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AN IMPLICIT, NUMERICAL METHOD FOR SOLVING THE
n-DIMENSIONAL HEAT EQUATION*

By GEORGE A. BAKER, JR. (Los Alamos Scientific Laboratory, Los Alamos, New Mexico)

1. Introduction. The work of this paper represents an extension of the work of
Baker and Oliphant [1] to the n-dimensional, linear, heat-flow problem with arbitrary
spacing between the mesh points. We give an implicit scheme which we are able to solve
exactly, and we prove that it is unconditionally stable. We treat only the linear case
because the generalization to the non-linear case may be treated in precisely the same
way as was done by Baker and Oliphant and the same conclusions hold in the
n-dimensional case concerning this generalization as in the two-dimensional case.

2. The difference approximation. The basic partial differential equation we wish to
consider is

V20 = S(x, t) + A2 6 + B2 , (2.1)
eft

where V2 is the n-dimensional Laplacian with respect to x, x is an n-dimensional position
vector, t is time, and S is a source function. Not both A and B may be zero. By setting
B = 0 (4 ^ 0) we may solve at one step for the asymptotic solution of (2.1). We wish
to approximate this differential equation by an implicit, difference scheme to allow
approximate numerical calculation of the function 6. We shall define our mesh by n
sequences

0 < xu < ■ ■ • < xIk < xI+lk < • • • xMt < Lk , k = 1, ■ • • , n (2.2)

which are the values of the coordinates of the mesh points in an n-dimensional vector
space.

Let us define the matrices ,

DU =  2 2 
(xji+i - Xjt)(Xjk+1 - xJk-0 (xJt+1 — Xjt)(xjk - Xjk-i)

jjJfc +1
(2-3)

,  2   _
(xj — Xj.-JiXj +1 - Xj 0 ' ' n'

where 8 • is the Kronecker delta. Let us approximate

= [30(«) - 4d(t - At) + d(t - 2 A<)]/(2 At) (2.4)
ot

and define
P = -[A2+ 3B2/(2 At)]. (2.5)

We may now consider the nth order tensor (suppressing the various Kronecker S's)

23 /31 IT + Dj\)8Il...Ik...in

ik L
+ Z D'A + /3" Z D'/k D'j, +

fc = l i <k

(2.6)

*Received August 25, 1958. Work performed under the auspices of the United States Atomic Energy
Commission.
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It is evident that

H Dj\0It represents ^4 (2.7)
Ik U%k

to within terms of the second order in Axk. Hence (2.6), neglecting 4th and higher order
derivatives, represents to within second order in Axk the left hand side of

136 + V20 = S(x, t) + A2d + B2 fj + P0. (2.8)
Ot

By definition /3 has been chosen so that the right-hand side of (2.8) is independent of
6{t) and depends only on 9(t — At), 6(t — 2At), and a known function, S. We can solve
the implicit equations (2.6) for 9It...It...u , as ,3Sjkt + Dj* is a triple diagonal matrix.
We can factor it as

P S'j\ + D'j\ = £ wL/tbt , (2.9)
Lk

where to is a lower triangular matrix. The matrix elements are given by the recursion
relations

Wjkk = 0 if Jk — Lk 0, 1

b*Lk = 0 if Ik — Lk 0, 1

^ = 1 (2.10)
wjr1 = DJ/~l

wJA = p + Dji - wlrXl-1 (65 = o)
bJA+1 = D'jf'/w'A .

Let us now define

gLi—Lk — L. = S (n bll\0i . (2.11)
it \ifc-i /

Then, using the difference approximations (2.4) and (2.6), we may represent (2.1) by

2 & (l~T wjt)ffL1---Lf-Ln — ajt-'-jf-Jn t (2.12)
Lk \lc-1 /

where the a's are known quantities. Due to the triangular nature of the w's we may
proceed from low index numbers to high ones and solve (2.12) for the g's by straight-
forward elimination. Then due to the triangular nature of the b's we may proceed from
high index number to low ones, and solve (2.25) for the 0's by straightforward elimination.

3. Stability. We shall proceed with a proof of the unconditional stability of the
method described in Sec. 2 by a method closely related to those employed by Baker and
Oliphant [1]. We consider only the problem with S independent of t. As Eq. (2.1) is
linear it will be sufficient to consider the solutions of the difference equation analogue of

V20 = A2d +B2^ (3.1)
Ol

with homogeneous boundary conditions. This equation results from the subtraction of
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the asymptotic solution from the difference equation analogue of (2.1). Let us seek a
solution of the difference equation analogue of (3.1), such that, for some Z„ ,

6{v, x, t) = x)Z'/". (3.2)

Equation (3.1) as expressed by (2.4), (2.5), and (2.6) is for a component (3.2)

E k" fl 03 5j\ + D'j\) - P fl SIj{\eIl...Ik...iSv)
Ik I— 1 = 1 t = 1 J

= {A2 +B2[3 - 4Z;1 + Z;2]/(2 At)}eJl...Jk...Jn(v).
(3.3)

Let us define

A2 + j~t (3/2 - 2Z;1 + 1/2Z~2) = X (3.4)

and an operator A,. , such that

_ — COj,.../o P>,
AkwIt...It...In =    (3.5)

Further let

^ = Z ] Z (^4^7i---7n---7,)2 ~ $ Z (^J Ak8li»-Ik •••/„)
Jfc \&=1

+ P Z (A; A,- At07,.../t.../„)2 —

(3.6)

i<j <k

and

G - E (f/,-.J2 = 1. (3.7)
Ik

One can now show that the solution of (3.3) is the same problem as finding the extrema
of F + \G subject to (3.7), and homogeneous boundary conditions. As we have

fl Mk = M (3.8)
k = l

mesh-points, the theory of quadratic forms [2] assures us that since /3 is negative, there
exists a complete set of m orthogonal vectors (6,,...ri...In(v)) which satisfy (3.6) and
(3.7) and therefore (3.3). As X can be shown to be the negative of F, we must have

(3 - 4Z;1 + Z;2)/3 = At(\ - 2A2/3)/B2 < 0. (3.9)

It easily follows [1] from (3.9) that for both roots

| Z- | <1. (3.10)

Hence, the amplitude of all the 6(v) solutions decays to zero as time goes to infinity.
Since the 6{y) form a complete orthonormal set, any initial value problem can be expanded
in terms of them, and hence we may conclude on the basis of (3.10) that the method is
unconditionally stable.



1960] NOTES 443

References

1. G. A. Baker, Jr. and T. A. Oliphant, Quart. Appl. Math. 17, 361-373 (1960). References to germane
literature will be found in this paper

2. G. Birkhoff and S. MacLane, A survey of modern algebra, Macmillan Co., 1941

HELICAL FLUID FLOWS*
Br ROBERT H. WASSERMAN (Michigan State University)

Introduction. Potential helical flows have been completely described by G. Hamel
[1], Nemenyi and Prim, and N. Coburn have obtained some Beltrami helical flows
[2, 3]. A simple description will be given here of all steady incompressible helical flows
and all steady compressible helical flows with entropy constant along stream lines.

The equations of helical flow. The class of compressible flows to be considered
here are those governed by the following differential equations in which v* is the velocity,
p is the pressure, p is the density, S is the entropy, and t* is the unit tangent vector
along the stream lines;

V • pv* = 0 (continuity equation) (1)

(pv*-X7)v* = — Vp (equation of motion) (2)

P = p(P> &) (equation of state) (3)

t* ■ V$ = 0 (entropy is constant along stream lines) (4)

For incompressible flows we must satisfy Eqs. (1) and (2) and the special case p =
constant of Eq. (3).

Now we assume that the flows are helical; i.e., the stream lines of the flow are parallel
helices on coaxial circular cylinders. Such flows have the property V • t* = 0. This may
be seen immediately if we introduce cylindrical coordinates r, 6, z and decompose t*
according to

t* = sin /36* + cos I3z*.

Note that the angle /3 of the helices is in general a function of r.
With the condition V ■ t* = 0 the continuity equation reduces to

t*- V In pq = 0, (5)

where q is the magnitude of the velocity. Also, from Eqs. (3) and (4)

t*-VP - ^ t*-Vp = 0. (6)
op

Finally, we write Eq. (2) in intrinsic form [4]:

t*-Vp = -pt*-V~, (7)

*Received November 10, 1958.


