1 — 2<r dXi dx, dxt

In addition to the above fundamental equations, we have boundary conditions in

which temperature or temperature gradients, displacements or surface tractions—or a

mixture of such conditions—are prescribed. For clarity, we restrict our attention to

boundary conditions which involve no new parameters, although it would not be difficult

to include these.
If Fi is the surface traction per unit area acting on a surface, the normal to which
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has direction-cosines l( , then

F< = Tijlj . (2.10)

We see that the non-dimensional surface traction /, is given by

Si = M/ . (2.11)

3. Similarity laws in three dimensions. If temperature or temperature gradients

are prescribed on the boundaries of the body considered, then we see from (2.7) that

the non-dimensional temperature distribution throughout the body depends only on

the non-dimensional coordinates x{ , non-dimensional time t, and the non-dimensional

parameter a. If we regard this non-dimensional temperature distribution as being the

actual temperature distribution in a scale model of the body under consideration, then

the temperature distribution in the original body may be obtained by using the scale

relations (2.4), provided a is kept constant. If, however, we are concerned only with a

steady state temperature distribution, we see from (2.7) that T is then independent of

a, so that no restriction on a is necessary. Further, if the boundary conditions on the

temperature do not involve a time scale (e.g. if their dependence on time has the form

of a step-function), then we can choose the scale-factor r0 in such a way that a is kept

constant.

If boundary conditions for the body under consideration are given in terms of dis-

placements, then (2.9) shows that the non-dimensional displacement it, throughout

the body depends, in general, on a and /3. Again, if the boundary conditions are given in

terms of surface tractions (i.e. in terms of stress components), we see, from (2.5), (2.6)

and (2.11) that the non-dimensional displacement components u{ and stress components

tu throughout the body depend, in general, on a and fi. Thus, if we regard these non-

dimensional displacement and stress distributions as being the actual displacement and

stress distributions in a scale model of the body under consideration, then the displace-

ment and stress distributions in the original body can, in general, be calculated from

those in the model, by means of Eqs. (2.4), only if a and /3 have the same values in the

model and the original body.

4. Plane strain. The assumptions of plane strain are that

Mi = u^Xi , x2 , t), u2 = u2{xi , x2 , t), T = T(xi , x2 , t), u3 = 0. (4.1)

It follows from (2.5), (2.6) and (2.7) that

631 = ®23 = 633 = ^31 ~ t23 = 0, (4.2)

and

S " °' ^
= 2^xm + 1 _ 2<r epp^"') ~ »

1 (dU\ , duA

2 \dXu dxj'

d*T 1 dT

dx\ dx\ a dt '

(4.4)

(4.5)
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where Greek subscripts take values 1, 2. With the help of complex variable notations,

Eqs. (4.3) and (4.4) can be integrated in terms of complex potentials (see [3] and [4]).

We use the notation

z = Xi + ix2 , D = Ui + iu2 , 0 = in + t22 , $ = Ui ~ <22 + 2itl2 , (4.6)

so that Eqs. (4.3) and (4.4) are replaced by

S+f - °- »-7>

e - T=Y, (f + f) - <"-8>
- . 3D
$ = 4 — ,

dz

where a bar placed over a quantity denotes the complex conjugate of that quantity.

From (4.7), it can be shown that © and $ must be expressible in the form

«\2 «\2

0 = 4 , $ = -4 , (4.9)
dz dz dz dz v '

where ^ is a real function (Airy's stress function). The second equations in (4.8) and

(4.9) can be integrated to give

D + 1 = 4(1 ~ c)f{2)' (4"10)

where f(z) is an arbitrary function* of z. Using (4.10) and its complex conjugate we

may eliminate D and 9 from the first equations in (4.8) and (4.9) to obtain

|j - m + m - t. (4.1D

Since <p is a real function, two integrations of (4.11) then give

V = 2/(2) + 2/(2) + g(z) + d(z) ~ ^7——R, (4.12)
1 — cr

where g{z) is a second arbitrary function of z and where R(z, z, t) is a real particular

integral of the equation

4H = r- (4-i3>

From (4.9), (4.10) and (4.12), we now obtain stress and displacement components in

the form

0 = 4[/'(*) + rm - ~2(r) t,
1 — O"

$ = -4[*/"(*) + g"(z)] + ~ la) H , (4.14)

D - (3 - 4a)/(2) - zfiz) - g'iz) + ^ ~ g-

*f(z) and g{z), defined in (4.12), also depend on t, but this is not shown explicitly.
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If Xa are the components of non-dimensional resultant force (per unit length of

£3 axis) due to the stresses acting across an arc AB in the material, in a certain sense,

then

Xi —J fids — J" (ti2 dx 1 2n dx 2)

X2 ~ J* f 2 ds = J* (^22 dx 1 ^12 dx%),

(4.15)

where ds is an element of length of the arc AB. Hence, using (4.6),

Xi + iX2 = j (0 dz — $ dz), (4.16)

and with (4.9), this becomes

X, + iX2 = 2»[^]] . (4.17)

where [ ]f denotes the change of value of the argument as we move along the arc from

A to B. From (4.17) and (4.12), we have

X, + iX2 = 2»[/(*) + zf'(z) + g'(z) - ~ . (4.18)

S. Single-valued stresses and displacements. We now restrict attention to problems

in which the stress and displacement components and the temperature are single-valued

and without singularities at every internal point of the body. We also assume at present

that the real particular integral R of (4.13) can be chosen to be single-valued, together

with its derivatives up to and including the fourth order. This assumption will be justified

in the Appendix (Sec. 9). It follows from (4.14) that the contributions of R to the stress

and displacement components are single-valued. The conditions for the stress and

displacement components to be single-valued therefore reduce to

[/'(*) + /'©]! = 0, [zf"(z) + g"(z)]AA = 0

and

[(3 - 4a)f(z) - zf(z) - g'(z)]A = 0, (5.1)

where [ ]1 denotes the change in value of the function inside the brackets on passing

once around a contour in the conventional sense which keeps the area enclosed on the

left, the contour lying inside the body.

We may differentiate the last of Eqs. (5.1) with respect to z( or z), inside the bracket,

since we have already assumed that the relevant derivatives exist (see [5]), to obtain

[(3 - 4er)/'(z) - f'mi = 0. (5.2)

Using this, together with (5.1), we obtain

[/'(*) ]1 = 0, [g"(z)]AA = 0,

(3 - 4a)[smi = wmi, (5.3)

as given, e.g. by [2] or [3], for the case when the temperature is constant throughout

the body.
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If we further restrict attention to problems in which the stress system is such that

the resultant force acting on any closed curve in the body (or its boundary, if singular

points on the boundary are excluded by small indentations of the contour) is zero,

then, from (4.18) we see that the conditions (5.3) may be replaced by

[/(*)]! = o, [g'm1 = 0. (5.4)

6. Similarity laws for plane strain. Suppose that the body under consideration is

in a state of plane thermo-elastic strain and that the region S occupied by the cross-

section of the body is finite and multiply-connected and bounded by one or more smooth

non-intersecting contours L0, Lx , ■ ■ ■ , L„ , of which L0 contains all the others.

In view of (5.4), we shall assume that, for the particular initial and boundary con-

ditions of the problem, f(z) and g'(z) are regular functions of z, for every value of the

time t, in the open region S, and continuous in S and on its boundaries, except possibly

at points on the boundaries at which isolated forces or couples act and where the singu-

larities are prescribed. We shall also assume that derivatives with respect to time exist

up to any required order. Then, from (4.14) and (4.18) it follows that the non-dimensional

stress and displacement components are single-valued and continuous throughout the

interior of S for all time and that the resultant force acting on any closed contour in S

is zero. Moreover, if temperatures and self-equilibrating surface tractions are prescribed

on the boundaries so that the right-hand side of (4.18) is given on L0, Lx , • • • , Ln , the

solution (4.14) for 0 and $ of the resulting boundary-value problem involves only the

physical parameters a and /3 (1 — 2<r)/(l — a). It is thus seen that if we regard the

non-dimensional stress components given by (4.14) as the actual stress components in

a scale model of the body under consideration, then the stress components in the original

body can be calculated from those in the scale model by using the scale relations (2.4),

provided that a and <3(1 — 2<r)/(1 — a) have the same values in the model and the

original body. However, the non-dimensional displacement components D given by

(4.14) involve the physical parameters a, a and /3 (1 — 2cr)/(l — cr) and therefore the

displacement components in the original body can, in general, be calculated from those

of the scale model only if a, <j and /3 have the same values in the model and the original

body. If the surface tractions on each of the contours L0 , Lx , • • • , L„ are not self-

equilibrating, then the conditions for the stress and displacement components to be

single-valued are given by Eqs. (5.3). Thus, if the surface tractions on L0, Lx , ■ • • , Ln ,

given by (4.18), are specified, it is seen that Eqs. (4.14) for 9 and $ and Eq. (5.3) involve

the physical parameters a, /3(1 — 2<r)/(l — cr) and <r. Hence, in order to calculate the

stress components of a body from those of a scale model, by means of Eqs. (2.4), a,

a and l3 must, in general, have the same values in the body and the model.

7. Generalized plane stress. We consider a body bounded by plane faces x3 = ± h,

where h is a non-dimensional constant, and by cylindrical surfaces perpendicular to

to these surfaces. The planes x3 = ± h are assumed to be free from applied stress and

to be insulated so that there is no loss of heat from them. Thus,

riT1
= 0, t31 = t23 = <33 = o (x3 = ±h). (7.1)

OX 3

We assume that the material of the body has Poisson's ratio cr*, coefficient of thermal

expansion v*, rigidity modulus tx* and thermal diffusivity k* and a* and (3* are defined
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tok* , _ e0v*
a- = r5- and P* = —^ ,

where I is again a standard length, t0 a standard time and 90 a standard temperature

and m* is taken as the scale factor for the stress components.

From (2.6), replacing <r and /3 by <r* and /3*, we have

e3, = + 2(1 ('33 + ^T) (?-2)

and using this to ehminate e33 from the remaining equations in (2.6) we find that

t\n = 2 ~t"

_ <9*(1 - 2c*)T8,u a*t338^

1 - a* ~t~ 1 - a* '

t\3 — 2eM . (7.3)

We now assume that the body is subject to a stress system which is such that the

displacements lit , u2 are even functions of x3 and u3 is an odd function of x3 . We then

follow the usual procedure and take average values of Eqs. (2.5) and (7.3), using con-

ditions (7.1). We add the extra assumption that the average value of t33 is neglected

in comparison with the average values of Denoting the average values of , eX(i ,

ua and T by , efi , u* and T* respectively, we obtain

f; - °- <7-4>

t* -2(e*+ e*S, ) - g*(1 ~ ^ T*5'Xm I VppO\nJ ^ J- 0\n )

-*(£+£) ^eZ

and

dT* 1 dT*

dxx dxx
(7.6)

If we denote by X* the average values of the components of the non-dimensional

resultant force (per unit of x3-axis) due to the stresses acting across an arc AB of the

material lying in the z^-plane, then we see from (4.15) that

X*! = J (<i* dxi — tfidx2), X% = J~ (<22 dx! — t& dx2). (7.7)

We note, replacing n by n* in Eqs. (2.4), that the average values of the actual

stresses , displacements v* and temperature 9* can be obtained from the non-di-

mensional values by means of the relations

ya — lXa t hi a t T fX t\w ,

and

0* = Q0T*. (7.8)
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Equations (7.4) to (7.7) are identical in form with Eqs. (4.3), (4.4), (4.5) and (4.15)

if we replace

h* , e£ , T*, ut , **/( 1 - a*), /?*(! - 2cr*)/(l - (r*)

and a* in the former by , eKll , T, u* , <r/( 1 — 2a-), /3 and a respectively. Hence, we

can write down the solution of Eqs. (7.4) to (7.7) by analogy with the plane strain

problem. The conditions for the average values of the non-dimensional displacement

and stress components to be single-valued may similarly be written down by analogy

with the case of plane strain.

With the notation

0* = <* + - t& + 2it& and D* = uf + iu% , (7.9)

we obtain [see Eqs. (4.14)]

9* = 4[/•'(*) + /*'(!)] - 0*(1 - 2a*)T*,

= -4[zf*"(z) + g*"®] + 4^(1 - 2<r*) ,

D* = /*(*) - - 3*'® + FO- - — , (7.10)

where /*(z) and g*(z) are functions of z which depend on the boundary conditions and

R*(z, z, t) is a real particular integral of the equation

a2/?*4H = r*- ^

From (7.7) and (7.10) it is seen that

X* + iX% = 2t[/*0e) + zf*'(z) + g*'(z) - /3*(1 - 2a*) (7.12)

It can readily be seen, in a manner similar to that adopted in Sec. 5, that the con-

ditions for the average values of the non-dimensional average stress and average dis-

placement components tj* and uf to be single-valued are

[/*'(*)]! = o, [g*"(z)]AA = o

and

3 — <7

1 +

*
[/*(«)]! = ■ (7.13)

In the case when the stress system is such that the resultant average force acting on any

closed curve in the body is zero, the conditions (7.13) become

[/*(*)]! = 0, [g*'{z)]i = 0. (7.14)

8. Similarity laws for generalized plane stress. We now assume, as in the case of plane

strain previously discussed, that the cross-section of the body considered, normal to

the a;3-axis, is finite and multiply-connected and bounded by one or more smooth non-

intersecting contours L0 , £<i , ■ • ■ , Ln , of which L0 contains all the others, and that

the values of the non-dimensional average surface tractions (and hence of X*) and
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non-dimensional average temperature T* are given over each of the contours L0 , Lx ,

, Ln . Since, from Eqs. (7.6) and (7.11), the values of T* and R* throughout the

body depend only on the physical parameter a*, the expressions (7.10) and (7.12) for

0*, <£* and X* involve only the physical parameters a* and /3*(1 — 2a*). Also, if the

surface tractions applied to each of the contours La , Lx , — , L„ are self-equilibrating,

the conditions (7.14) for the average stress and average displacement components to

be single-valued do not involve any physical constants. It follows that, in the case when

the specified surface tractions applied to each of the contours L0 , Lt , • • • , Ln are self-

equilibrating, if the non-dimensional average stress distribution is taken as the actual

average stress distribution in a scale model of the body under consideration, then the

average stress distribution in the original body can, in general, be calculated from that

in the model by employing the relations (7.8), if a* and /3*(1 — 2a*) have the same values

for the model and the original body. In the case when the specified surface tractions

applied to each of the contours L0 , Li , ■ • • , Ln are not self-equilibrating, since the

conditions (7.13) for the stress and displacement components to be single-valued involve

a*, the average stress distribution in the original body can, in general, be obtained

from that in the model by means of the relations (7.8) only if a*, a* and /3* have the

same values in the model and the original body.

Now, suppose that we have two bodies A and B with geometrically similar cross-

sections bounded by the closed contours L0 , Ll , • • • , L„ , as described above. Let the

dimensions of the cross-section of A be I times those of B. The body A is maintained in

a state of plane thermo-elastic strain and B is maintained in a state of generalized plane

thermo-elastic stress by surface tractions and surface temperatures such that the actual

average surface tractions and average surface temperatures in B are equal to the non-

dimensional surface tractions and surface temperatures in A. We assume that the

physical parameters for the body A are the unstarred parameters defined in Sec. 2,

while those for the body B are the starred parameters defined in the present section.

Taking I = 1, r0 = 1, m* = 1 and 0O = 1 for the body B, we see that (7.10) and (7.12)
give the actual average stress components and surface tractions in B, while T* represents

the actual average temperature in B. Then, comparing Eqs. (7.6), (7.10), (7.11), (7.12)

and (7.13) with Eqs. (4.5), (4.14), (4.13), (4.18) and (5.3), and bearing in mind that
we have assumed T = T* and Xa = X* on the surfaces of A and B, we see that provided

that

a* = a, /3*U - 2c*) = ~ ^ = 3-4a, (8.1)

i.e. provided that

=«» ** = and 0* = - la ' (8>2)

we have

0* = 0 and = <£, (8.3)

so that the stress distribution in A can be calculated from the average stress distribution

in B by the scale factors defined in Eqs. (2.4).

If the surface tractions applied to each of the contours. L0 , Lx , • • ■ , Ln are self-

equilibrating, then comparing Eqs. (7.6), (7.10), (7.11), (7.12) and (7.14) with Eqs.
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(4.5), (4.14), (4.13), (4.18) and (5.4), we see that Eqs. (8.3) are satisfied provided that

a* = a and 0*(1 - 2a*) = HLzlM. (8 4)
1 — <7

9. Appendix. The function R. In deriving in Sec. 5 the conditions for the stress and

displacement components to be single-valued the assumption was made that the function

R(z, z, t) satisfying Eq. (4.13) can be chosen to be real and single-valued, together with

its derivatives up to the fourth order. This assumption will be justified in the present

section.

We deal first with the case of steady heat flow and statical equilibrium for which

T = T0{z, z), R = R0(z, z) and

d _ q y = 4 d Ro. /q
dzdz °' 0 dzdz (9-1)

Since T0 is real, the first of Eqs. (9.1) may be integrated in the form

T0 = h'{z) + h'(z), (9.2)

where, since T0 and its derivatives are single-valued inside the region S occupied by the

cross-section of the body considered,

[h"(z)]i = 0, [h'(z) + h'(z)]AA = 0. (9.3)

We now suppose that the region S is the multiply-connected region bounded by

contours L0 , Lx , • ■ • , Ln , as described in Sec. 6. We assume that the temperature

distribution in the body is such that ti'(z) [which is seen from (9.3) to be single-valued]

is a regular function of z in the open region S. From Laurent's theorem it can be seen

that h"(z) must be expressible in the form

- S 2^13 - £ + *"(2)• (9'4)

where k(z) is a regular function of z iij S, bk and dk are real constants, zk is a point inside

the contour Lk (and therefore outside S) and ak is a constant. The result (9.4) follows

from the fact that if terms of higher degree than the second in l/(z — zk) are included

in the Laurent expansion (9.4) for h"(z) they can be absorbed into the function k"(z)

without vitiating the regularity of k(z) in the region S.

By integration of (9.4), we obtain

m - ± £ log fe - + i (9.s

h(z) = ±^(z~ zk) log (z - zk) + X) h" 1" ld" log (z - zk)
t-i 2jt t_i 2x

(9.6)

+ Kz) - 22 ̂  (z - zk).
k-1 "K

From the second of Eqs. (9.3), it is seen that ak is a real constant. It is apparent from

(9.2) and (9.5) that if h(z) is expressible in the form (9.6) with ak real, T0 is a real, single-

valued function in S.
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Introducing the expression (9.2) into the second of Eqs. (9.1), we obtain

4 H - +*'»• <9-7)

Introducing the expression (9.5) for h'(z) into (9.7), it is apparent that (9.7) has a par-

ticular integral for R0 of the form

4ft0 = ~ zh)(z ~ z*)[log (z - zk) + log (z - z*)]

(9.8)

+ Z) \*dk z + h" 2Tldk «]llog (z ~ Zk) + log (z - *)] + l(z, z),

where Z(z, z) is a real single-valued function in S, given by

l(z, z) = zk(z) + zic(z) — X) — zz. (9.9)
4-1 X

Since the expression on the right-hand side of (9.8) is real and it and its derivatives

are single-valued, R0 may be chosen in such a way that it is real and it and its derivatives

are single-valued.

When the heat flow is not steady, T and R satisfy the equations

= 0, = (9-10)
dz dz a dt dz dz

Eliminating T, we obtain

d2 .( d^R_ 1 dR\ _ m

dz dz \ dz dz a dt) ^ ^

Equation (9.11) is satisfied by

4 PjT- ~ ~ ̂  = Q> (9"12)
dz dz a dt

where Q is any real function which satisfies the equation

s» - °- (9-13)

We make a particular choice of the function Q that it be expressible in the form

Q=~~^ + T0, (9.14)
a dt

where T0 is a real single-valued function, independent of t, which satisfies the equation

- 0 (9.15)

and P is a real function which satisfies the equation

= 0. (9.16)
dz dz
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Since T0 satisfies (9.15) and is real and single-valued, we see, as we did in discussing the

function T0 given by the first of Eqs. (9.1), that there exists* a function R0(z, z) which

is real and single-valued together with its derivatives up to the fourth order and satisfies

the equation

t• -4 It- <9-i7)

Defining R 1(2, z, t) by

R = P + R0 + Ri , (9.18)

we see, from (9.12), (9.14), (9.16), (9.17) and (9.18), that must satisfy the equation

dz dz a dt

Substituting from (9.18) in the second of Eqs. (9.10) and employing (9.16) and (9.17),

we have

T = To + Tt , (9.20)

where

Tt = 4 |4i- (9.21)

From (9.19) and (9.21)

dz dz

T, (9.22)
a dt

Since T and T0 are real and single-valued, we see from (9.20) that Tx must be a real

single-valued function of z and z for every t. It follows from (9.22) that we may choose

i?i to be a real single-valued function of z and z for all t. It must, of course, also be single-

valued in t and possess derivatives with respect to z, z and t of any required order. We

have already seen that R0 can be chosen to be real and single-valued and P has been

chosen to be real and single-valued. It follows from (9.18) that R is real and single-

valued.
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*In deriving this result, we note that in this case also To must have the form (9.2) and we assume

as in the earlier discussion that To is such that h"(z) is a regular function of z in the open region S.


