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AIRFOIL IN A SONIC SHEAR FLOW JET:
A MIXED BOUNDARY VALUE PROBLEM FOR THE

GENERALIZED TRICOMI EQUATION*
BY

C. C. CHANG AND T. S. LUNDGREN
University of Minnesota

Abstract. In this paper, small perturbations of a non-uniform two-dimensional
flow of a compressible inviscid fluid are considered. It is shown that for a particular class
of main stream Mach number distributions, which are characterized by a sonic line along
the x-axis, the linearized shear flow equation may be transformed into the generalized
Tricomi equation. The mixed boundary value problem which results from considering
perturbations generated by a two-dimensional camber surface is formulated and solved
by utilizing the Wiener-Hopf technique.

1. Introduction. In recent years, Lighthill [1] Chang and Werner [2] and others
have treated two-dimensional linearized compressible shear flow problems. In this
paper a parallel but non-uniform stream of compressible fluid is perturbed by a thin
two-dimensional airfoil which is located along a sonic line. The main stream Mach
number distribution, M(y), resembling that approached by a sharp edged sonic jet
under the influence of viscosity, is assumed symmetrical about the sonic line at y = 0.

Let p(x, y) be the perturbation pressure, P be the constant freestream pressure, and
a(x, y) be the slope of the streamlines in the disturbed flow. Also let M0 = M (0). a and
p, if small enough, can be determined from a function 4>(x, y) satisfying the linear equ-
tion [3]

+ (1.1)dx dy M ay dy

<j> is related to p(x, y) and a(x, y) by

d<t>
dx (7/2)PMl

= CV, (1.2)

(1 o\
dy 2 Mla' (L3)

Here Cv is the local pressure coefficient and 7 the ratio of specific heats. It is generally
accepted that (1.1) is a valid linearization of the equations of fluid motion provided that
dM/dy is large enough at points where M = 1. This condition is not satisfied for the
type of Mach number profile considered in this paper. It appears reasonable, however,
that (1.1) is valid if higher derivatives of M are large enough at sonic points.

Let the airfoil have unit chord length and be a camber surface so that the slopes
of the upper and lower surfaces both equal a0(x). The condition that the flow be tangent
to the airfoil can be obtained from (1.3) as

^g-^ =-2ao(x), 0 < x < 1. (1.4)

*Received September 3, 1958.
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For subsonic flows, the disturbance must die out at infinity. This condition can be
accomplished by imposing that <j> approaches zero at infinity. The problem can be some-
what simplified by specifying boundary data along the whole ar-axis instead of only
on the airfoil. It is shown in Appendix I that, as in incompressible potential flow 4> has
a jump discontinuity which is equal to the lift coefficient, Ct . This jump can be taken
conveniently to be along the positive x-axis behind the airfoil. In addition, because of
the symmetry of the Mach number profile and the anti-symmetry of the airfoil, the
transformation y —> — y, <f> —■* — <t> leaves Eqs. (1.1) and (1.4) unchanged. This implies
that <t> is an odd function of y. This fact and the jump condition require

<t>(x, 0+) = 0 x < 0 ^ ^

= —Ci/2 x > 1.
Equations (1.4) and (1.5) give mixed boundary data along the entire z-axis.

In general, solutions of (1.1) are difficult to obtain with any arbitrarily given M{y).
However, as will be shown in Part II, for a particular choice of M{y), Eq. (1.1) can be
transformed to the form

y"S + l^ = 0' F^°'
where n is a non-negative constant and Y is a new independent variable

Y = b f M2(y) dy b = constant.
Jo

Eq. (1.6) is commonly known as the generalized Tricomi equation. This equation has
been widely studied as shown in the bibliography to [4]. However, no solution is known
for the above mixed boundary conditions.

The present treatment will be divided into two parts. In Part I, the mathematical
solution to this problem will be derived. In Part II, the application to an airfoil in a
sonic shear flow jet and the details of the corresponding Mach number profile will be
considered.

Part I. Solution of the Generalized Tricomi Equation with
Mixed Boundary Conditions

2. Statement of problems and procedure for solution. The problem is to solve the
generalized Tricomi equation

Ynd^ + d^ = 0' Y-°' n~° (2'1}

with the mixed boundary conditions

<t>{x, 0) = 0, x < 0;

*>. 0) = "f , x> 1; (2 2)

0 < x < 1;

<t>(x, co) = 0.
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Here C is a constant and 6(x) is bounded and integrable. If <t>{x, 0) were given along
the whole x-axis, the problem would be a Dirichlet problem which could be solved easily
by use of classical techniques such as the Fourier integral or two-sided Laplace trans-
forms. By applying Wiener-Hopf techniques [5, 6] to the present problem, the missing
Dirichlet data, 0) on the interval (0, 1), can be found. This is carried out in two
steps. In Sec. 3 a related auxiliary problem is first solved, namely, the generalized
Tricomi equation with d<j>(x, 0)/dY specified on the positive x-axis, and <j>{x, 0) = 0
on the negative x-axis1. This is done with the aid of two-sided Laplace transforms and
the Wiener-Hopf technique. In the main problem d$(x, 0)/dY is given on (0, 1) and
4>(x, 0) is specified on (1, »), consequently, the auxiliary problem gives an integral
equation for the unknown quantities 4>(x, 0) on (0, 1) and d<p(x, 0)/dY on (l,00). In
Sec. 4 this integral equation is solved by using Mellin transforms with the Wiener-Hopf
technique.

3. Solution for 4>(x, 0) on (0, oo) when d<t>(x, 0)/d Y is specified on (0, ) and 0) =
0 on ( — oo, 0). If 4>{x, Y) is a function which satisfies

Y"d£ + dY~2 = 0' F-°' n~° (3,1)

and the boundary conditions

4>{x, 0) = 0, x < 0;

= «,(*), x > 0; (3.2)

<t>(x, oo) = 0,

it will be shown that on the positive x-axis, the solution is

<t,{x'0) = r2(l/n + 2) lo (x ~ «)a/"+2,_1 ̂  /t" MvXn - *)a/n+,)-1 dv, (3.3)

where

a = —(1/n + 2)+n/"+2r(n + 1/n + 2)/r(l/n + 2).

First, let the boundary conditions (3.2) be restated as

<t>(x, 0) = U(x)H(x),

= di(x)H(x) + e2(x)H(-x), (3.4)

<t>{x, oo) = 0,

where fx(x) and 0.2(x) are unknown functions and H(x) is the Heaviside step function, i.e.,

H(x) = 1, x > 0

= 0, x < 0.

'This problem differs from that of Carrier [7] in that Carrier's boundary data are given on a line
perpendicular to the parabolic (sonic) line.
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Secondly, let

*(., Y) = / e~"4>(x, Y) dx ^ ^

be the two-sided Laplace transform of <j>(x, Y). Taking the Laplace transform of (1.1)
and (3.4) gives

FV$ + jp = 0

d*(y0) = e>(«)+ + e2(s). , (3.6)

$(s, 0) = FM+ ,
$(S) oo) = 0,

where 0i(s) + , 02(s)_ and Ft(s) + are defined by

i(s)+ = [ e "di{x) dx,
Jo

2(s)_ = J e~"02(x) dx,

i(s)+ = f e~"f1(x) dx.
Jo

Some imposed properties of these functions and their consequences are given below:
(i) The given function 0j(x) is assumed to approach zero like exp (— ex) as x —► oo ;

thus 0i(s)+ will be analytic for Re(s) > — e where e > 0. Since 6, (x) is a bounded
function, 0i(s)+ = 0 | s |-1 as s —> .

(ii) 02(s)_ , an unknown function which is to be determined, must approach zero
algebraically as x —» — oo so that 02(s)- will exist for Re(s) = 0 and be analytic for
Re(s) < 0. The assumption d2(x) = 0(— x)~", p < 1 as x —> 0 assures that d2(x) is
integrable near the origin. This condition implies that 02(s)_ = 0 | s |_1+p as | s | —» oo.

(iii) Fl(s)+ is also an unknown function to be evaluated. The assumption here is
that /x(x) = 0 exp (— ex) as x —> oo and is integrable near the origin. These conditions
imply that F,(s)+ is analytic for Re(s) > — e and 0 | s |~1+a, q > 0 as | s | —> oo.

The relevant solution of Eq. (3.6) is

$ = i71/2if1/nt2[(-s2)1/2^ F"+2/2] , (3.7)

where s must be purely imaginary to satisfy the condition $ —» 0 as Y —> oo. Differentia-
tion of (3.7) yields

d$
dY

= -A(-sy/2Y"+1/2Kn+Un+2[(-sy/*^-^Y"+2/2~]- (3.8)

Evaluating (3.7) and (3.8) at F = 0 and using the boundary conditions from (3.6) we
can write
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(Mr, _i_ 2T1/»+V_<rt-1/s"+4
iis, 0) = tt/2 ■ ,17, , Itvi/ I O. A = f\(«) + ,sin x(w + 1 /» + 2)r(l/n + 2)

d*(8, 0) = _ (1/n + 2)-("+'/n+2)(—s)~1/2n+4

dF / sin 7r(n + 1/n + 2)r(l/n + 2) l()+ +

(3.9)

Eliminating 4 from these two equations, we find,

(«)+ +
(-s2)

aF1(s)+ = 6l(^ + ?-rfS)- , (3.10)

where a is given in Eq. (3.3).
As it stands, Eq. (3.10) is valid only for purely imaginary s. In order to use the

Wiener-Hcpf technique, an expression which is analytic in a strip parallel to the imagi-
nary axis is desired. Consider the function (— s2)1/n+2, Re(s) = 0 which is real and positive.
How should this function be continued analytically into the complex s-plane? Consider
the product (— s)I/n+2(s)1/n+2 for complex s. ( — s)1/n+2 is defined to be real when s is real
and negative and a cut is introduced in the s plane along the positive real axis so that
this function will be single-valued. sI/n+2 is defined to be real when s is real and positive
and a cut is introduced along the negative real axis. It is easily shown that when s is
imaginary this product is equal to (— s2)1/n+2. The above product is taken as the con-
tinuation of ( — s2)x/n+2. New let a small separation of the branch points be made by
writing (— s)1/n+2 (s + e)1/n+2, e > 0. See Fig. 1. This is the same e introduced in (i).

Cut -for (s+£)'2
3 plane

/-CUt -for

Fig. 1. Analytic region of (—s)lln+2(s + e)l'n+2.

If this function is used in place of (— s2)1/n+2 in (3.10) we get

aF1(s)+(s + e)1/n+2 = e'(^l+/„0is)-- (3.11)

It is assumed that the solutions of this equation will satisfy (3.10) when e goes to zero.
This idea was used in [9]. Now the Weiner-Hopf technique can be used since both sides
of Eq. (3.11) are analytic in the strip — e < Re (s) < 0.

We want to express 01(s)+/(— s)2/n+2 as the sum of two functions, one analytic in
the left half plane, the other analytic in the overlapping right half plane. By Cauchy's
Integral Formula [11],

9.(8)+ _ J_ fy-+ia 1 61(0)) +
(-«)1/"+2 2iri Jy^ia « - s (-co)1/n+2 dw (3 12)

_ j_ ri+ic° i ,
2iri co - s (-co)1/n+2 '

where — e < 7i < Re(s) < y2 < 0. The first integral in Eq. (3.12) is analytic
for Re(s) < y2 , while the second is analytic for Re(s) > yj . Equation (3.12) can be
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written as

~ ^(s)_ - tr1(s)+ , (3.13)

where <72(s)_ , o-1(s)+ are defined by Eq. (3.12). Using Eq. (3.13), Eq. (3.11) become?

ah(s)+(s + e)1/n+2 + <T,(s)+ = (^(l-+2 + <r2(s)_ = £(s). (3.14)

Since the two sides of this equation are analytic in overlapping half planes, they are
sufficient to define an entire function E(s). That is to say, the right hand side is the
analytic continuation of the left hand side. From the estimates made in (i), (ii), (iii)
and since 7, and y2 are of the order of | s |_1, it is seen that

E(s) + = 0(| s |j

E(s). = 0(| s |

as | s | —> °°, where p, q < 1. The derivative of E is bounded and goes to zero for large s.
Therefore, by Liouvilles' theorem [11] E is a constant. But the above shows E(s)-. —> 0
as | s | —> °°. This implies that E = 0. This fact allows the evaluation of F1(s)+ . From
Eq. (3.14),

Fds)+ = -a~l , Re(s) > -e. (3.15)

Let e —* 0 and substitute the integral expression for <ji(s)+ . This gives

FM = a-V1'"*2 ~ 0l(")/:+2 d*, Re («) > 0, (3.16)
zm J-im s — w (-co)

where 7i = 0 since e > > 0.
Taking the inverse transform of (3.16) we obtain

+(*' ® 2S £*. (=$*< "4 (3'17)

_ ± 11 W

The inverse transform2 on the right hand side is the convolution of

c"/"+2)~iff(s)
r(i/» + 2)

with

Hah 4 " m s? ♦" - mm,
where \p(x) is defined by this equation. Use of the convolution integral (the inverse
transform of the product of two transforms) gives

h(x) = a"1 r(1/w1+ 2) f* (x - £)a/n+2)"V© dt;, x > 0. (3.18)

2A11 Laplace and Mellin transforms used in this paper can be found in [10],
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But ip(^) is the convolution of

co =

with
i rico
1 I \ —l/n+2 7(_co) du =

(_£)1/n+2H(~x)

r(l/n + 2)
Therefore,

*© = r(1/n1+ 2) /" «(u)(i» - ?)<1/"+2)-1 d„, £ > 0. (3.19)

Substitution of Eq. (3.19) into Eq. (3.18) yields Eq. (3.3) as was to be shown.
4. The case where d<j>(x, 0)/dy is given on (0, 1). The result of Sec. 3 is

*<*• °> - mhv /.*(I ~ « /," '■<'><' -(4.D
0 < X < 00 ;

where 0i(x) = <30 (x, 0)/dz/ is supposed to be known on 0 < x < co. In the problem
stated in Sec. 2, d</>(x, 0)/dy = 6(x) is specified only for the interval (0, 1) while 4>{x, 0)
is specified for x > 1. Hence Eq. (4.1) is an integral equation for the unknown functions.
It will be shown that if

and

^Q) = 61(x) = 6(x)H{ 1 - x) + 6,(x)H(x - 1), x > 0 (4.2)

<Kx, 0) = /(x)ff( 1 - x) - | H(x - 1), x > 0

where /(x) and d3 (x) are unknown functions, then the desired solution of Eq. (4.1) is

C r(2/n + 2) fx. .(l/n+2) -l/i (l/n + 2) —1I (1- ^ -r/,A ^ r(2/?l -j- 2) f t (l/n + 2) -1/-J v\ (l/n + 2)-1
0(x, 0) - /(x) - —- r,(1/n + 2) jQ { (1-0 ^

-1 l/n + 2 -1 .(

+ r'a/n + 2) L (* - z)(1/n+2,-1r2/B+2 df I ({ - vyi/n+2,-W/n+20(v) dv,

when x is between 0 and 1.
To prove Eq. (4.3) the same procedure is followed as in Sec. 3, using the Mellin

transform in place of the Laplace transform. Operating on both sides of (4.1) with the
Mellin transform, defined by

M.[f(x)] = f x*"7(x) dx,
Jo

yields the relation3

i1 f \i(v nM T[1 — s — (1/n + 2)]T[s + (1 /n + 2)] ,f , 2/n+2„ ,
aMMx, 0)] - r(1 _ s)r[s + (2/n + 2)] ■ M'[x e'(x)]- (4"4)

sThis is the Mellin transform of a repeated fractional integral. See [10] , vol. 2, p. 183.
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A similar operation on Eq. (4.2) yields

MMx, 0)] = M,[j{x)H{ 1 - z)] - ~ M.[H(x - 1)] = F(s)+ + ,

M.lf—BM] = M.[x2/n+26(x)H(l - a:)] + Ms[x2/n+263(x)H(x - 1)] (4.5)

= T(s)+ + T3(s)_ ,

where

F(s)+ = f x'~*j(x) dx,
Jo

— = —M,[H(x — 1)], Re (s) < 0,s_

T(s)+ = f1 x'-'x2/n+2d(x) dx,
J 0

r3(s)_ = J x°~xx2/n+2 d3(x) dx.

Substitution of Eq. (4.5) into Eq. (4.4) yields

CI T[l - s - (1/n + 2)] r[s + (1 /n + 2)]
aF(s) + + a - - - r(1 _ s) r[s + (2/n + 2)] [T(s) + + T,(.).]. (4.6)

As in Sec. 3, the regions of analyticity and the asymptotic behavior of F, T, T3 are
required and are shown as follows:

(i) F(s)+ is an unknown function. It is assumed f(x) = 0(xl/n+2) as x —> 0; then F(s)+
is analytic for Re(s) > — 1/n + 2. In order to determine the asymptotic behavior of
F(s)+ , substitute x — exp (— z) into the defining integral above, so that it takes the
form of a Laplace integral. It is easily seen that if f(x) = 0 | 1 — x\~p, p < 1 as x I
then F(s)+ = 0|s|-1+"as|s|—> <». This assumption is necessary in order that F(s) +
exist.

(ii) T(s)+ is a known function. Since d(x) is a known bounded function, T(s)+ is
analytic for Re(s) > — 2/n + 2. The substitution x = exp (— z) shows that T(s) =
0 | s |_1 as | s | —> 0°.

(iii) r3(s)_ is an unknown function. By comparison with known potential solutions
(i.e., potential flow about a flat plate with circulation) it is assumed that the unknown
function d3(x) — 0(x~2/n+2) as x —> so that T3(s)_ is analytic for Re(s) < 0. If it is
assumed that 6:i(x) = Q(x — l)-a, q < 1 as x —»■ 1, the substitution x — e" obtains T3(s)_ =
0 | s |~l+a as | s | —> oo.

(iv) The asymptotic behavior of ratios of gamma functions in Eq. (4.6) may be
found by substituting x = exp (— a) into the beta function representation,

r(s) } - ?hi' -I)""'r(s + I-) T(y)

From this it is found that the function I'[.s + (2/n + 2)]/r[s + (1/n + 2)] which is
analytic for Re(s) < 1 — (1/n + 2) is of the order | s |1/"+2 as | s | —> cd(
while T[1 — s — (1/n + 2)]/r(l — s) is analytic for Re(s) < 1 — (1/n + 2) and is of
the order I s |~1/n+2 as | s i —> oo.
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Rearrangement of Eq. (4.6) gives

r[s + (2In + 2)] rfl - s - (l/n + 2)]
aFis)• r[s + (i /» + 2)] Fo^j «*)_ ^

C 1 T[s + (2/n + 2)1 rfl - s - (1 fn + 2)]
2 s_ r[s + (i/» + 2)] w+ r(i - s)

A little reflection on (i), (ii), (iii) and (iv) shows that all the functions occuring in Eq.
(4.7) are analytic in the strip — (1 jn + 2) < Re(s) < 0. As in Sec. 3, we can write

r" - IT U/? + 2" T(s), = J, -J~ r" - » ~ + 2>' TV), dw
T(1 — s) 2m Jfit-ia, co — s T(1 — co)

1 f*+<" 1 r[l - co - (l/n + 2)] m, s ,~ TV1 ^ T(<j})+ do} = X2(s)_ — Xx(s)+ , (4.8)
ZTl Jpt-joo CO — S 1 ^1 — COj

where — (l/n + 2) < ft < Re(s) < ft < 0 and X2(s)_ and Xi(s)+ represent the first
and the second integral on the right hand side. X2(s)_ is analytic for Re(s) < ft while
Xj(«)t is analytic for Re(s) > ft . Also, by subtracting the principal part of the singu-
larity at s = 0

1 T\s + (2/n + 2)] = fl T\s + (2/n + 2)1 _ 1 r(2/n + 2)\ l_ T(2/n + 2)
s T[s + (l/n + 2)j \s T[s + (l/n + 2)] s r(l/n + 2)J + + s_ T(l/n + 2)' ^ '
The bracketed term on the right is analytic for Re(s) > — 2/n + 2, while the second
term on the right is analytic for Re(s) < 0. Introducing the results of Eq. (4.8) and
Eq. (4.9) into Eq. (4.7) gives

in / \ i?r \ r[s (2/n -f- 2)] ,.
- aF(s)+ r[s + (1/n + 2)] + Xi(s) +

C /l Tfs + (2/n + 2)1 1 r(2/n + 2)\ , .
2 \s r[s + (l/n + 2)] s r(l/n + 2)/+ ^ ;

_ r[l - s - (l/n + 2)1 — a — T(2/n + 2) _1_
r(i - s) i3(sj- + Msj- a 2 r(l/n + 2) s_

As in Sec. 3, since the left and right sides of this equation are analytic in overlapping
half planes, an entire function Ei(s) can be defined. From the estimates in (i), (ii), (iii)
and (iv) it is found that

J? (<>\ — fl I « I (l/n+2) —l+pAlW+ ~ ° 1 5 1 (4.11)
and

E1(s). = 0 | s
as

| s | —» oo, where p, q < 1.

These estimates imply /?,(s) = 0. This determines F(s)+ and r3(s). in Eq. (4.10) as
follows
F( \ _ -i r[s + (l/n + 2)] ,.
F{S)+ T[s + (2/n + 2)1 Xl(s)+ (412)

  — <f—  — r(2/n + 2) T[s + (l/n + 2)]) _
2 \s s T(l/n + 2) r[s + (2/n + 2)]J+ K® (S) > 7 +
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Us)- = ~r[i - s - (i/i + 2)] Xa(s)- (413)

C r(2/w + 2) l r(i - S)
+ a2 r(l/n + 2) s r[l - s - (1/n + 2)] Re (s) < °*

The next step is to take the inverse Mellin transform of Eq. (4.12) using the Mellin
convolution in the same way that we used the Laplace convolution in Sec. 3. The result
is Eq. (4.3) which was to be demonstrated.

5. Solution of the mixed boundary value problem stated in Sec. 1. The original
problem to be solved was a mixed boundary value problem. Since from Sec. 4, 0)
is known on the interval (0, 1), we know 4>(x, 0) for the infinite interval. This reduces
the mixed boundary value problem to a much simpler Dirichlet problem.

r-S + f^o. r*o. nao;
(5.1)

4>{x, 0) = 4>o(x), - 00 < X < 00 ;

oo) = o.

Here

0 x < 0

<j)0(x) = ' /(x) 0 < X < 1

-C/\2 x > 1

where /(x) is defined by Eq. (4.3). Use of Laplace transforms as in Eq. (3.6) yields the
bounded solution shown in Eq. (3.7). From Eq. (3.9)

X (—s)-I/2"+4

^S' = 2 (1/n + 2) 1/n+2sin (x/n + 2)r(n + 1/n + 2) A =

where ${l(s) is the two-sided Laplace integral of <j>0(x). Solving Eq. (5.2) for A and
substituting it into Eq. (3.7),

$ = i (l/n -f 2)1/n+2 sin (*/n + 2)r(n + 1/n + 2)(-s2),/2"+4
(5.3)

• yI/2KI/n+2[(-s2)1/2 Y"+2/2 j$0 Re (s) = 0.

The inversion of this gives the result

 UDYdk<t>{x, Y) = dn J 2 I (O Z™ I 0\ Vn+2-lU/n+2-)-rl/2 >[(x - ?)2 + (2/n + 2)7"

where dn = t'3/2 (2/n + 2)2/n+2 r[(l/» + 2) + 1/2] r(n + 1/n + 2) sin (x/n + 2).
Since this result will not be used in Part II, no further comment will be made.

Part II. Airfoil in a Sonic Shear Flow Jet

6. Solution of shear flow problem. As seen in Sec. 1, for a symmetrical Mach
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number distribution the potential 0 must satisfy

+ -o (6.0dx dy M dy dy

for y ^ 0, and the boundary conditions

<j){x, 0) = 0 x < 0,

= -C,„ x > 1, (6.2)

^ 0) = -2a0(x) 0 <x <1,dy
<*>) = 0.

Introducing the new independent variable

Y =b f M\y) dy, (6.3)
Jo

where b is a constant, Eq. (7.1) is transformed into

1 - M2 d2<t> d2<t> _ n . .
b2M' dx2 + dY2

Let M{y), an arbitrary function until now, be defined by

W!" 1"-(»/>"»). (6.8

where n is a non-negative number, so that Eq. (6.4) becomes the generalized Tricomi
equation treated in Part I. The solution of (6.5), which gives the Mach number dis-
tribution, will be investigated in Sec. 7. The transformation by Eq. (6.3) also changes
the third equation in the boundary conditions, Eq. (6.2) to

d<t>(x, 0) 2a0(x) _
dY — bMl ' 0<*<1- (6-6)

It is seen immediately that this is the problem solved in Part I with the notational
change 6(x) = — 2d0(x)/bM20 and C = Ct . The solution of this problem involves the
constant Ct which has been presumed specified in advance. To determine Ct the Kutta-
Joukowsky condition should be used. This condition states that the flow must leave the
trailing edge smoothly. In a linearized approach, this means that the streamline leaving
the trailing edge of the airfoil should have finite slope at the trailing edge. In Appendix
II it is shown that the slope is finite provided that

_ 2r(l/n + 2) (1 /n + 2)"/n+2 f1 __ 1/tl+2 (r «
' r(2/n + 2) r(n + 1/n + 2) J0 ^ v) v ^ 2ao(v)/bM0] dv. (6.7)

This gives the lift coefficient in terms of the airfoil slope. The pressure coefficient on the
airfoil can be calculated by taking the x derivative of Eq. (4.3), since CP(x, 0) =
dc/>(x, 0)/dx. This may be accomplished more easily if the integration variable in the
second integral in Eq. (4.3) is changed by the substitution z = x/%. The result is
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Cv(x, 0) = e„ f (1 - & A
Jl ^ (6.8)

<•»/» /- \ (l/n+2) —1

• jo (| - v) v'/n+2l-2ao(v)/bM2ol dv

where
-(1/n + 2)"e„ = r(n + 1/n + 2)r(l/n + 2)

It will be shown in Sec. 8 that Eq. (6.8) can be integrated with a simple result if aQ(x)
is a polynomial.

7. Mach number profile. Certain properties of the upstream Mach number distribu-
tion, M (y), which are defined by the solution of Eq. (6.5), can easily be seen without
completely solving this equation. These will be enumerated below.

(i) If n = 0, M — M0 is constant and less than one. In this case b(n = 0) = b0 can
be expressed in terms of Ma as = (1 — M20)1/2/M20 . Noticing how b0 occurs in Eq.
(6.8), it is seen that bQ is essentially the Prandtl-Glauert correction factor for incom-
pressible flow.

(ii) For = 0, M —^ 1 as y —> 0 while M —* 0 as y —» °°.
(iii) To see how M behaves near y = 0, rewrite Eq. (6.5) as

' (n + 2)/n f M' d« - (hr1)'" <7-»
and substitute a series, M = 1 — y" (a0 + a^y + • • •), for M. Solving the resulting
equation for a0 and v it is found that

M = 1 - W+Y + ■■• . (7.2)
This shows that in addition to being sonic at y = 0, the profile becomes increasingly
fiat near y = 0 as n increases. This is of some interest since, as is well known, purely
sonic uniform flow cannot be linearized. Notice also that 6 —> 0 implies uniform sonic
flow, while from Eq. (6.8) the pressure becomes infinite as b —»0, so that the linearization
has become invalid.

(iv) The behavior for small n can also be seen from Eq. (7.2). If 0 < n < 1, M has
a cusp at y = 0 which becomes sharper as n decreases. Upon taking the limit as n —* 0
the cusp collapses on itself leaving uniform subsonic flow.

Since the solution of Eq. (7.1) for M as a function of y is difficult to obtain explicitly,
the inverse of this function y = y(M) will be considered. Denoting M2 by £ and differen-
tiating Eq. (7.1) with respect to y we get

r(»+2>/nt _ d_ /l ~ *Y/n dij
b t-diK e ) dy

Upon separating variables and integrating,

is obtained. An integration by parts gives

»*"""» - w - L ? (-rT *• (7-3>

1/n

dt
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This is the desired inverse function. If n equals 1 or 2 the integration can be carried out
explicitly. For large n a series in 1/n is appropriate. The results of these calculations are
given in Fig. 2. In this figure M is plotted versus yb'n+2)/n. If b = 1 the various curves
are in the correct proportions as plotted, however, if b ^ 1 the scale changes for each
curve. If n is very large the profiles are again approximately in the proper proportions.
Note that as n —» °° the profile approaches a uniform sonic jet of width 2/6; twice the
reciprocal of b can be considered roughly to be an effective jet width.

(l/n + 2) —1 >'+(!/»+ 2)9> + ll/»+« ^

0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6

Fig. 2. Mach number versus vertical distance with n as parameter.

8. Calculations of Cv , C\ and C.P. In this section the calculation of the pressure
coefficient, lift coefiicient and center of pressure (C.P.) will be carried out for the case
where a0(x) is a polynomial. In this case — 2a,,(x)/bM2a can be expressed as a sum of
terms like a,jX' and the lift coefficient, Eq. (6.7) will be a sum of terms like

C -In r(lA + 2)(l/n + 2)*"+' f1 ( _ ,
0„— za, r(2/n + 2)r(rl + 1/n + 2) Jo U V)

This integral is a beta function which is easily expressed as

r r(1/w + 2)(1/w + 2)"/n+2 r(1/rt + + 2) + j + 11
li '' r(2/n + 2)r(n + 1/n + 2) r[(2/» + 2) + j + 1] ' K J

The pressure coefiicient, Eq. (6.8), on the airfoil will be a sum of terms like
~1 a rx/. ( \ <l/»+2) —1

Cvi = g91 (i - dzfxjo g - v) n'+(1/"+a) dv,

where
a,(l/n + 2)n/n+2

9n r(n + 1/n + 2)r(l/» + 2)'

The inner integral, a fractional integral of the Riemann-Liouville type can be evaluated
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Jo \z V * dv~ r(Vn + 2) T[j + 1 + (2In + 2)1 {x,z)

Then

C,

T[j + 1 + (2 /» + 2)]

„• = k„ [ (1 - 2)(i/n+2)-.-i2-(i/n+2)-;-i dz>
J x

where
7 _ a,(l/ra + 2)"/n+a r[j + 1 + (1/fl + 2)] ,--n.(2/„+2)

r(n + 1 /n + 2) r[j + 1 + (2/» + 2)]
By a change of the variable of integration, t = (1 — z)/z this becomes

r _ (1/n + 2)"/n+2 r[j + 1 + (1 /n + 2)] ,-_n.(2/n+2)
' r(n + 1 /n + 2) T[j + 1 + (2/n + 2)] *

/ + ty dt.
Jo

(8.2)

The integration here can be easily carried out for any value of j by expanding (i + t)
Let a moment coefficient be defined by

Cm = —2 [ xCp dx. (8.3)
Jo

This can be computed after CP is known. A more useful quantity which will be used is
the center of pressure defined by

C.P. = CJCt . (8.4)
These quantities (Ct , C„ , C. P.) are calculated below for the special cases of flat

plate and circular arc airfoils.
(i) Flat plate air j oil at angle of attack 8.
In this case, using the above notation, a0(x) = — 5 is a constant. Then

— 2a0(x) 2 8

From Eq. (8.1),

r = -25- (_J__Y"+2 T3(l/n + 2)
1 bMl\n + 2j T\2/n + 2)r(» + 1/n + 2)'

If n = 0 (uniform subsonic flow) this gives the familiar result

n - - ^T^ — 27t5
1 ~ bMl ~ (1 - M2)1/2 '

where b = (1 — M2)1/2/M2, M constant. If n —> <» (sonic jet) the result is Ct = 85/6 =
4 h8. Here the jet thickness h = 2/6 has been used. Equation (8.5) is plotted in Fig. 3.
From Eq. (8.2) the pressure coefficient

CJCl = ~T\l/n+% xU/n+2)"1(1 - x)1/n+2 (8-6)
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2,0 -

0 5 10 15 20

Fig. 3. Lift coefficient on fiat plate versus n.

0 0.2 0.4 0.6 0.8

Fig. 4. Pressure coefficient on fiat plate airfoil versus distance along airfoil.

0 5 10 15 20

Fig. 5. Center of pressure on fiat plate airfoil versus n.
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2.0-

1.0 -

c^1an* I. .jj.

-I H n
0 5 10 15 20

Fig. 6. Lift coefficient on circular arc airfoil versus n.

0 0.2 0.4 0.6 0.8 1.0

Fig. 7. Pressure coefficient on circular arc airfoil versus distance along airfoil.

is obtained. In Fig. 4,-2 CJCi has been plotted versus x so that the "area" under
each of the curves is unity. Notice that for n = 0 the leading edge singularity is like
x~1/2. As n becomes larger this singularity becomes stronger, approaching x_1 as n —> m.
The center of pressure is obtained by substituting Eq. (8.6) into Eq. (8.3). The result
is the simple expression

C.P. = -J-. (8.7)n + 4

This shows that for n = 0 the center of pressure is at the quarter chord and approaches
the leading edge as a n increases. This is presented in Fig. 5.

(ii) Circular arc airjoil at zero geometric angle of attack. For the circular arc a0(x) =
5(1 — 2x) where 5 is the angle which the leading edge makes with the free stream. Then

— 2a0(x) -28 45
bMl ~ aa + aiX> a° ~ bMl ' ai ~ bMl'

The lift coefficient and pressure coefficient are easily calculated from Eqs. (8.1) and
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(8.2). We obtain

C< " + 2'" + iW/" + 2r"" P(2/„ + 2W^TTTn + 2) ' <8'8>

% = ~r3(l/n + 2) (U + 4)1 ~ x)I/"+2' (8'9)

The center of pressure is at x = .5 for all n as can be seen from the symmetry of the
pressure coefficient. Equations (8.8) and (8.9) are presented in Figs. 6 and 7. Note in
Fig. 7 that as n —* <*> the pressure coefficient becomes constant along the airfoil.

9. Discussion. It has been shown that for a particular class of Mach number pro-
files which are characterized by a sonic line, the linearized compressible shear flow
equation can be transformed into the generalized Tricomi equation. The boundary
value problem, which describes the perturbation of the main stream flow by an arbitrary
two-dimensional camber surface, has been formulated and solved. The question of
agreement with reality remains.

It is probable that for large values of n the linearization breaks down unless re-
strictions are made on the parameter 6, which should be large as n becomes large. That
is, the effective jet width, 2/6, must be much less than the chord length. This conjecture
is supported by the following observation; by the foregoing theory the lift on an airfoil
in the limiting case n —> co is the same as that calculated by a simple momentum ex-
change brought about by the sonic jet turning through an angle equal to the trailing
edge angle of the airfoil. Such a situation can only be realized if the jet width is much
less than the chord length.

APPENDIX I.
Jump condition. Let C denote the curve indicated in Fig. 8, consisting of two

straight lines and a circle of radius R. If V</> has continuous derivatives inside C we can
write

or

f. (¥, dx +tyiy)-0

f* [C,(x, 0+) - Cv{x, 0_)] dx + -de = 0.

Fig. 8.
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Here d(f>/dx = C„ has been used. Cv must be continuous except across the airfoil itself,
therefore Cv(x, 0+) — Cr,(x, 0_) must be zero for x > 1. Then the first integral is the
negative of the lift coefficient,

C, = [ [C.(x, 0_) - Cp(x, 0+)] dx = {y/ypMl ,

while the second integral is </>(/?, 0_) — 4>(R, 0+). Hence

C, = <t>(R, 0_) -<t>{R, 0+).
Since Ct is independent of R the jump across the a;-axis must be constant.

APPENDIX II.
Kutta-Joukowsky condition. It is necessary that d<j>(x, 0)/3 Y be bounded as

x —» 1 from the right. That is, d3(x) in Eq. (4.2) should be bounded. This condition will
be satisfied only for a certain value of C. 6:t (x) can be found by inverting Eq. (4.13).
Proceeding as with the inversion of Eq. (4.12) yields, after an integration by parts.

~-i/n+2(x -1ri/n+2

T(n + 1 /n + 2)r(l/n + 2)
(n + 1/n + 2)x'

2(r — in-i/o+2 r p
Ux) = ^ , J* [- Y r(2/n + 2)

f \CI/n + 2)—1 l/n+2„( N .7 1 , (W + l/» + 2)x
- Jo a-v) v <Kv) dv J + r(n + l/n + 2)r(1/n+ 2)

• [* z2/n+2(x - tyUn+2 rff [' ft - v)(1/n+2)'2v,/n+2d(v) dv.
J1 Jo

Therefore 9„(x) will be bounded at x = 1 if the coefficient of (x — l)~l/"+2 is zero, that
is, if

C a'
+ 2)i (1_,)

(l/n + 2)—1 l/n + 2

2 r(2/n + 2)
Using the definition of a, Eq. (3.3), gives

r/' "+ 6(rj) drj.

J = (l/n + 2)n/n+2 r(l/7l -f- 2) /* /l \ (l/n + 2) —1 l/n + 2n/ \ j
2)r(n + l/» + 2) J, (1 " "> ' 9("> d1-T(2/n + 2)T (n + l/n + 2)
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