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ON THE SOLUTION OF A NON-LINEAR PARABOLIC EQUATION WITH A
FLOATING BOUNDARY ARISING IN A PROBLEM OF PLASTIC IMPACT OF

A BEAM*
BY

THOMAS C. T. TING
Brown University, Providence, R. I.

Abstract. The deformation of a cantilever beam with strain rate sensitivity sub-
jected to impact loading at its base has been studied in [11] by an approximate method
in which the inertia forces in the plastic region are neglected. If these forces are taken
into account, the equation of motion in the plastic region is a fourth order non-linear
parabolic differential equation with a floating boundary, i.e. one whose position varies
with time and must be found as part of the solution. A numerical solution of this equation
is presented here. The results show that the bending moment in the plastic region varies
nearly linearly. This result implies that the shear force is nearly constant in the plastic
region, and hence that the inertia forces in the plastic region are small in comparison
with the shear force in the same region.

1. Introduction. When the base of a cantilever beam is subjected to a severe impact,
the subsequent permanent deformation may in some circumstances be analyzed by a
treatment which neglects elastic vibrations and considers the plastic deformation to be
governed by a strain rate-dependent yield stress. It has been shown [11] that such a
treatment involves a deformation pattern with a plastic segment near the base of the
cantilever beam and an outer segment which moves as a rigid body. The length f (i)
of the plastic segment varies as time changes, and hence gives a "floating" boundary
(see Fig. 1). The non-dimensional coordinate x is so chosen that x = 0 at base and x = 1
at tip. For convenience, the non-dimensional velocity v and time t are introduced. They
are related to the actual velocity V and time T by following relations:

v = (ml/M0)1/2V

t = (.M0/ml3)W2T

where m is the mass per unit length of the beam, I the length of the beam and M0 the
static yield moment of the beam. By writing the equation of motion for the plastic
region, it is shown in the next section that the velocity v(x, t) in this region must satisfy
the equation

[fe>1/P L + V, = 0 (1)
where a subscript x stands for d/dx and a subscript t for d/dt. p and a are constants
in the expression of strain rate dependence of the yield stress, Eq. (10). The initial
conditions are

v(x, 0) = v0 = const., f(0) - 0 (2)

and the boundary conditions are

  v(0, t) = v0[l - /(/)], ^(0, t) = vxx(t, t) = 0 (3)
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Fig. 1 Typical State of Deformation of the Beam

where jit) is a continuous function of t with the condition that

f(t) = 0 for t < 0
&n /(/) =1 for t > t0 — positive constant. ^

Two more conditions for the floating boundary are provided by the equations of
conservation of angular and linear momentum of the whole beam. They are:

(J + k)v0f(i) — f s(0, t) dr = (5a)
Jo

(1 + k)v0f{t) — [ q(0, t) cLt = $2(i) cos 0(1, t) (5b)
Jo

where k is the mass ratio (the ratio of the tip mass to the mass of the beam) and

$i(t) = f (1 — x)[k + J(1 — x)(2 + x)]vxx(x, t) dx (6a)
Jo

$2(t) = f (1 — x)[k + 5(1 — x)]vxx(x, t) dx (6b)
Jo

0(1, 0 — f Vx(f, t) dr (7)
Jo
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s(x, 0 = 1 + (vxx/a)1/p (8)

q(x, t) = —sx(x, t) = - [{vxx/a)Uv]x . (9)

The notations s and q are the non-dimensional bending moment and shear force of a
•cross section respectively. They are related to the actual bending moment M and the
shear force Q by s = M/M0 and q = Ql/M0 . The detailed derivations of the above
•equations are shown in the next section.

The solution of the non-linear fourth order parabolic equation, Eq. (1) presents
•considerable difficulties. An analytic solution seems out of the question. Very few nu-
merical solutions of non-linear higher order parabolic equations have been presented,
and no solution of a problem involving also a floating boundary appears to have been
given. Ehrlich [1], and Douglas and Gallie [2] have discussed the linear heat equation
with a moving boundary. Young and Ehrlich [3] have considered a non-linear second
order parabolic equation with fixed boundaries. They employed various finite difference
methods. Conte and Royster [4] have studied a finite difference approximation for the
solution of the fourth order parabolic equation vxxxx + vt = 0. It is linear and
the boundaries are fixed.

There are several finite difference methods for solving the linear or quasi-linear
parabolic differential equations. The forward difference method provides an explicit
expression for each step but the mesh ratio has to be restricted to assure the stability
of the numerical solution (see for example [5] and [6]). Especially in the case of higher
order parabolic equations, the mesh ratio must be so small that the time increment has
to be taken inconveniently small. The Crank-Nicolson method and the backward differ-
ence method are stable for all mesh ratios, but the unknown quantities appear in implicit
form (see [7], [8] and [9]). This requires solving a system of simultaneous equations
which are linear or not depending on the original parabolic equation. DuFort and Frankel
[10] obtained a method which gives an explicit expression for the unknown quantities
while the stability is still assured for all mesh ratio. Nevertheless, the ratio is still re-
stricted if the convergence of the solution is to be assured. In any case, to use a finite
difference method to solve Eq. (1) presents many difficulties. Besides those mentioned,
since a finite difference expression for (1) requires at least five points in the ^-direction,
there is a further difficulty in the region near t = 0 (see Fig. 1).

The numerical technique presented here is similar to the backward difference method
in nature but uses the integral representation instead of the difference equation. The
technique proves to be very effective for this particular problem. The results are com-
pared with those obtained from the simplified equations of motion in which the inertia
forces in the plastic region are neglected (see [11]). The closeness of values of vxx(0, t),
s(0, t), q(0, i) and 0(1, t) obtained from these two solutions is remarkable for the several
examples calculated. This result shows that the neglect of the inertia forces in the plastic
region is permissible as far as vxx(0, t), s(0, t), q{0, t) and 0(1, t) are concerned.

2. Equations of motion. A cantilever beam of uniform cross section with an attached
tip mass and with an initial velocity of v0 has its base brought to rest by a collision with
an anvil [11]. The velocity of the base is specified by v(0, t) = y0[l — /(£)], where f(t) is a
continuous function of t subject to the conditions (4). For 0 < t < t0 , f(t) can be of
any form (see Fig. 2).

The beam is assumed of rigid-plastic material with strain rate sensitivity. The strain
rate property is taken to be expressed by the moment-curvature relation (see [11])
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where k is the non-dimensional curvature, which is equivalent to the actual curvature
multiplied by I. This is Eq. (8). For convenience, we will put

s = 1 + A (10a)

where

A = (vXx/oc)1/j> = (.K./a)1" (10b)

or

Kt(x, t) = vxx(x, t) = a[A(x, t)]v. (10c)

As stated in [11], if the change of the velocity at the base is not too large, the de-
formation configuration consists of a plastic segment adjacent to the base and the re-
maining segment of the beam which is in a rigid body motion (see Fig. 1). The moment
s(x, t) in the plastic region exceeds the static yield moment everywhere, i.e. six, t) > 1,
and the rate of curvature k,(x, t) obeys (10c). The equation of motion for a beam of
uniform cross section is

Sxx + Vt = 0. (11)

Inserting (10) in (11), one gets (1), which is the equation of motion in the plastic region.
The initial conditions (2) and the boundary conditions (3) are physically obvious.

At the floating boundary x — f, s(f, t) = 1; hence vt) — 0 by (8). f (0) must be zero;
otherwise, (1) could not be satisfied at t = 0 since vt (x, 0) ^ 0 while v(x, 0) = v0 =
constant.

The equations of angular and linear momentum of the whole beam are (see Fig. 1),
respectively,

f s(0, t) dr = v0(i + k) — f xv(x, t) dx — kv( 1, t)
Jo J 0

= »„(i + k) - u(~^ + k)~ cod - - LyJ:) + fc

— I xv dx (12a)
Jo
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J q(0, r) dr ~ v0(l + k) — j" v(x, t) dx + kv{ 1, oj cos 0(1, t)

= t>0(l + k) — «d - r + fc) + cod - + a) + /r i>dx cos 0(1, /) (12b)

where u = v(£, t), w = vx(i, t), q(x, t) — —sx{x, t) = the shear force, and 6(x, t) is the
slope angle of the beam. The correction for the geometric change of the beam by the
use of cos 0(1, t) makes use of the approximations:

0 < x < f: 6(x, t) =0

f < x < 1: 6(x, t) ^ 0(1, t).

If we use the relation

u = t>„[l — /(/)] + f vtdx
Jo

= d0[1 - /(/)] + - f xvxx dx,
Jo

equations (12), after integrating by parts, can be reduced to

f s(0, t) dr = v0(i + k)f(t) — f (1 — x)[k + 1(1 — x)(2 + x)]vxz{x, t) dx
Jo Jo

f g(0, t) dr = »0(1 + &){1 — [1 — /(/)] cos 0(1, /)}
Jo

~ {/ (1 — x)[k + |(1 — x)]vxx(x, t) dxj cos 0(1, t).

This is Eq. (5) with the term {1 — [1 — /(<)] cos 0(1, t)} replaced by /(<), since f(t) = 1
for t > t0 and cos 0(1, t) = 1 for 0 < t < t0 .

In the rigid body portion, vx(l, t) = »,(£, <)• Since 0,(1, t) = vx(l, t) = vx(f, t), we
have

0(1 > 0 = [ w*(f> t) dr
Jo

This is Eq. (7).
Thus, Eqs. (1) through (9) give a complete description of the impact of a cantilever

beam with strain rate sensitivity. Following is presented a numerical technique for the
solution of this system of equations.

3. Numerical solution. Equation (1) can be integrated four times with respect to
x if v,(x, t) is known for a fixed t. Four initial values are necessary. If we know q(0, t)
and A (0, t) for this fixed time t, and use the first two conditions of (3), Eq. (1) in integral
form is

v(x , t) = »(0, t) + £ £ «|a(0, t) - [g(0, t) + MS, t) d^ d\ dc. (13a)
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In addition, we approximate v, (x, t) by

v,(x, t) = \v(x, t) — v(x, t — At)]/At (13b)

where At is the time increment for the numerical calculation.
Suppose we know the value of v(x, t — At) for all x at t — At and try to find v(x, t)

for all x at t. The numerical procedure consists of two main stages as follows. First stage:
Assume an approximate value for q(0, t) and k,(0, t) and solve equation (13). A (0, t) is
related to k,(0, t) by (10b). Second stage: Correct the approximate values q{0, t), k,(0, t)
by (5). The detailed procedure are explained separately in the following.

First stage. Since q(0, t) and A (0, t) are assumed to be known, Eq. (13a) and (13b)
gives an integral equation for v(x, t) for a fixed t. The solution of (13) can be obtained by a
method of successive approximation. Suppose that we replace v,(x, t) in (13a) by an
initial approximation v'ta) (x, t). Then (13a) determines an approximation v'1' (x, t) and
(13b) gives

v^ix, t) = [vm(x, t) — v{x, t — At)}/At

By substituting this approximation into (13a), we then obtain the next approximation
vm (x, t) and hence v\2) (x, t) by (13b). We continue this process until the desired accuracy
for v, (x, t) is obtained. We will show under what conditions the successive approximations
actually converge toward the solution of (13).

In order to see it more clearly, we write (13a) for each integration separately. More-
over, we do not restrict the lower limit of the integrations to be zero. Instead, we take
x = Xj as our lower limit for generality. Thus, for the (n — l)th approximate value of
v,(x, t), we have (n)th approximate values of each integral expressed as follows:

qM(x, t) = g(x, , t) + f t) df (14a)
J xj

AM(x, t) = A(x, , t) - f qM(Z, t) (14b)
J xj

vi:\x, t) = k\"\x, t) = a[4("'(x, Of (14c)

v(xn\x, t) = 9{:\x, t) = 6,(x, ,t)+ r K(,n>(Z, t) di (14d)
x j

vin)(x, t) = v(x,- ,t)+ f e((n)(f, t) dz. (14e)
J xj

Equation (13b) then gives all

v\n\x, t) = b<n)(x, t) - v(x, t - At)]/At. (14f)

When Xj = 0, the system (14) reduces to an iteration scheme for (13).
Now, let Sv^^ix, t) be the error of the (n — l)th approximation y|"_1)(x, t) to the

true value v,{x, t), i.e.,

0 = v,(x, t) - t). (15)

Substituting (15) into (14a), one obtains
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qwt\x, t) = q{x, t) - [ Svl~-1}(t, t) d£.
J Xi

(14b) and (14c) become

AM(x, t) = A(x, t) + f f Sv(rv(f, /) dfdij,
J xj

Kt"\x, t) = «,(»> 0 + «p[A(a:, Or-1 [ [ &>!n_X)(£, t) d^drj,
J xj J x{

if the higher order terms are neglected. Similar expressions can be obtained for (14d)
and (14e). For Eq. (14f) one obtains

v\n\x, t) ̂  vt(x, t) + ft [X J' [AQi, fl]"1 £ £ 0 df dv d\ d<T.

Hence, by the definition of (15), we have

sv\n\x, t) g* - ft £ £ [^(x, t)ri £ £ *><?-"(£, t) da dv d\ d«.

The successive approximation will converge if

| 8v\n\x, t) | < | 5v\n~l\x, t) | (16)

It remains to determine the conditions under which (16) is satisfied.
In our impact problem, A(x, t) is a positive, monotonic decreasing function of x

(see Fig. 7). Hence, (16) is satisfied if

ft [A(Xi, or1 £ £ £ £ i o i d* dv d\da < i bv'r^ix, t) \. (17)

Consider an error function of the form

| Sv\n~l\x, t) | = | «,(x — Xj) | (18)

where ej is a constant. Then, (17) gives

Ptt(5!~A*'r [A(Xi ' M"1 < U (19)

Similarly, if | (x, t) | = | e,(x — x,)' | where v is an integer and e, are constants,
(17) gives

 ?a{x ~ X,)4 [A^Xj , OF' <1 for v > 1. (20)
(;v + l)(v + 2)(f + 3)^ + 4)A£

It is seen that (19) implies (20). If (x — x,) is sufficiently small, then the error function
in Taylor's expansion (x, t) = XXi e>(x ~ X>Y dominated by its first term, i.e.
(18). Hence (19) provides the condition for the convergence of successive approximation
if (x — Xj) is sufficiently small.

In the numerical integration of (13a), an equal interval of Ax is taken in the x-di-
rection. The j-th point x,- from x = 0 is x,- = ;Ax (j = 0,1, 2, • • •). Equation (14) enables
one to calculate v,(x, t) point by point for x = Xi, x2, x3, • • • . Thus, after having found
v,(Xj , t), one proceeds to find v,(xi+1 , t) by putting x = x,+i = x,- + Ax in (14). The
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convergence of the successive approximation is assured if

[A(x, , or1 < 1 (21)

Which is obtained by replacing (x — x,) by Ax in (19).
The calculation starts from x = xx = Ax. We know vt(0, t). To calculate vt{Xl , t)

by (14), it is natural to take v\0)(xi, t) = v,(0, t) as an initial approximation. In a similar
way, to calculate v,(x2 , t), v,<0)(x2 , t) — vt(x, , t) is taken as an initial approximation.
The process is repeated until for a certain j, say A, A (%,<)> 0 while A(xx+1 , t) < 0.
In other words, A (f, t) = 0 lies between xx and x^+1 and this implies that the floating
boundary f hes between these two points. Assuming a linear variation of A (x, t) be-
tween Xx and x-k+i , one obtains the value of f by

f +  A(Xk ' 11 Axf *x + A(xx , t) - A{x^+l , t) ax'

In evaluating the integrals in (14), the ordinary trapezoidal method is used for (14a)
and (14b). By assuming a linear variation between A {Xj , t) and A (xi+1 , t), one obtains
explicit expressions for the integrals of (14d) and (14e) as follows:

et(xi+1, t) = et{Xi, t) +

v(xi+1 , t) = v(Xi , t) + d,(x, , t)Ax H K'^Xi ' ®

V +

1 - r
(p + 1)(1 - r) 1

Ax (22a)

(Ax)2 (22b)(p + 2)(1 - r)_

where r = A(xj+1 , t)/A(x,- , t). For simplicity, we have omitted the superscript (ri).
At the floating boundary x = f, A (f, t) = K,(f, t) = 0. By putting r — 0 and re-

placing xi+i by f and Ax by (f — x,-) in (22), we obtain the values of 6, (f, t) and v(f, t).
Equation (14f) then gives v, (f, t) and (14a) gives g(f, t). All the calculations are completed
for this stage, and we can go to the next stage to correct the assumed values g(0, t) and
<t,(0, t).

Second stage. With all the values obtained in the first stage, we can put them into
equations (5a) and (5b) to check the equalities. These two equations are not satisfied if
the assumed values g(0, t) and k,(0, t) are not correct. In this second stage, we will derive
expressions for the correction of q{0, t) and k,(0, t).

Suppose that the equalities in (5a) and (5b) are not identically satisfied so that

(I + k)v0f(f) — f s(0, t) dr — $i(<) = A(23a)
Jo

(1 + k)voj(t) — f q{0, r) (It — $2(0 cos 0(1, t) = Ah (23b)
Jo

where All and AI2 are not both zero. We shall find what changes should be made of
q(0, t) and k,(0, i) to bring both A/j and AI2 to zero or to sufficiently small values.

Let 5(0, t) and k,(0, i) have small variations 5q and 8k, , respectively. The magnitudes
of $1 (<) and $2 (<) in (23) will have small variations and 5$2, according to Sq and 5k, .
The values of integrals in (23) will also vary according to Sq and 8k, . We have to find
their relations before we can determine 8q and 8k, in terms of Ah and AI2 .
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Since k, = aAp, the relation between 8k, and 8A is

■ slls" ■ (24)
The integral in (23b) is

I' ?(0, r)dr = £ ^ q(0, r) dr + [g(°' * ~ ^ + g(°' °] At.

Hence, the variation of this integral due to 8q of g(0, t) is Sq/2 At. Similarly, the variation
of the integral in (23a) is 8A/2 At, or .4(0, t)8K, At /2p/c,(0, t) by (24). Now, the right
hand sides of Eqs. (23) can be reduced to zero if

At + 5$. = Ah (25a)

^°' ^ 8k,At + 3$2 cos 0(1, t) = AI2 (25b)2p/c,(0, t)

where, as stated before, S$i , S$2 are variations of , $2 due to Sq and 8k, respectively.
Here, we have neglected the variation of cos 0(1, t). It remains to find 5<f>!, <5$2 in terms of
8q and 8k, .

The equation of equilibrium for the plastic segment of the beam as a whole is

4(0, t) = ?(0, Of + [ (? ~ x)vt{x, t)
Jo

dx (26)

The last term of Eq. (26) was neglected in the analysis in [11] so that A (x, t) is linear in x
in the plastic region. In our analysis, A {x, t) is no longer linear in x. However, it is very
close to it, as shown in several examples calculated (see, for instance, Fig. 7). This
indicates that the integral in (26) is of negligible magnitude compared with the term
g(0, Of- If the variation of this integral is neglected, we have

8A S %(0, Of] = <7(0, 0«f + fSq
or, by (24),

1«f = Mf' i 5 k, - (27)_P Kt (0 f t) J?(o, 0
Now, due to the near linearity of A{x, t) as stated above, we write

A(x, 0 = 4(0, 0(l - |) + *A(x, 0

where AA (x, t) « A(x, t). Hence

vxx(x, 0 = k,(x, t) = <x[A(x, Of = k<(0, o(l — |) + Avxx{x, t),

where Avxx(x, t) <3C vxx(x, t). Inserting (28) in (5), we have

3>a(0 = k«(0, O^i(f) + A4>x (29a)
$2(0 = *<(0, 0^(f) + A$2 (29b)

. -~XXs~, (28)
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where

r* / -A"
dxm> - f ' (i -x)\k + j(i -1)12 + i)j(i - #

(I +1)_£ (i + ml ^ r'_ j _ _i 7,  yx I  i

U Jp+1 2(p + l)(p + 2) ^ (p + l)(p + 2)(p + 3)(p + 4)

*■»(*•) = Ir (i - *)[fc + id - *)](i -1)
= A , w (i + fe)r2

\2 f KJp + 1 (p + Dip + 2)
r3

fp + 1 (p + l)(p + 2) (p + l)(p + 2)(p + 3)

and A$! , A$2 are of small magnitude compared with 4>i (t) and $2(<) respectively. If the
variations of the last terms of (29) are neglected, we have, with the use of (27),

- y,(flJ., + f "■ ~ f««] <30a)

«*■ - +1rfti "■ - f S«] <30b>
After substituting (30) into (25), we obtain 8q and 8k, in terms of AI, and Al2 .

Thus, for given A/i, A/2, we calculate 8q and 8k, . Take q(0, t) + oq and k,(0, t) + 8k,
as new approximate values and the first stage is repeated. This process is continued
until A/j and AI2 are both zero, or 8q and 8k, are very small compared with q(0, t) and
k,(0, t) respectively.

4. Some details of the numerical calculations. At t = 0, f = 0 and v(x,0) = const, by
(2). Hence vx(0, 0) = »„(0, 0) = *,(0, 0) = A(0, 0) = 0. 0(1, 0) = 0,(1, 0) = 0 by (7)
and s(0, 0) = 1 by (8). The initial shear q{0, 0) can be obtained by differentiating (5)
and taking the limit t —* 0. Note that

dx
rr

= Jo (1 - x)[k + |(1 - x)(2 + x)]vxx,(x, t)

+ (1 — f)[& + 1(1 — f)(2 + f)Kx(f,
Since vxx{$, t) = 0 by (3), and f —> 0 as t —» 0, we have

d$, rf
lim — = lim / (1 — z)[fc + |(1 — x)(2 + x)]vlx,{x, t) dx
<-»o CLl f-»o Jo

= (k + J) lim f vxx,(x, t) dx.
f-o J a

Therefore, differentiation of (5a) with t —» 0 gives

(5 + k)vof,(0) — 1 = (k + |) lim f vxx,(x, t) dx (31a)
0 J 0

Similarly, differentiation of (5b) with t —> 0 gives

(1 + k)v0f,{0) — q{0, 0) = (k + 5) lim f vxx,(x, t) dx (31b)
f-»0 Jo



1963] PLASTIC IMPACT OF A BEAM 143

By eliminating the integral term in (31), we get

5(0, 0) = "./.(OX*+ V4) + (*+1/2) (32)
o/C ~f~ 1

At each step, to start the first stage of calculation, an approximate value of q(0, t)
and k, (0, t) has to be chosen. This can be done by taking

q(0, t) ^ q(0, t — At) + [g(0, t - At) - q(0, t - 2,At)]

or

g(0, t) ^ 25(0, t - At) - 5(0, t - 2At) (33a)

and
*((0, t) ^ 2k,(0, t - At) - Kl(0, t - 2At) (33b)

as long as the time increment At is not altered. Special methods have to be devised to
determine these approximate values at t = At and also at steps where At differs from
their preceding steps. These are presented below.

Asymptotic solutions of 5(0, t) and k,(0, t) as t —> 0, based on the simplified equations
of motion obtained by neglecting the inertia forces in the plastic region, have been shown
in [11], They are

3(2 k + 1)[<¥Tg(0, t) ~ 5o + ;g[^l as t-* 0 (34a)

k,(0, t) ~ a\ as l-»0 (34b)

q(0,t)
14

I

-1 /q(0,t)t\

\
\\\

s(0,t)

s(0,»)

-20

-1.0

q(0,t)

O.I j|ME f 0.2 0.3

Fig. 3. The Shear and Moment at the Base of the Beam.

-J—lo
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Fig. 4. Rate of Curvature at the Base and the Length of the Plastic Region.

where c = (k + l)[wo/i (0) (§ + k) — 1]/(J + k), and q0 = q(0, 0). In our numerical
calculation, (34) is used for the approximate values of 5(0, t) and K,(0,t) at t — At and
2 At.

If /(<) is linear between 0 < t < t0 , abrupt changes in g(0, t) and k,(0, t) occur at
t = t0 (see Figs. 3 and 4). The approximate values of q{0, t) and k,(0, t) at t = t0 + At also
need special treatment. In our calculation, we determine these approximate values by
using the simplified equations of motion derived in [11]. The numerical procedure is
omitted here (for detail, see [11]). These simplified equations of motion also serve to
determine the approximate values of 3(0, t) and k, (0, t) used whenever we change the
time increment At.

Similarly, a special scheme could be derived to treat the end of the motion t — t,
(see Figs. 1, 3, 4 and 5). However, this is unnecessary as far as the final angle 0(1, t,) is
concerned. We will show an approximate way to determine the values at t = tf.

Since v(x, tf) = 0, y*(0, tf) = vxx(0, tf) — k,(0, t,) — A(0, t,) = 0, and 0,(1, t,) = 0
by (7). However, q(0, tf) ^ 0, as we will see later. Equation (9) cannot be satisfied if
there is a finite plastic region at t — t, . Hence, f (tf) = 0. We could have used this method
to prove f (0) = 0.

Suppose we arrive at a step h such that 0,(1, <x) is very close to zero. The magnitude
of 0,(1, tx + At) at the next step can be estimated by

0,(1, h + At) ^ 20,(1, h) - 0,(1, h ~ A/)
If the right hand side of the equation is negative, it is clear that 0,(1, tf) = 0 occurs at
t\ < tf < + At. Assuming that 0,(1, t) is linear near t — tf , we can obtain t, approxi-
mately by



1963] PLASTIC IMPACT OF A BEAM 145

t,^k + At,
where

With (35), we have
4,<" talt)-wu-«> "■ (35)

0(1, t,) ^ 0(1, to + MLA) Atf . (36)

The shear g(0, t,) can be obtained by differentiating (5) with the limit <—»</, as we did
for q(0, 0). If this is done, we get

?(°, h) = 2 f3l + j) cos e(-1> ^ (3?)
Hence, q(0, tf) 0.

5. Examples. The numerical procedure described in the preceding sections have
been programmed for an IBM-7070 electronic computer and several examples have been
calculated. We will described the result of a mild steel beam (No. A1 in Table 1 of [11])
with p = 5, a = 38.51, k = 0, v0 = 1.329 and t0 = 0.02948. This example was used also
in [11].

/(<) is regarded as linear in the first phase of the motion 0 < t < t0 . Ten steps are
taken in this phase. Therefore the time increment in the first phase of the motion is
A h = <0/10.

In the second phase of the motion t0 < t < t,, approximately thirty steps are taken.
Although we do not know the exact value of t, at the beginning, we can estimate it
roughly as follows. Suppose the mean value of s(0, t) for 0 < t < t, is 1.8 as found in an
example. Then equation (5a) gives

(J + k)vo — 1.8 tf = 0, or tf = (| + k)v0/1.8.

Therefore, the time increment At2 in the second phase of the motion is At2 = (tf — t0)/30.
Usually, At2 > Ah . If it is not, we take At2 = Ah .

At t = <0 , we do not change the time increment from Ah to A<2 directly. As shown
in Figs. 3 and 4, abrupt changes occur in q(0, t) and k,(0, t) after t = t0 . A smaller time
increment (much smaller than At,) has to be taken in order to obtain accuracy. In our
example, we use Ah as a tentative time increment for the first step after t = t0 and the
approximate values of 5(0, t) and k,(0, t) are calculated by the simplified equations of
motion in [11]. If k,(0, t0 + Ah) so obtained is smaller than <c,(0, t0)/2, we reduce the time
increment by one half. Repeat this process until for a certain time increment, say A£0 ,
the approximate value of k,(0, t0 + At0) > k,(0, t0)/2. At0 is related to Ah by

At0 = (i)"A h

if we have repeated the process n times. This new time increment At0 is used consecutively
for four times after t = t0. After this, we double the time increment in each step to obtain
the succeeding value, until At is equal to or just about to exceed At2 . Then, At2 is taken
as the time increment for the rest of t.

Ax is taken to be 1/100 throughout the calculation.
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t, t* 0.1 TIME t 0-2 0.3 )

Fig. 5. Change of Slope at the Tip of the Beam.

The final results of the specimen No. A1 are shown in Figs. 3, 4, and 5 by the solid
lines. In this example, Ah = 0.002948, At2 = 0.01133 while At0 = 0.0003685. The result
shows that there are 8 steps between t = t0 = 0.02948 and t = 0.04201 with varying time
increments and 28 steps between t = 0.04201 and t — tf = 0.36145 with time increment
A<2 • For comparison, the solution obtained by the simplified equations of motion in [11]
(shown in Figs. 8, 9 and 10 of [11]) are plotted here with points shown as crosses. It is
seen that the agreement between these solutions is very good.

While the results on the boundary x = 0 are shown in Figs. 3, 4 and 5, those for
points inside the plastic region are shown in Figs. 6, 7 and 8, for some particular times.
Fig. 7 shows that the moment s(x, t) is nearly linear in x in the plastic region.

It was stated in Section 3 that, at each step, the convergence of the successive approxi-
mation in the first stage of calculation is assured if the condition (21) is not violated.
To check this, we put x,- = 0, t = t0 — 0.02948 in (21), since A(x,- , t) is the largest at
this point. The left hand side of (21) gives

5 X 38.5 X (0-01)^ 2004)4 = 0 14 x 10-t5! X 0.002948 (-1'2bb4') U"14 x 1U

which is much smaller than one. The rate of convergence is very satisfactory. In the
second stage of calculation, the corrections Sq and 8k, for q(0, t) and k,(0, t) are calculated.
In our example, if the ratio Sq/q(0, t) or 8k,/k,(0, t) is larger than 1/1000, the calculation
is repeated. It was found that there is no single step which requires more than four
repetitions for this accuracy.

The total energy Ev absorbed in the plastic deformation is equal to the initial kinetic
energy minus the work done by the shear at the base, i.e.,
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-v,(x,t)= INERTIA FORCE

t=t » 0.02948
40

30

20

10 -

0< *<£(t)

t =0.02985

t = 0.03022

t= 0.03096

0.03317

t= 0.04201
~CM 672 03 04~

Fig. 6. Inertia Forces in the Plastic Region.

Ep = (1 + k)vl/2 - [ ° q(0, t)v(0, t) dt.
Jo

By the mean value theorem, we have

Ev = (1 + k)vl/2 — q(0, ri) f v(0, t) dt
Jo

= (1 + k)v 1/2 - q(0, t])v0 [ [1 - /(/)] dt (38)
Jo

where q(0, tj) is the mean value with 0 < i; < t0 .
The assumption that f(t) is linear in 0 < t < t0 is quite artificial. It is reasonable to

expect that 0(1, tf) should be affected very little, if any, by the form of j(t) as long as
one keeps the total energy Ev fixed. It must be noted that q(0, v) does depend on /(<).

In the previous example (specimen No. Al), /(£) was taken to be linear so that

v(0, t) = y0[l — t/t0\.

' A(x,t) = s(*,t)-l

-t-V 0 02948 0sxs£(t)
t = 0.002948

0.004201

t = 0.32516

t = 0.35914

 I \ I 
0.1 0.2 0.3 0.4

Fig. 7. The Moment in the Plastic Region.
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v(x,t) = VELOCITY

0< xs £(t)
t, = 0.02948

0.1 0.2 0.3 0.4

Fig. 8. The Velocity in the Plastic Region.

Let us consider /(<) in a parabolic form. Then the new v(0, t), denoted by v*(0, t), is
expressed by

v*(0, t) = *0[1 - t/t*]2 (39)

where t% = 3£0/2 so that (see Fig. 2)

f v*(0, t) dt = [ v(0, t) dt. (40)
Jo Jo

With the change of (39), specimen No. A1 is again taken as an example and the results
are shown by the dotted lines in Figs. 3, 4 and 5. Although the condition (40) does not
assure the same value of Ev expressed by (38), it was found that the mean values q(0, ij)
differ very little from each other in this example. The results show that 0(1, t) is practi-
cally indistinguishable from the previous one, and the final angle 0(1, tf) is very close
as we expected.

Three more examples have been calculated with f(t) in the linear form. The final
angles 0(1, tf) of these three examples are shown in the following table. (6f) t is the angle
calculated by the method of [11]. (Eqs. 20, 21 and 23 of [11]), 0/ is the first order approxi-
mation of [11] and the last column of the table is the experimental results from [11].

6. Conclusions. This paper presents the solution by an iterative technique of the
non-linear fourth order equation of parabolic type, which applies in the region
0 < x < £(<) in which plastic deformation is occurring at time t in a beam with rate-
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Table 1. Comparison with the Simplified Theorem [11].

Specimen 0(1, t/) (0/)/ 0/ (0/Experiment

Mild Steel A1 19.21 19.4 19.8 18.5 degrees
Mild Steel B2 44.53 44.7 42.9 50.0
Aluminum D3 73.64 71.9 73.2
Aluminum D13 58.63 57.4 59.2

•dependent yield moment. The results are compared with those obtained by solving the
much simpler equations (see [11]) in which inertia forces in the plastic region are neg-
lected. Remarkably close agreement is found between the results of the two solutions.
Physically, the inertia forces should be negligible if they are small compared to the shear
forces in the plastic region. Then the shear force is nearly constant, and the bending
moment varies approximately linearly through the plastic region. The results (Fig. 7) of
the present analysis show that the bending moment in the complete solution does indeed
vary in a closely linear manner.

The equations of motion dealt with in this analysis and [11] are essentially the equa-
tions of conservation of momentum. Neglect of the inertia forces does not imply neglect
of the total momentum in the plastic region. In fact, the results show that only a small
part of the total momentum is neglected, so that the solutions are practically unaffected
when one neglects the inertia forces in the plastic region.

This analysis also shows that the final angle of deformation 0(1, tf) does not depend
strongly on the form of jit). The angle 8(1, tf) apparently depends mainly on the initial
velocity v0 and the integral f',° v(0, t) dt, as indicated by an example.
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