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NEW ANALYTIC SOLUTIONS OF THE ONE-DIMENSIONAL HEAT EQUATION
FOR TEMPERATURE AND HEAT FLOW RATE BOTH PRESCRIBED AT THE

SAME FIXED BOUNDARY (WITH APPLICATIONS TO THE PHASE
CHANGE PROBLEM)*

BY

DAVID LANGFORD**

Pratt & Whitney Aircraft, East Hartford, Connecticut

Abstract. New solutions of the heat equation are exhibited for the case in which
both the temperature and heat flow rate are prescribed at a single fixed boundary.
The prescribed temperature and heat flow rate may be any arbitrary infinitely differ-
entiable functions of time. The new solutions are applicable for one-dimensional (radial)
heat flow in spheres, cylinders, and slabs.

Special solutions may be obtained by choosing special forms for the prescribed
boundary temperature and boundary heat flow rate. These special solutions include
the classical solutions of the heat equation, new sequences of polynomial and quasi-
polynomial solutions of the heat equation, and new closed-form solutions to constant-
velocity phase change problems with spherical and cylindrical symmetry.

A. Introduction. We treat the one-dimensional diffusion of heat perpendicular to
the surfaces of parallel planes, coaxial cylinders, and concentric spheres. For constant
density and constant thermal diffusivity, the indicated heat diffusion process is governed
by the relation

x~k-(xh-ux)x = u,(x, t).

Here u(x, t) is the dimensionless temperature at point x at time t,

x is the dimensionless radial position variable,

t is the dimensionless time variable, and

k = 0, 1, 2 for plane, cylinder, and sphere, respectively.

We solve the Cauchy problem, that is, we determine u(x, t) when both the dimensionless
temperature f(t) and the dimensionless heat flow rate q(t) are prescribed at some fixed
boundary, say at x = xn . (The dimensionless temperature at x0 is just u(x0 , t); the
dimensionless heat flow rate at x0 is just limitI_a.0 [ — xk-ux(x, £)])• We consider both
x0 = 0 and x0 ^ 0, with k = 0,1, 2.
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We assume that /(f) and q(t) are analytic. Existence and uniqueness of an analytic
solution are then guaranteed (in the small) (for fixed k and fixed x0) by a Theorem of
Cauchy and Kowalewsky [2]. Further, the nonexistence of any nonanalytic solution
is guaranteed by a Theorem of Holmgren [2],

The analytic solutions given here correspond to physical reality because [2] they
depend continuously on the prescribed data. The use of these solutions is demonstrated
for several cases of physical interest. We now outline the procedure used to obtain
the solutions.

For x0 = 0, we may assume that u(x, f) —£ (amn-\-bmn-\ne x)xmt", substitute into
m, n

the heat diffusion equation, and obtain recursion relations for the constants am„ and bmn .
The recursion relations may be used to decompose u{x, f) into series of polynomial
and quasi-polynomial solutions of the heat equation. These series may be summed to
obtain the final solutions to the Cauchy problem. The final solutions are presented with
the derivation being omitted; the elements of the series are exhibited as special cases
of the final solutions.

For x0 9^ 0: the solution u"(x, t) for the planar case is a linear transformation of
the solution to the Cauchy problem for x0 = 0; the solution u'(x, f) for the spherical
case is readily obtained from uv{x, f) when it is noted that (x-u') must satisfy the planar
heat equation; the solution uc(x, t) for the cylindrical case is obtained in the Appendix.
We now exhibit the solutions and illustrate their use.

B. The fixed boundary at the origin of coordinates. Consider first the case x0 = 0.
Let /(f) and q(t) be any infinitely differentiate functions. Define

m = (dn/dt")Kl) and q\t) = (aT/dtn)q{t). (1)

Then it may be verified by differentiation that the following are formal solutions of
the heat equation:

ff(0-x2"
(2 n)\ (2n+l)!_plane, u(x, t) = £

~2n—1

sphere, u(x, t) = g +

(2a)

[ f{t)-x2n ^ q"(t) -x2 . (a)
(2n)\ J '

cylinder, u(x, t) = £ (x/2 r
fr!) n\-n\

f(0 -  l- (2c)

where the factor in braces is just {In, xj for n = 0. These solutions have the property
that limitx_n [-xk-ux(x, f)] = q(t); this makes it possible to prescribe the heat flow
rate at x0 as an arbitrary infinitely differentiate function q{t). For the planar case,
the solution 2a has the property that u{0, f) = /(f); this makes it possible to prescribe
the temperature at x„ as an arbitrary infinitely differentiate function /(f). For the
spherical and cylindrical cases, if q(t) ^ 0, then it is physically necessary that u{0, t) — oo,
as required by Eqs. 2b, c; if q{t) = 0, then u{0, f) = /(f).*

The above solutions are general solutions of the heat equation in that they may be
specialized to yield other solutions of the heat equation. For example, the classical

*The solution 2a was given by Stefan [8] in 1890; he used it to compute the thermal conductivity of
ice. The solutions 2b, c have not been previously published, though several of the leading terms of the
solution 2c were given by Pekeris and Slichter [6] in 1939.
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Fourier series and Bessel series solutions of the heat equation may be obtained from
Eqs. 2a, b, c by choosing

](t) = Am-exp and q(t) = X Bm-exp {—bit). (3)
m = 0 m = 0

New solutions of the heat equation may also be obtained from Eq. 2. For example, if

m = E (/,<>!) and q{t) = £ (g,f/»!), (4)
n=0 «=0

then direct substitution into Eqs. 2a, b, c yields
CO

plane, u(x, t) = X) 0 ~ qn-P2n+\x, t)]\ (5a)
n = 0

sphere, «(x, 0 = E [/»->S2"(z, 0 + qn-S2n~\x, /)]; (5b)
n = 0

cylinder, m(x, 0=2 [/»-C2n(z, 0 ~ q*-E2n(x, 01- (5c)
n = 0

The Pm(x, <), /Sm(£, <), and C""(:r, £) appearing in these relations are polynomial solutions
of the planar, spherical, and cylindrical heat equations, respectively, with

P2\x, t) = x-S2n~l(x, t) = r/n! + rl-x2/(n - 1)! 2!

+ r2-xl/(n - 2)! 4! + • • • + *o-z2y0! (2n)!; (6a)

P2n+I(z, 0 = z-S2"(z, 0.= r-«V»! 1! + rl-x3/(n - 1)! 3!

+ r2-x*/(n - 2)! 5! + • • • + t°-x2n+1/0! (2n + 1)!; (6b)

C2\x, t) = t"/n\ + x2•f~1/22-(n - 1)! + z4 • f"2/4222 • (n - 2)!

+ • • • + x2n-t°/(2n)2(2n - 2)2 • • • 4222-0!. (6c)

The E2n(x, t) are quasi-polynomial solutions of the cylindrical heat equation with

E2n{x, t) s f(ln, x)/n\ + x2-f~*(\ne x — l)/22-(n — 1)! +

+ x2n-f(\n, x - I - \ - ^j/(2rif(2n - 2)2 • • • 4222-0!. (6d)

The Sm(x, t), C2n(x, t), and E2"(x, t), are new solutions.* Further,

x~k-(xk-VmX = Vmt(x, t) = Vm~2(x, t) for Vm = Pm, Sm, C2m,E2m. (6e)

C. The fixed boundary not at the origin of coordinates. There exist solutions u(x, t)
of the heat equation such that u(x0, t) = /(f) and such that limits, [ — xk-ux{x, f)] = q(t),
where xn > 0 and where /(f) and q{t) are arbitrarily prescribed infinitely differentiate
functions. The solution for the planar case is a linear transformation of the solution 2a;
the solutions for the spherical and cylindrical cases have not been previously published.

*The planar heat polynomials, through P6(x, I), were given by Carslaw and Jaeger [1] in 1959i
though these authors used a normalization different from that used here. The planar heat polynomials,
of the type used by Carslaw and Jaeger, were treated extensively by Rosenbloom and Widder [7] in
1959 and subsequently by Widder [9, 10],
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The notation of Eqs. 1 may be used to write the solutions for the three cases as follows:

(7a)plane, u(x, t) = X)
n = 0

sphere, u(x, t) = X

( (.x - a-n)2" , (x - xn)2n+1

! (/) (2n)\ ~ q (0 (2n+l)! J

n = 0

r(l) (x - Xo)2" X + 2nxn _ 0r - .rn)2"+1
/ 1 j (2n)! (2n + 1)« 1 { ) (2n + l)!-aa0. (7b)

cylinder, w(a;,/) = X [f(*>■cn(x2/4) - %-q"{t)-en{x2/4)]. (7c)
= 0

The functions c"(x2/4) and e"(x2/4) are defined in the appendix.
The solutions 7 may be used, as in Sec. B, to obtain classical-type solutions to the

heat equation and also to obtain new polynomial and quasi-polynomial solutions to
the heat equation. The solutions 2 and 7 may also be used to obtain new solutions to
phase change problems. This will now be demonstrated.

D. Applications to the phase change problem. The addition of heat to a physical
system can cause motion of a phase boundary, say of an ice-water interface. We assume
that phase change occurs at a constant temperature u = u*. As a consequence, for a
symmetric one-dimensional system, the location x = y(t) of the moving phase boundary
is defined by the implicit relation

u(x, t) = u* = constant at x = y(t). (8)

The general solutions given in sections B and C will be vised to obtain closed form
solutions to phase change problems in which the isothermal phase boundary is assumed
to move at constant velocity yx , with the temperature being zero at x = y(t) = y0 + yxt.

Consider the melting of a slab or sphere which is initially at the phase change temper-
ature u = 0. For t > 0 there is assumed to be a heat input at x = 2/(0). This heat input
causes melting and results in the creation of a nonisothermal liquid extending from
y(0) to the moving phase boundary at x = y(t)~, the material adjacent to y(t) will be in
the solid state with u = 0. The temperature u(x, t) in the liquid region may be determined
from knowledge of the temperature f(t) and heat flow rate q{t) at x = x0 = y0 = y{0).
For the slab case (It = 0) and constant velocity melting it has been shown elsewhere [4]
that

/(/) = {exp [yt(y - jf„)] — 1}, (9a)

and that

q(t) = \h ■ exp [y,(y - xu)\. (9b)

Substitution of equations 9a, b into the general solution 7a yields

u(x, t) = {exp [y^y - a;)] - 1}; y = y0 + yj* (9c)

For the spherical case (k = 2) and constant velocity melting it has been shown elsewhere
[4] that

/(/) = (1 - 2/2/02/,)-(exp [y\t] - 1) + (2yJ/y0)■ exp [y\t], (10a)
and that

9(0 = (2/j/i) + (2/2/0 ■ [(2/o2/?/2) - 1 + (2/o2/i + 1)• 2/i^]'exp [y\t\. (10b)
*The solution 9c was given by Stefan [8] in 1S90.
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Substitution of equations 10a, b into the general solution 7b yields

u(x, t) = (1 — 2/x2/1)[exp [2/1(2/ - a-)] - 1] - 2(1 - y/x)-exp [y,(y - x)];

y = y o + yJ. (lOc)

This solution is new. It has recently been given elsewhere [3] in dimensional form,
but without derivation.

The solution 2c of the cylindrical heat equation can be used directly to obtain the
solution to a constant velocity phase change problem. To demonstrate this, note that
the solution 2c will satisfy the boundary condition 8 if

In, y(f) - l - I I (11a)m = ?"(0'
If this relation is valid, then the solution 2c may be written

u(x, t) = X) (x/2)2"-(l/n!)2-g"(0'ln« (j/A). (lib)
n = 0

The qn{t) must satisfy Eq. 1, but for the function lib to satisfy the cylindrical heat
equation it is also necessaiy that

9"(0/e"(0 = ~(n + 1 )-yt(t)/y{t)] n = 0, 1,2, ••• . (11c)

Direct integration of this relation yields

Qn(t)'y"+1(t) = <?"(0)-2/"+I(0) = constant. (lid)

For n = 0, equation lid yields

<?°(0'2/W = 2°(0)"2/(0) = constant. (lie)
Now q(t) = q°t(t) by equation 1 so q)(t)/ql(t) = q0,t(t)/q0t(t). Derivatives of equation lie
may be substituted into the right side of this relation to show that

?X0/V(0 = Vtt(t)/yt(t) - 2-yt(t)/y(t). (llf)
For the result llf to be compatible with the condition 11c it is necessary that y,,(t) = 0.
From this it follows that

y(t) = 2/o + yit, with 2/0 = 2/(0) and 2/1 = 2/i(0). (llg)

Eq. lie can now be used with the result llg and the definition 1 to show that

?"(0 = —(—2/i/2/)"+1 -(Qoyo/yi) •(«!), qo=q(0). (llh)
Substitution of the result llh into Eq. lib yields the following solution of the cylindrical
heat equation:

u(x, t) = (v*/i/)-ln, (y/x) ■ exp {-x^yjly), v* = constant = q0y0 ; (Hi)

l CW4)
w* = constant = — g0(2/o2/i/4). (llj)
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This result has not been previously published. It may be interpreted as the solution to
a constant velocity phase change problem because it satisfies the boundary condition 8.

E. Closure. Sections B and C contain solutions of the heat equation which permit
the temperature and/or the heat flow rate at a fixed boundary to be arbitrarily prescribed
infinitely differentiable functions. These solutions have been used to obtain the classical
solutions of the heat equation, sequences of polynomial and quasi-polynomial solutions
of the heat equation, and new closed form solutions to constant velocity phase change
problems.

The closed form solutions to the phase change problem which have been developed
here can be written in a common form. If it is assumed that there exist other solutions
to the phase change problem which have the same form, then it is possible to develop
additional general solutions of the heat equation which may be specialized to yield
new closed form solutions to various phase change problems. This development is
given in a companion paper [51.

F. Appendix. We will construct a function u(x, t) such that

(x-ux)x = x-ut(x, t), (1)

u(x0 , t) = j{t), (2)

—xo-ux(xo , t) = q(t). (3)

Here j{t) and q{t) are arbitrary infinitely differentiable functions and x0 is a positive
constant. To simplify the construction, define

2 = x2 / i, z0 = Xo/4; (4)

v(z, t) = u(x, I). (5)

The cylindrical heat equation 1 and the boundary conditions 2, 3 can now be written

(z-v.), = v,(z, £); (6)

v(z0 , t) = u(x0 , t) = /(/); (7)

—Zo-v,(z<> , t) = -%-x0-uz(x0 , t) = I■<?(()• (8)

We begin the construction by assuming that

v(z, t) = £ lfV)-c(z) - h-q\t)-e\z)]. (9)
n = 0

This form is assumed because it is the form satisfied by the previously given solutions
of the planar and spherical heat equation. Here c"(z) and en(z) are unknown sequences
of functions and

m - (dn/dtnm- (io)
q\t) = (dn/dt")q(f). (11)

The form 9 will satisfy the transformed heat Eq. 6 if

(z-c:)z = cn-\z), (z-c°X = 0; (12)

(z-O, = en'\z), (z-e°), = 0. (13)
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The form 9 will also satisfy the transformed boundary conditions 7, 8 if

c"(z0) = 5n0 , c"(z0) = 0; (14)

en(z0) = 0, Zo-e"(z<>) = Sn0 , the Kronecker delta. (15)

The c"(z) and e"(z) can be uniquely determined by integrating the defining relations
12 and 13 subject to the conditions 14 and 15. Several of the c"(z) and en(z) follow.

c°(z) = 1, (16a)

c\z) = (z — z0) — z0L, with L = In, (z/z0), (16b)

c(z) = (z2 - Zo)/4 + z0(z - z0) - z0(z + z0/2)L, (16c)

c3(z) = (z3 — Zo)/36 + z0(z2 — Zo)/2 — z20(z — z0)/4 - z0(z2/4 + z0z/2 + Zo/12)L; (16d)

e°(z) = L = In, (z/z0) = In, (a:2/j2), (17a)

e\z) = z(L - y + + jJ , (17b)

«2(z) = (-^ ~ J — 5) ^2 + Lzz0 + (l + J + |) |f , (17c)

- (L - f - I -1) sfe + (L ~ IK72*
+ (L + ! + l + l)3T3! + (L + <17<l>

The asymmetric form of the cn(z) makes it difficult to obtain a simple functional expres-
sion for c"(z) for arbitrary n. It is however possible to define cn(z) as a linear combination
of z" and of all cm(z) and em(z) for which 0 ^ m < n. Similarly for the e"(z). This will
be demonstrated.

Let n be a positive integer and, for later use, define

4>"(z) = (zn ~ Zo) and 1f(z) = z- In, (z/z0). (18a)

The functions 4>"{z) and \pn(z) have the property that

L *"" ̂  - 4' + ;r+i)> ow
£ (&M £ fvo v - - 2 <180

We begin the demonstration by using definition 18a and result 17a to rewrite 16b
and 17b thus:

c1 + £06° = <t>1 (19)

e1 + 2&1 = ^ + z0e°. (20)

We now use the defining relations 12 and 13 to rewrite 19 and 20 in the form

(zc2X + z0(ze])z = </>'; (21)

(ze2)2 + 2tj>1 = xp1 + zu(ze\), - (22)
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Expressions for c2(z) and e2(z) may be obtained by integrating equations 21 and 22
and making use of the boundary conditions 14 and 15. The right sides of the integrated
equations may be evaluated by use of equations 18b, c. The resulting equations can
then be used with relations 12 and 13 to begin a similar procedure for the calculation
of c3(z) and e3(z). It can be shown by induction that the following are the general
expressions for c"(z) and e"(z) for n > 0.

z° „ , Zne" '~| , Zn
(0!)2 LC + 1 J (l!)2

n—2
Zo

n—2"
n—1 |

C +

((« - 2)!)

2

2 , Zne1c + 7
71 — 1

i _?!L
+ (2!)

+

n—2 i
+ 3 +

((» - 1)0
i . znec H n («!)2 '

(23)

e"(2) + M£(?)
(n!):

2+g+2 2
.1 T 2 T 3 ^ T ra

£(?)
(n!)2

. ) z"e° zl V z2e" 2 . z'e" 1
\(n!)2 + ((» - l)!)2 + + (2!)2 + (I!)2

Zo_1
"r // i\i\2((n - 1)!)

2 2 2- + - + -+ • • • +
1 T 2 ^ 3 ^ ^

n-2
, Z 0

+

((n - 2)1)

zl

7+1+1+ ••• + ~S (c2 + -^j +.12 3 n — 2JV n — 1/■h)
(2!)

- + -
1 2. c-2 + + 77^ I I Ho-1 + Z4P) ■ (24)(1!) Ll

These relations may be used to compute c"(z) and e"(z) for n > 0. The use of the cn(z)
and e"(z) has been illustrated elsewhere [4],
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