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RADIATIVE TRANSFER EFFECTS IN NATURAL CONVECTION ABOVE FIRES-
OPAQUE APPROXIMATION*

BY M. P. MURGAI and R. K. VARMA
Defence Science Laboratory, Delhi, India

Abstract. In continuation of a previous paper on a similar subject, we examine
here, in detail, the opaque approximation of the radiative transfer equation by retaining
the vertical diffusivity term within the boundary layer theory. The results seem to
indicate the presence of a layer very near the horizontal boundary of the plume where
the radiation effects are dominant. The thickness of this layer tends to decrease with
increasing absorption coefficient.

1. Introduction. In a recent publication Murgai [1] attempted the solution of
the radiative transfer effects in columnar convection above fires. The problem was
treated within the framework of turbulent boundary layer approximation for an axially
symmetric coordinate system. Two asymptotic solutions of the radiative transfer
equation, corresponding to transparent and opaque approximations, were tried. While
the former admitted a solution, the latter reduced to the case of no radiative transfer
according to the usual arguments of boundary layer theory. This was due to the fact
that the net radiative heating in the opaque case is proportional to V2B, B being the
Planck function, and when one of the second derivatives of B along the flow direction
was neglected, in order to be consistent with the boundary layer approximation, the
same set of equations reduced to the one for no radiative transfer, the other second
derivative of B being integrated out. That is so because in such problems, the tem-
perature at the edges of the plume equals that of the atmosphere, thus making the
temperature gradient across the plume equal to zero. Furthermore, since the medium
is opaque there is no effective leakage of the radiation through the main body of the
plume (except from a very thin layer on the circular boundary). Thus one loses, in
this opaque case, the more dominant term in the usual boundary layer theory. However,
it is well-known that in the dynamical problems of this kind, the radiative transfer
effects are usually greater when the medium is opaque. We therefore thought of re-
examining the whole system of equations. The solution of the complete transfer equation
still remains a formidable task, all the more so when it is coupled to a non-linear set.
One has, therefore, to look for some tractable cases. We have considered two such
examples. One is a re-examination of the diffusion approximation mentioned above
and the other a boundary layer version of the radiative transfer equation. While the
first one is discussed here, the second will form the subject of a subsequent paper.

In what follows, we define a parameter (i = k*b0/a which relates the mean free
path l/k* to a characteristic length b0 , the plume width, a being the entrainment
constant. The value of this parameter varying from magnitudes less than 1, passing
through intermediate values and eventually tending to infinity respectively characterize
the transparent, general and the opaque cases. In the last case, as mentioned above,
if in the energy equation, H is replaced by V2B, its final form will differ from the usual
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one for the boundary layer flow only by the presence of the vertical diffusivity term
d2B/dx2. Normally this term is ignored within the boundary layer approximation.
However, it is conceivable that under certain circumstances it may be retained when
significant radiative transport exists in the vertical direction. In such cases there is,
effectively, a large temperature gradient along the flow. An analysis of the order of
the various terms in the energy equation justifies the retention of this term provided

/aB\ £ (TA - Tl\
\dxJx-o t\ dT )'

where a is the Stefan-Boltzmann constant, T and T„ the temperatures inside and outside
the plume respectively, and dT the thermal boundary layer thickness (see for example [2]).

In Section 2 the fundamental equations of the problem are given along with the
expression for H in terms of B as derived from the radiative transfer equation. Section 3
deals with the integration of the boundary layer equations and Section 4 gives a brief
discussion of the results obtained. In the Appendix an approximate method of solution
of the differential equations is developed.

2. Fundamental equations. The equations of continuity, momentum, and energy
for a turbulent axi-symmetric convection column with radiative transfer are respectively

(tru) + ~ (yrv) = 0, (2.1)

r du , du~| fy„ — y\ , 1 d , N /n nSrs+'i. ■ rr-^J + s (2-2)
dh , dh ,

pr\Ute + Vfr+Ud = | (rq) + rli. (2.3)

In these equations x, r, u and v are the coordinates and the velocities in the vertical
and horizontal directions respectively, y = pg is the specific weight of the medium,
p being the density and g the acceleration due to gravity. y„ is the value of y far removed
from the plume. The flow being turbulent, the quantities above refer to the local mean
values. Thus turbulent components are either averaged out or are included in other
terms as shear stress r or heat flux vector q which, in this case, are given by —p(u'v')
and —pcp(v'T') respectively, where u', v', T' are the fluctuating parts of the velocity
components and temperature T (in absolute scale) respectively. cv is the specific heat
at constant pressure, h = cvT is the enthalpy per unit mass; H stands for heating rate
per unit volume due to radiation and is related to the transfer equation, as explained
later. In the above equations use has been made of the hydrostatic approximation with
regard to the pressure. In accordance with the well-known Boussinesq approximation
the density has been assumed to be constant everywhere except as it effects the buoyancy
term. Later on in converting the density to temperature use has been made of the linear
law of variation applicable to incompressible fluids for small temperature changes.
Also the energy due to dissipation is neglected.

The radiative transfer equation is

g = k*(B - 7), (2.4)

where I is the integrated intensity in the s-direction, k* the grey absorption coefficient,
and B the integrated Planck function. H in equation (2.3) is given by
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H --/ (2.5)
dw being an element of solid angle.

For an optically dense medium Eq. (2.4) may be approximated to yield a simple
relation connecting H and Ii (see for example [3]). This is obtained by expanding B
which occurs in the formal solution of the radiative transfer Eq. (2.4) about an arbitrary
point in a series in the inverse power of k*. Omitting terms of the order higher than
1 /k*, one obtains

H = V2£. (2.6)

In the energy Eq. (2.3) the full expression for II given by equation (2.6) is retained.
Thus it differs from its usual boundary layer form in having the term d2B/dx2. This,
in effect, implies the existence of a large temperature gradient along the flow.

The integrated intensity I can, in general, be expressed in terms of the outgoing
and incoming radiations 7+ and 7_ respectively. We therefore have

I = 1+ + I- . (2.7)
The radiation 7_, received at the boundary, consists of that from the outside atmosphere
as well as from the rest of the plume. Since the medium is opaque the radiation from
the outside atmosphere is absorbed within a thin layer on the surface of the plume.
The radiation from the other parts of the plume is also absorbed, for similar reasons,
within a few successive layers so that the effective contribution due to 7_ at x = 0
will only be from layers a few mean free paths above. This may be neglected as compared
to 7+ . Also from the continuity of temperature at the boundary we have 7+ = B. The
net radiative flux F is given by (2.8)

F = J I cos 6 du. (2.8)

Also for an opaque medium [3], we have

F = ~w*VB• (2-9)
From Eqs. (2.7), (2.8) and (2.9) we have

'+ + '- = -3hi- ^
In view of the above discussions this reduces to

- - 4 B> (2-11)

which provides a boundary condition.
3. Integration of the equations. Having expressed the temperature and density

in terms of the corresponding potential quantities, we integrate the conservation equa-
tions with respect to r between the limits zero and infinity [4], Thus,

^ (bium) = abmum , (3.1)
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£ (biui) = gblem , (3.2)

£ (blumem) = D[bi( 1 + em)% (3.3)

where

um =
FJo

ru dr

r ru dr
, bi = ^- f ru dr,

Um Jo

*" = pfr(-Kbm Jo \ 7o /

The quantities um , bm and 9m may be considered as defining the equivalent top hat
profiles as given in [4]. The operator D is given as

= 4aTloP2-1 I" 2, £_ _ 8p.0gyp' d_ 12p„0ffy2~[
3 k*p0cp L dx2 p0 dx p0 J'

in which

p = p v =
Vo k '

k being the ratio of the specific heats and p0 the standard pressure.
In obtaining Eq. (3.3) we have assumed that the ambient atmospheric lapse rate

is zero. The boundary conditions are

bm = b0 , um = um0 , 6m = 5, ~ [61(1 + (U4] = (1 + S)4 (3.4)

at x = 0.
We define the following set of non-dimensional variables

.ocx . um ., bm
X - bo' u - (gb05/ay/2 ' - bo'

\ _ ft _ _ Um0
X - s ' P~ a ' Uo~ (gb0b/a)l/2

iaTUP*'-1 * P„ogboP-
X 3PpoCv8 3/2(gb0/a)W2 , x ak-po

X. = 8fox*x, X2 = 12 {kvx*)\, e = ;r- (3.5)
O-o

In terms of these non-dimensional variables the Eqs. (3.1) to (3.4), after removing
the primes reduce to

^ (6m) = bu, (3.6)

£(bV) = b\ (3.7)
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A
dx (ib2u\) = (x £> - X. j-x + x2)[&2(1 + 5X)4] (3.8)

and

b = X = 1, u = u0, j-x [62(1 + SX)4] = - f (1 + S)\ (3.9)

at x = 0.
The parameter u0 except for a is the Froude number. To within a constant factor

the quantity e is a measure of the opacity of the medium, and therefore forms a suitable
expansion parameter, which will be used later. The parameters xi and xa are expected
to be small, except for very large fires and very large heights. In fact, they are propor-
tional to x*—a parameter defined in [4], p. 623. Here Xi occurs as a coefficient of the
gradient term. It is therefore difficult to assess its contribution before the problem
is solved. We therefore solved this system of equations on an IBM 1620 firstly by re-
taining xi , X2 and then without these parameters for values of S equal to 1 and 5, and
e = 10~5. The difference between the two solutions nowhere exceeded 3%. For this
reason the equations were solved for a wider range of parameters 8 = 1, 2, 3, 4, 5; u0 = 1;
e = lO-5, 1(T6, 1CT7 by excluding terms containing xi and X2 • The system thus obtained
admits an approximate analytical solution the details of which are given in the Appendix.
This solution is also compared with that obtained by numerical integration (without
Xi j X2)- These two results agree within 1%.

Table

rp*
A

106x

103
1.0 327 104

106

10"6 101.5 10.15
10-« 10.10 10.10
10"' 1.010 10.10

0.30 0.14 1400

10s
2.0 627 104

106

5 X 10"6 235.8 23.58
5 X 10"' 23.47 23.47
5 X 10"8 2.346 23.46

0.15 0.106 1060

103
3.0 927 104

105

3.3 X 10-6 390.0 39.00
3.3 X 10-' 38.98 38.98
3.3 X 10-" 3.896 38.96

0.10 0.060 600

103
4.0 1227 104

106

2.5 X 10"6 543.5 54.35
2.5 X 10-' 54.21 54.21
2.5 X 10"8 5.420 54.20

0.075 0.049 490

103
5.0 1527 104

106

2 X 10"8 681.6 68.16
2 X 10-' 67.85 67.85
2 X lO"8 6.782 67.82

0.06 0.035 350

Fifty per cent heights h for bouyancy for the opaque approximation (called approximation A) as
well as the transparent approximation dealt in [1] (and called approximation B here), for certain relevant
values <j>, x, 8 and k* = 0.01cm-' for typical fire sizes b„. T* is in °C while h and b0 are in cms. x is the
dimensionless height a = 0.1, = 300°
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4. Discussion. A comparison of the results obtained here with those of [1] indicates
a significant difference in fifty per cent heights for buoyancy. This is due to the retention
of the term d2B/dx2 in the energy equation. The above solutions seem to establish
the existence of a layer near x = 0 where the radiation is dominant. They also show
that for increasing values of /3(e —* 0) X —> 0 in lesser and lesser intervals of x and in
the limit \ becomes zero on the boundary x = 0 itself. Thus the radiation
boundary layer shrinks, in the limit, to the plane x = 0. This amounts to an infinite
temperature gradient at x = 0 and a discontinuity in X. This situation may be likened
to the velocity discontinuity in a vortex sheet. The physical behavior of the plume
in this case would be one of losing heat by radiation at an extremely large rate, the
buoyancy becoming zero immediately, the velocity and plume size remaining almost
constant. These, however, change later when the plume rises like a pure jet. Thus
the effect of j3 assuming larger values, is to augment the process of heat loss due to
radiation, a trend also exhibited in [1]. In that case, however, this effect is not so pre-
dominant as here, because the radiation parameter $[<£ = (const.)/?] cannot be increased
indefinitely because it is bounded by the transparent approximation.

In this context one may define a radiation Prandtl number (corresponding to radiative
diffusivity) which is very much less than 1. Therefore, in regions where radiation is
important the thickness of the thermal boundary layer is no longer small and confined
to the edges. In fact, very near x = 0 it penetrates deep inside the plume and manifests
itself as the radiation boundary layer mentioned above.

These results also indicate that the fifty per cent heights for buoyancy are independent
of the fire size at the boundary x = 0 for plumes having the same absorption coefficient.
This seemingly strange result, is in fact, just the way it should be. Phenomenologically
speaking the opaque case reduces to a conduction-like problem, for which the radial
part of the conduction term does not contribute to the radiative loss. The results obtained
from such an analysis will therefore be independent of the original fire size.

The heights involved turn out to be very small and, suggesting that one could
perhaps work in terms of ordinary rather than potential quantities. In fact, neglecting
Xi , X2 in Eq. (3.8), amounts to doing this provided the pressure ratio P occurring in
X is taken to be 1.

The above analysis has been carried out for a constant value of the parameter
u0 = 1. This parameter is a measure of the change in the velocity of the plume at the
boundary. It is expected that in the investigation of the effect of radiation on the dynam-
ics of the plume, variation in u0 will not make a substantial contribution to the nature
of the results.

A few words about the nature of the differential equations, occurring here, would
not be out of place. We observe that the coefficient of the highest derivative is a small
parameter x (or e) which is characteristic of singular perturbation problems. In such
cases, under certain conditions, the solutions of the full differential equations (x ^ 0)
tend continuously to those of the degenerate system in which x is replaced by zero,
which amounts, here to the case of no radiative transfer. However, the above results
show that when x —> 0, X also tends to zero and hence, in the limit, the equations obtained
are not those of the degenerate system (X ^ 0, x ^ 0) but one of pure jet. In fact,
the solutions for the transparent approximation, contained in [1] tend smoothly to
those of no radiative transfer when 0 —> 0.

The results, obtained here, would be true only within the radiative boundary layer
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for small x and finite values of /3, the case in which we are primarily interested. The
solutions for the rest of the region is obtainable by a suitable matching with those of
the pure jet as explained in the Appendix.

Appendix

To obtain an approximate solution of equations (3.6) to (3.9), we stretch the coor-
dinate x near the boundary and transform the variables as shown below:

x = ey, X = | - i), u = u0U, £ -- xP, A.l)

Q = 1/(1 + 8).
Substituting these in the differential equations and integrating equation (3.8) we obtain

^ (b2U) = ebu, (A.2)

iw- oi »'<«-«• <A3>

— (b2 ?4) = Q3b2U(q - Q) - s(q4 + J^), (A.4)dy

with the boundary conditions

y = 0:b=U=q=l. (A.5)
We now set

1 = ?o (y) + tqi(y) + tq2(y) + ■■■ ,

& = b0(y) + tb^y) + eb2(y) + • • • , (A.6)

U = U0(y) + tUiiy) + e2U2(y) + ■■■ .

Substituting these in the equations (A.2), (A.3), (A.4) and (A.5) and comparing co-
efficients of the various powers of e, we obtain differential relations for these coefficients.

The boundary conditions (A.5) reduce to

K = Un = qn = 1 for n = °> (n = 0, 1, 2, • • •)• (A.7)
0 for n > 0,

For the zeroth order approximations we have

(blU0) = 0, (A.8)

^ (blUl) = 0, (A.9)

^ (bWo) = Q3b20U0(q0 - Q) - + g-), (A. 10)

which with the boundary conditions (A.7) yield,

b0 = U0 = 1. (A.11)
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From (A.10) and (A.ll) we have

4
V = Q* Wo ~ 1) + § (<Zo - 1) + C\q0 - 1) + C3 log ) (A. 12)

where

c -1 + (A-13)

From the zeroth order solution, we note that in the neighborhood of the origin q0 varies
while b0 and U0 remain constant.

The relations for the first order approximation are

j-y (Ui + 260 = 1, (A.14)

^ [2ql(2qi + 6igo)] = Q3[qi + (Ui + 261)(<?o - 0)]. (A.16)

Solving (A.14) and (A. 15) we obtain

, _ 1 f go - 1 , (C
1 y o*-2 Q4 + VQ )l2 but

Ui = y - 2b, .
(A. 17)

To solve (A.16), we eliminate &i with the help of (A.17) and differentiate qx , with
respect to q0 as the independent variable. This reduces equation (A.16) to

^<?i i 2g0 3C _ Qo Q , C_ Q _ _~|
dq0 ^ qo(qo ~ C) ?1 ylq0 - C ^ Qdu20

JL _ 2 / _ go - Q\\ _ 1 "
!8ul q0 — C \ 2Q8ul J) Q8u20_+ L+ Q3 (A-18)

Integration then furnishes

-^,3. = Q3y
qo - c

Q2 (C - Q A , /, c - Q\ 3 l
.2 \4Q5w? 1)y +\ q0- c)q° 4QSu2

+ 3(2C - Q)\f + Cq0 + C2 log (q0 - C)

  ql _ /? Q(1 + 2fag)\ 7
QSut lq0 - C [7 q0- C jq°

- {9C - 7Q(1 + 28ul)}\& + ^ + ^ + ^ + ^ + Cq0 + C6 log (g„ - C)|]

- 2{q0 - C)4^3C^5C - y) + ^^    
3

4C2(<7q - C)3
3 [59C - 12Q + (2(7 - Q){log (g0 - C)3 - 1}]
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2C\q0 - Cy

12C\q0 - C)

61C - 13Q + | (2C - Q) {log (q0 - C)2 - 1)

IOC - ^ + 3(2c - ©{log (ff0 - O - 1}

- 2C5[8C + 3Q + 3(2C - Q) log (q0 - C)] log (q0 - C)

- 4C\C - Q){q0 - Cy1 + Cl , (A. 19)
where the constant of integration ct is obtained by setting y = 0, q0 = 1 and ql = 0.

The other differential relations are not solved in view of the fact that the parameter
t is very small, and it is to be expected that the contributions from them will be quite
insignificant. The values of b, u and X are obtained from the relations (A.l) and (A.6).
These expressions are true for small values of y and hence of x.

From the numerical integration of the differential equations, it is noted that for
increasing /?, the quantity X tends to zero in continuously smaller intervals of x. This,
in the limit, reduces the problem to one of pure jet governed by the equations

■j- (b2u) = bu,
ax

I ̂  = °-
(A.20)

with the boundary conditions

x = 0 : & = 1, u = u0 .

For the case of finite /3, the value of x when X becomes zero, may be obtained from
above. The remaining calculation is then carried out by means of the relations

& = x + u = y, (A.21)

which are the solutions of the Eq. (A.20) for the case (X = 0, « ~ 0). The constants
/ci and k2 are obtained by the values of b, u and x at which X = 0.
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