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TEMPERATURE DISTRIBUTIONS IN ROTATING FLOWS NORMAL TO A
FLAT SURFACE*

Br

HANS J. LUGT AND ERNST W. SCHWIDERSKI
U. S. Naval Weapons Laboratory, Dahlgren, Va.

Abstract. The temperature fields of rotating laminar flows over a flat surface are
investigated. Dissipation is considered, whereas free convection effects are neglected.
The calculation is based on the knowledge of the flow fields, which have been studied
in previous papers by the authors. In these papers first order approximations reduce
the Navier-Stokes equations to ordinary differential equations. The basic ideas of this
method are applied to the energy equation. In the special case of negligible dissipation
the heat transfer of von Karman type flows can be compared with existing experimental
data. The agreement is satisfactory.

1. Introduction. The solution of a convective heat transfer problem is closely
connected with the knowledge of the associated fluid motion since both the temperature
distribution and the velocity field interact mutually. This dependence is only unilateral
for an incompressible fluid with constant viscosity because the temperature distribu-
tion does not influence the flow field. For this reason solutions of the equations of motion,
which are known from other investigations, can be used in order to obtain solutions of
the associated heat transfer problems.

In recent papers [1, 2] the authors have studied rotating flows over a flat surface by
means of local first order approximations of the Navier-Stokes equations. Numerical
results have been computed for the vortex flow normal to a flat surface, for the rotating
disk in a fluid at rest (von Karman problem), and for the solid-body rotation of a fluid
over a fixed flat plate (Bodewadt problem).

In this paper the basic ideas of the new method are applied to the temperature fields
of the above mentioned flows. Numerical solutions are presented for all problems.

2. Basic equations. For a steady, axisymmetric, and laminar flow the Navier-
Stokes equations, the equation of continuity, and the energy equation, in cylindrical
coordinates (r, tp, z), are

, v2 1
uur + wuz   — pr + Vr p Urr + + U„

I J UV Iuvr + wvt H = + vr v" + wr +

(1)
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UWr + WWZ = + V
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c(uTr + wT,) = - (rrr + -rTr +

+ J2u2r + 2(£)' + 2w\ + (vr - + (u. + wr)2 + vl . (5)

The quantities u, v, w denote the velocity components, T the temperature, and p the
pressure of the fluid. The constants p, v, c, k are the density, the kinematic viscosity,
the specific heat, and the conductivity, respectively. Free convection phenomena are
not considered. The boundary conditions for Eqs. (1) through (5) depend on the special
problems under consideration. They will be discussed in the following two sections
together with a reduction of the corresponding energy equations to ordinary differential
equations.

3. Temperature fields of vortex flows. The axisymmetric vortex flow over a flat
surface produced by an infinitely long rotating rod has been examined in [1], Proper
boundary conditions have been obtained in close connection with the description of
the flow model. In an analogous way the corresponding boundary data for the energy
equation (5) can be determined if the temperature field far away from the surface is
known. Using the flow field outside the boundary layer (see [1])

u = 0, v = —, w = TA log—, (6)
r r

and assuming the restriction T = T(r) one arrives at the simplified energy equation

T„ + —= -f T2 (t + 4). (7)r k \r r /

The constant /* = vp is the dynamic viscosity, r represents the circulation of the vortex
outside the boundary layer, and A is a measure for the strength of the source-sink pair

ro r

Fig. 1. Scheme of the secondary flow produced by a vortex motion normal to a flat surface.
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at z = co. The line r = r0 marks the change between the sink and the source (see Fig. 1).
Eq. (7) yields the general solution

m j , tiT2 (l l\ , J , r0 iiT2A2 , 2 r„ /N /nNT-'" + irl--;J + ''log7-^rlog 7_tW (8)
with i0 and as integration constants. The parameter t0 is chosen in such a way that it
represents the temperature difference between the surface and the flow outside the
boundary layer at r = r0 . The constant h is a measure for the strength of a heat source
which may be permitted in the core (see Sec. 5). Both t0 and tx are determined by Eq.
(8) if the measured temperatures of any two appropriate points (rt , zt) and (r2 , z2)
of the flow field are known.

Assuming an isothermal surface one can specify the boundary conditions for the
energy equation (5). They are together with the boundary data for equations (1) through
(4) (see [1]):

:u = 0, v = 0, w = 0, T = Tw = const, (9)

rv w , T - Tw ,

^ ^ L <10)r

No conditions are prescribed at the singular points (r = 0, z = 0) and (r = <», z = ).
The introduction of the "boundary layer transformation"

Fig. 2. The dimensionless temperature 0 of vortex flows vs. the dimensionless variable
17 for R = 1, P, = .7, l/2?i = 0, and for different Eo.
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Fig. 3. The dimensionless temperature 6 of vortex flows vs. the dimensionless variable
r) for R = 1, Pr = .7, Ea = 5, and for different Ei.

Fig. 4. The dimensionless temperature 6 of vortex flows vs. the dimensionless variable
7j for R = 1, Pr = 7, 1/Ei = 0, and for different E0.
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r = r- * = (11)

where z = <r*t{r) with a proper constant a (see [1]) is the unknown "limiting line of the
boundary layer" along the surface at z — 0, led to the "adjustable local boundary layer
approximation of first order" around r = r0

u = ~ g'(ri), v = £ V(v), w = y- log^ - vg'(v)],
i / r o r

a-2-,., « = i. (,2)

The variable g is the dimensionless stream function and 5 is the Reynolds number.
The primes denote derivatives with respect to 77. The corresponding approximation
for the temperature T is

T = r(r)d(v) + Tw . (13)

In connection with the dimensionless quantities (12) the approximation (13) reduces
the energy equation to

Fig. 5. The dimensionless temperature 6 of vortex flows vs. the dimensionless variable
17 for R = 100, P, = .7, l/Ei = 0, and for different E0.
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i + (£l(I)' & + M2 (I)'" ̂  + 7t)T; S} - ̂ ? {»' I
~r^ + i + 5p'»'rl9r Ldr rr drJ

i 2 /2 i o^0r t*o\+ ^0 +8b«"log-j

+ log.^(f - W)

2r2iJLp
2 rr cr

215 9" % + £Vy ar r

+ (2 V p- + 2 -V + + - (p - vg') - 2— <?" ̂ log +Vy ar r/ 1,7 r0 r0y dr r I
II

2
y .

(14)

where the dimensionless parameter PT = c/x/k is the Prandtl number of the fluid.
Simultaneously with the reduction of the Navier-Stokes equations it was found in

[1] for the function y near r = r0

fe)'(1 + 2'o«?)+ • <15>
For r = r0 Eq. (14) reduces to

d" + 1,0' - Pr^o[i + gl + f (jr - 2Pr)g' e

= ~E0Pr[g'2 + V'2 + V2 + (g" + g - vg')2], (16)

Fig. 6. The dimensionless temperature 8 of vortex flows vs. the dimensionless variable
7) for R = 100, Pr = 7, l/Ei = 0, and for different E0.
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if one interprets the constants

r2 r2
Eq = . 21 Ei = — 2 (17)

OtoTo CtiV o

as Eckert numbers of the combined flow and temperature fields. The boundary con-
ditions are

V = 0: 0 = 0, (18)
rj = co: 0=1. (19)

As in [1] it is useful to reduce the ordinary boundary value problem to a Volterra
integral equation. Defining the auxiliary function

D(v) = PrE,
R(l_1 + 2P)«'.

1. R = 1, Pr = 0.7, 1 /El = 0.

E0

N

-1 0 +1 5 10 50 500

-.004 +.644 1.13 1.53 2.74 3.85 9.16 39.6

2. R = 1, Pr = 0.7, E0 = 5.

I/Ei

N

-50 -10 -5 0 +5 14 50

3.92 2.91 2.82 2.74 2.67 2.55 2.19

3. R = 1, Pr = 7, 1/J^i = 0.

En

N

.2 -.1 0 +.1 1 5 10

-.173 +.569 1.13 1.59 4.17 9.85 13.61

4. R = 100, Pr = 0.7, 1/Ei = 0.

7/

-1 -.22 -.1 0 +.1

-1.47 +.002 .490 1.13 2.28

5. R = 100, Pr = 7, l/£i = 0.

E0

N

-.01 -.0061 -.001 0 +.0001

-.116 .000 +.647 1.13 1.20

- f?'2 - V'2 - V2 - (g" + g - Vg')2j,

(20)
one obtains the linear equation

6" + V6' = D(v). (21)
With the aid of the error function

V = erf (2~1/2rf) = 2x~1/2 / d/, (22)

Table 1: Nusselt Numbers of Vortex Flows
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the general solution of Eq. (21) can be written in the form

e(v) = AF« + x* + jT [V(ri) _ F(0] dL (23)

With the boundary conditions (18) and (19) one arrives at the Yolterra integral equation

e(v) = AF(„) + f t^Oi) - ^(01 A, (24)
where

x =1 -/." m[1"F(0] (25)
The nonlinear Yolterra integral equation (24) can be solved by a successive approxi-
mation which may be initiated with 60 = V. Numerical results are displayed in Sect. 5.

4. Temperature fields of von Karman-Bodewadt flows. The heat transfer from a
rotating disk was investigated by Wagner [3], Millsaps and Pohlhausen [4], and Sparrow
and Gregg [5], who used von Karman's solution of the equations of motion [6]. Young [7],

Fig. 7. The dimensionless temperature 0 of Kdrmdn flows vs. the dimensionless variable
for Ii — 1, I'r = .7, and for different E.
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Cobb and Saunders [8] studied the problem experimentally. In this section the deriva-
tions are based on the flow field which is computed in [2]. Simultaneously, the heat
transfer from a fixed disk by a solid-body rotation of a fluid (Bodewadt problem) is
examined.

Similar to the explanations of the previous section the boundary conditions for the
energy equation are determined by the temperature field outside the boundary layer.
The flow fields at that region are described by

u = 0, v — nu>r, w = Wa, . (26)

The constant a> is the angular velocity of the rotating disk in von Karman's problem
(k = 0) and of the rotating fluid in Bodewadt's problem (k = 1). The flow fields (26)
lead to the energy equation

with the general solution

T„ + — = 0 (27)
r

T = a + f) log r. (28)

Fig. 8. The dimensionless temperature 8 of Kdrmdn flows vs. the dimensionless variable
■n for R — 1, PT = 7, and for different E.
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A comparison with Eq. (7) shows that no dissipation effects occur outside the bound-
ary layer. This is due to the solid-body motion of the fluid for both the von Karman
and the Bodewadt problems.

For the following derivations no heat source is assumed at the axis of rotation (/3 = 0).
Therefore, the temperature far away from the disk is a constant a = T„ at one's dis-
posal. Assuming an isothermal disk one has the complete boundary conditions (see [2]):

2 = 0

[r | < <»
Z = co

\r I < oo

-:u = 0, v = (1 — K)oor, w = 0, T = Tw , (29)

: u = 0, v = kcor, w = w„ , T = T„ , (30)

z > 0 \ u v > 0,   > k, w —> w„ , T —> Ta . (31)
, , [ cor ur ^
\r I —> 00 J

In both problems no boundary conditions are prescribed at the two points (r = ± oo}
2 = 0). However, the strengths of these singularities are specified by the constant
which is at one's disposal.

.2 .4 .6 .8 1.0
8

Fig. 9. The dimensionless temperature 0 of Kdrm&n flows vs. the dimensionless variable
17 for R = 100, Pr — .7, and for different E.
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The reduction of the Navier-Stolces equations was achieved in [2] by means of the
transformation (11) and the "local boundary layer approximation of first order"

u = —wrg'(ii) v = wrV{r)), w = 2wlg(ij),

V = 2 _ 2an2H{v), R = - I2 , wa = 2colg„ , (32)
p Z v

where I is the characteristic length defined as the geometric mean of the boundary layer
thickness and twice its radius of curvature at the axis of rotation.

The corresponding approximation for the temperature T is now introduced as

T — T
" = 6(v), (33)T „ - T

and the energy equation (5) becomes

dy1 +

•I IT)
= -4 uyP' i+^+C-S)V-(■+;)

c(T„ — Tw)

+ if {'+ 2,1

Fig. 10. The dimensionless temperature 6 of Kdrm^n flows vs. the dimensionless variable
17 for R = 100, P, = 7, and for different E.
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The limiting line of the boundary layer has been found in [2] as

2 = <ry(r) = cr^Z — ir2 + • • (35)

For r —» 0 Eq. (34) reduced to

e" + 2(2tj - PrRg)6' + l2PrEg'2 = 0 (36)
if the constant

E = c(Ta - Tw) (37)

is interpreted as an Eckert number. The boundary conditions are

V = 0: 6 = 0, (38)
= co ; 0=i.

In contrast to the energy equation of the vortex flow, which has been described in the
previous section, only one Eckert number occurs. This is due to the restriction /3 = 0,
which excludes a heat source at the axis r = 0.

Fig. 11. The dimensionless temperature 8 of Bodewadt flows vs. the dimensionless variable
v f or R = 1, Pr = .7, and for different E.
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Since g is a known function, which is listed in [2], Eq. (36) is a linear differential
equation for 6, the solution of which is

8(ri) = £ exp 2<j— f + PrR J g(s) rfsj X - 12PrE J g'\s)

exp 2-js2 — PrR J g(q) dq ds dt (40)

where

A-[l + 12 PtE f exp 2<[- t,2 + PrR £ g(l) ettj £ g'\t)

rR [' g(s)
*>0

exp 2i t — PrR / g(s) ds[ dt dij

J* exp 2|— j?2 + PrR g(t) dij dr\ (41)

according to the boundary conditions (38) and (39). Numerical results are presented
in Sect. 6.

Fig. 12. The dimensionless temperature 6 of Bodewadt flows vs. the dimensionless variable
77 for R = 1, Pr = 7, and for different E.
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5. Characteristics of temperature fields of vortex flows. The heat transfer from
a flat surface by vortex flows, which is described in Sect. 3, has been calculated for the
Reynolds numbers 1 and 100, for the Prandtl numbers 0.7 (air) and 7(water), and for
various Eckert numbers E0 and El . The temperature profiles are plotted in Figs. 2
through 6, and their corresponding data are tabulated in [9]. Before the discussion of
these graphs a brief comment is given on the physical meaning of the parameters E„
and Ei , and the slopes of the profiles at the surface.

The Eckert number E0 is a measure of the dissipative heat production over the
conductive and convective heat transfer within the fluid. Vanishing Ea is equivalent
to negligible friction effects, whereas increasing absolute values of E0 lead to larger
frictional influence and finally to complete domination of friction over conductive and
convective heat effects. The sign of E0 determines according to its definition (17), whether
the surface is cooler or warmer than the fluid at infinity at r0 .

The parameter Ei represents essentially the strength of a heat source in the core of
the vortex. The value 1 /Ei = 0 states that no heat other than a dissipative one is pro-
duced in the core. Positive values of E, correspond to a heat source in the core, negative
values are equivalent to a heat sink.

The slope of the temperature profile at the surface determines the heat flux from the
surface to the fluid. Therefore, the dimensionless temperature gradient at the surface
may be interpreted as the Nusselt number N (see [10])

w " (D-.' (42)
The direction of the heat flux depends on the sign of E0. For positive E0 positive Nusselt
numbers correspond to a heat flux from the surface to the fluid, negative Nusselt num-
bers correspond to heat flowing from the fluid to the surface. For negative E0 these
relations are reversed.

In Fig. 2 the temperature profiles 0(tj) are plotted for R = 1, T\ = .7, 1 /Ex = 0,
and for various E0 . For E0 = (J the energy equation (16) becomes integrable by the error
function, which is independent of the other parameters R, Pr , and E, . The heat flux
for this important special case is N = 1.128. Increasing negative values of E0—the
surface is in this case warmer than the fluid—enhance the friction effects in such a
way, that the lower part of the boundary layer is heated more and more. Hence, the
temperature difference between surface and fluid diminishes, and the heat flux from
the surface (i.e., the Nusselt number) becomes smaller. For E0 —2 the heat flux is
zero. Beyond this value the heat flux reverses. The boundary layer is warmer than the
surface because of the frictional heat. This phenomenon is well known for the Couette
flow (see [10]). Increasing positive values of E0—the surface is cooler than the fluid—-
correspond also to a heating of the boundary layer, but because of the increasing tempera-
ture difference between surface and fluid the heat flux to the surface is enhanced. From
E0 50 on the temperature within the boundary layer exceeds the temperature out-
side the boundary layer. This effect is also well known for the heat transfer from a
flat plate (see [10]). Corresponding statements can be made for R = 1, Pr = 7 (Fig. 4),
for R = 100, PT = .7 (Fig. 5), and for R = 100, Pr = 7 (Fig. 6). The Nusselt numbers
for various R, Pr , E0 , and E, are listed in Table 1.

In Fig. 3 the parameter Ei has been varied for fixed values R = 1, Pr = .7, and
E0 = 5. Since the surface is assumed to be cooler than the fluid (E0 > 0) decreasing
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negative values of Et—the core is cooled too—cause a domination of frictional heat
over conduction and convection. This effect may be compared with that of increasing
E0 (see Fig. 2). The temperature within the boundary layer exceeds the temperature
outside the boundary layer for \/Ex < — 5, whereas the heat flux increases only slightly.
For decreasing positive values of Et—the core is heated—the effects are reversed.

The Prandtl number is inversely proportional to the conductivity k. The increase
of the Prandtl number diminishes, therefore, the heat conduction and causes an effect
similar to that of increasing Eckert number E0. This is expected according to the energy
equation (16) and is confirmed by Figs. 4 and 6, which must be compared with Figs.
2 and 5, respectively. Because of the stronger frictional effect the absolute values of
the Nusselt numbers are higher for Pr = 7 than for T\ = .7 (see Table 1).

Increasing Reynolds numbers enlarge frictional effects. This can be seen in Table 1
and by comparing Figs. 2 and 5, and Figs. 4 and 6.

Table 2: Nusselt Numbers of Von Karman Flows for Various R, Pt, and E.

1. R = 1, Pr = .7

E -20 000 -10 000 -1000 0 1000 5000 10 000

N

2. R = 1, Pr = 7

-1.61 0.004 1.45 1.61 1.77 2.42 3.22

E

N

-2000 -1000 -100 0 100 500 1000

-1.58 0.022 1.47 1.63 1.79 2.43 3.23

3. R = 100, Pr = .7
E

N

-250 -151.76 -100 0 +100

-2.35 0.000 1.24 3.63 6.03

4. R = 100, Pr = 7

E -100 -70.265 -50 0 +50

N

5. E = 0, Pr = .7

R

N

4.11 0.000 2.80 9.72 16.6

10 50 100

1.6108 1.61 1.74 2.63 3.63

6. E = 0, Pr = 1

R .1 1 10 50 100

N

7. E = 0, Pr = 70

R

1.6109 1.63 2.71 6.7 9.7

10 50 100

1.6124 1.77 6.4 16 23
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Table 3: Nussklt Numbers of Bodewadt Flows for R = 1 and for Various Pt and E

1. P, = .7

E

N

2. Pr = 7

E

-2000 -864 -500 0 1000

N

-2.11 -.001 +.676 1.61 3.46

-200 -83 -50 0 100

-2.20 -.001 +.619 1.56 3.44

Finally, it may be mentioned that in all cases the thermal boundary layers have
nearly the same thickness as the associated momentum boundary layers.

6. Characteristics of temperature fields of von Karman-Bodewadt flows. The
temperature profiles of von Karman-Bodewadt flows have been calculated by Eq. (40)
for the Prandtl numbers .7 and 7, for various Eckert numbers E, and for the Reynolds
numbers 1 and 100 for Karman flows, the Reynolds number 1 for Bodewadt flows. The
data are tabulated in [9] and plotted in Figs. 7 through 12. The physical meaning of
E corresponds to that of E0 in the preceding section, so that all statements made about
the influence of E0 apply also to the Figs. 7 through 12. In Tables 2 and 3 the Nusselt
numbers are listed.

The thermal boundary layers of the flows of von Karman and Bodewadt differ
in their dependence on the Eckert numbers, which is stronger for Bodewadt flows than
for von K&rman flows (Figs. 7, 8, 11, and 12). This can be seen immediately from Eq.
(65) and the fact that the radial velocity components are larger for Bodewadt flows than
for von Karman flows. In the special case E = 0, the Nusselt numbers for Bodewadt
flows decrease slightly with larger Prandtl numbers in contrast to von Karman flows.

Negligible dissipation (E = 0) is of particular interest since theoretical and experi-
mental data of von Karman flows exist in literature. In Fig. 13 the Nusselt numbers

50 100

Fig. 13. The Nusselt number N vs. the Reynolds number R of von Kdrmdn flows for E = 0 and for
three different Prandtl numbers.
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are plotted versus the Reynolds numbers for three different Prandtl numbers. In order
to compare the experimental data by Cobb and Saunders [8] with the new theoretical
results, the characteristic length I of the mathematical model of infinite dimensions must
be adjusted to the characteristic length of the dynamically similar apparatus used by
Cobb and Saunders. This can be achieved by the following approximation. According
to their definitions the Reynolds numbers and Nusselt numbers of both models satisfy
the relations

= l- *- = l m)
N. I.' R. IV

where the subscript e designates experimental values. Thus, if an experimental pair
(B.i , Nel) is specified, one must seek the corresponding pair (Ry , Ni) which satisfies
the equation

= m
R.i N'U2-- (44)

In the present case the ratio l/l, was found to be approximately 31.
In Fig. 14 the experimental data by Cobb and Saunders are plotted together with

the new adjusted curve for Pr = 0.7 and with Wagner's solution [3], which is based on
von Karman integral. The agreement between theory and experiment is satisfactory.
It is interesting that similar to the results obtained in [2] Wagner's straight line appears
as an asymptote of the new and experimental values (the small displacement of Wagner's
straight line can be corrected after [8] and [4]). Exactly the same asymptotic agreement
can be observed between the new results and those presented by Sparrow and Gregg
in [5] for the Prandtl numbers .7, 7, and 70. Thus, the supposition is confirmed that von
Karman's rotating disk solution is an asymptotic integral.

200

Fig. 14. Experimental data by Cobb and Saunders [8] for the laminar flow region. Nusselt number
and_Reynolds number are defined as

Ne - hro/(Tw — To,) Re = osrf/v

where h = mean heat transfer coefficient for the whole disk
r0 = radius of the disk.
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