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Abstract. A solution to the problem of constant surface heating of an initially
constant-temperature, T'%, halfspace where the material in question has a temperature-
dependent thermal conductivity is obtained. The thermal conductivity, k*, is specifically
given by k* = k* exp [N(T* — T%)/T%]. The solution is valid for both heating and cooling
of the material where A\ and k% are arbitrary in magnitude, and X can be either positive
or negative in sign.

As in a previous investigation of this problem, the present work studies the applica-
tion of integration techniques of the boundary layer equations of fluid mechanics to
the solution of a nonlinear diffusion problem of heat conduction. Exact results obtained
here for the first three variable coefficients of an expansion of ¢ = k*/k% about its
initial state give increased confidence in the success of the previously utilized approximate
solution technique, and, in fact, suggest an improved approximate technique for treating
the type of problem under consideration. This latter technique is developed herein.
It is finally concluded that the exact solutions for the first three terms of the ¢ expansion
mentioned above can be used to construct a closed-form approximate solution to the
problem which is useful over a significant range of the independent variables.

1. Introduction. This work will treat the solution to the problem of constant
surface heating, H*, of an initially constant-temperature halfspace. We will consider
that the thermal conductivity, k*, of the material in question can be accurately repre-
sented by’

¢ = k*/k§ = exp [NT* — T%)/T%] = exp V ()
where A is arbitrary and k% is the thermal conductivity at the initial uniform tem-
perature T%, of the halfspace. Further, the material property p*C*, where p* is the
density and C* the specific heat, will be assumed to be accurately represented as a
constant.

The boundary value problem describing the above phenomenon in terms of the
dimensionless conductivity, ¢, is given [1] as

¢¢m1 + 77¢11 = §-¢§' ) (2)

lim ¢, =g, @3
7—0;{ fixed

lim ¢ = 1. @
n—o;f fixed

* Received December 17, 1969; revised version received July 1, 1970. This work was supported by
the U. S. Army under Contract DA-30-069-AMC-333(Y).

1 Starred and unstarred quantities always refer to dimensional and dimensionless quantities re-
spectively.
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where the dimensionless independent variables 7 and ¢ are defined as
1 = z*[p*C*/(2k%t*)]*, = —NH*[2t*/(ok3C*)]"?/T§, ®)

and where z* and ¢* are depth into the halfspace and time after initiation of the heating
respectively. Once ¢ has been obtained from the above, the dimensionless temperature,
¥, can readily be obtained from Eq. (1).

A solution to the problem of Egs. (2)-(4) has been obtained by Cooper [1]. In that
work the solution was obtained by extending a solution technique which was developed
by Meksyn [2 pp. 98ff] for integration of the boundary layer equations of fluid mechanics.
Thus, in reference [1] the solution proceeded by relating the solution form¢ = > a,(¢)7",
which satisfied the condition of (3), with the form [Y ¥.(¢)n"] exp [—7°/2] for ¢, . The
present work will treat the identical problem from the point of view of expanding ¢
as ¢ = 2 b.(n)¢". Thus, the solution to the nonlinear diffusion problem under con-
sideration will be treated here in a manner reminiscent, say, of the Gortler [3], [4] solution
to the boundary layer problem of fluid mechanies. As will be seen, the latter expansion
of ¢ will allow the b,’s to be generally represented by solutions to nonhomogeneous,
linear, ordinary differential equations with appropriate boundary conditions. These
indicate that all the b,’s are, in fact, entire analytic functions. Although the general
function cannot be practically obtained in any other than the form of quadratures
presented herein, the first few b,’s are explicitly found. These shed light on the success
of the original solution to this problem as given in [1]. Moreover, the original solution
technique used there is recast here in terms of obtaining approximate solutions for the
b,’s under consideration directly from the governing differential equations and boundary
conditions mentioned above. Finally, as will be seen, the quadrature solution form
for the b, obtained here also suggests a second and more direct technique, again through
use of the ideas brought forth by Meksyn, for an approximate evaluation of the unknown
functions b, . Thus, although the exact solution to more than a few of the b,’s may
not be practical, approximate solutions for these functions can be obtained through
use of a Meksyn integration technique.

2. The solution. In view of the above introduction we seek a solution to the problem
of Egs. (2)-(4) by assuming the following expansion for the function ¢:

o= Z ba(m)™. ®)

Using this in Egs. (2)-(4) we obtain separate boundary value problems for the b, .
The problem for b, , specifically, becomes

bo(mbs'(n) + nbg(n) = 0;  b3(0) = 0;  bo(=) = 1.

Although the above equation is nonlinear the boundary conditions allow for the simple
solution

bo(n) = 1. )
Using this result for b, , the problems governing the solutions for subsequent b, can
be given as
n—1

bi'(n) + nbi(n) — nba(n) = — 2 ba(MbiZa(n), m >0, ®

me=]
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b/(0) = 1, all other b2(0) = 0, ©)
ba() = 0. (10)

It is clear from the above that each b, is governed in general by a linear nonhomogeneous
ordinary differential equation where the nonhomogeneous parts are functions of the
b.’s, m < n. Thus, we would expect that all the b,’s can, in principle, be exactly obtained
recursively.

In order to cast the differential equations of (8) in a more usable form Kamke [5]
suggests the following transformation to new dependent variables, g.(7):

ba(n) = g.(n) exp [—n"/4], =n > 0. (11)

Using this in Egs. (8)-(10), we obtain the boundary value problems which govern
the ¢, :

g’ + [+ 1) + 3 — 1"/4gu(n) = ka(n), n>0, (12)
g{(0) = 1, all other g.(0) = O, (13)
lim g,(n) exp [—1°/4] = 0, (19

n—
where the functions %, are given as
hy(n) = 0,

n=1

ha(n) = —exp [—n"/4] "; In(MgeZm() — ngim(n) + (0" — 2)gn-m(n)/4] (15)

n—1
exp [1°/4] 2, ba(bila(n),  n > 1.
The solution to Egs. (12)-(14) for n = 1 is given by
gi(n) = —(2/m)*D_5(n), (16)

where D,(n) is the nth order Weber-Hermite function [6]. For n > 1 a quadrature
form of solution to Egs. (12)—(14) has been found to be

gn(n) = (_1)(n+2)/2[Dn(i77) j‘w D—n—l(ﬂ)hn(ﬂ) dﬂ
! @am)
+ Dovs(n) fo " DoGiha(u) du] for n>1 and even,

g() = i(= D7D (i) f " Doy (hae) di
+ D-n-1<n>{i<—1>‘"’“” [ Do) a 18)

- (2/7r)1/2’n!f D_,_,(wh,(u) dy} for n > 1 and odd.
0

Other than obtaining the explicit solution for g, we have also found solutions for g,
and g; from the above. These are
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g2(n) = (3/9)(2/7)'*[1 — (2/3)(2/m)"* Do(n) Dy (n)] D-5(n), (19)
gs(n) = —(1/48)(2/m)**{28 — (2/m)[27(3)"* — 32]} D_.(n)
+ 8'%(3/32)(2/x)**(n* + 3n)Do(2*n) D_,(3"*n)
— (1/288)(2/m)**Dq(n)[4(14 + 97°) Di(n) (20)
— 18(n + 2°)Dg(n) D-1(n) + 3(5 + 224" + 37")Do(n) DZ,(n)
— 8(3n + 47°)D,(n)] — (1/16)(2/m) Do(n)[37D5(n)
~ (54 T0)Do(n) D_y(n) + 2(3n + 27°)D%,(n)].

The task of obtaining explicit solutions for each of the g,’s from Egs. (17) and (18)
is clearly one of evaluating two indefinite integrals [ D, (iu)h,(u)du and [ D_,_; (u)h,(u)du.
As it happens, with increasing n the effort required in the evaluation of these quickly
increases. Moreover, it is clear that the exact solution for these integrals for each = is
a necessary prerequisite for obtaining both the particular g, under consideration and
all subsequent g,’s. Although we have obtained the g,’s (and, as a consequence of Eq. (11),
the b,’s) only for n = 0, 1, 2, and 3, the existence of all the ¢,’s (and, therefore, the b,’s)
as entire analytic functions can nevertheless be shown. The definite knowledge of such
existence will, of course, add credence to our subsequent attempts at obtaining ap-
proximate solutions for these functions.

That the g,’s are, in fact, entire functions can be shown from the solution form of
Eqgs. (17) and (18). A discussion to this end proceeds as follows:

Consider the situation for g, , n = p > 1. Then assume that all the g,’s, m < p
have been obtained and are found to be entire functions. From Eq. (15) it is then clear
that h, is an entire function. Furthermore, D,(in) and D_,_,(5) are also entire functions
of 5. It follows from Egs. (17) and (18) that g, is an entire function provided the existence
of [ D_,_:(p)h,(u)du can be demonstrated. From the boundary condition of Eq. (10),
satisfied by the b,, , m < p, it follows from Eq. (11) that for n — « &,(n) = o(exp [7?/4]).
Also [6], D_,-1(n) = O(n™"" exp [—n"/4]) as n — «. Thus, for n — «, D_,_1(n)h,(n) =
O(n™" " exp [—n°/4]), o(exp [—7°/4]) = o(n7"""). In view of all the above this asymptotic
character of D_,_,(n)h,(n) then demonstrates the existence of the aforementioned
integral. Moreover, g, has been found to be an entire function. It follows from induction
that all the g,’s are entire functions.

3. Approximate solutions for the b.(n) from the governing equations. We now
sketch an approximate solution technique for obtaining the b,’s which follows, and is
essentially equivalent to, the Meksyn solution technique utilized in [1].

Considering expansions of the b, about n = 0, we define

o) = 3 Auot™ (@1)

The result of Eq. (7) and the conditions of Eqgs. (9) clearly indicate that
Ao o =1, allother A,, =0,
A;, =1, allother A4,.,=0.

Let us assume that all b,(0) = 4,.., ¢ < n have been obtained. (Note that all ,(0) = 4,,,
of this work are identical to the 4, , = «, of reference [1].) Then, from recurrence re-

(22)
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lationships readily obtainable from Eq. (8) with the use of Egs. (21) and (22), this
therefore implies the knowledge of all 4, ,, ¢ < n and, in fact, the b, , ¢ < » themselves.
These recurrence relationships are explicitly given in Eq. (17) of [1].

For a given n we now seek the value of 5,(0) = 4, , . Once this has been obtained
then all of the other unknown A4, , can be obtained from the recurrence relations
mentioned above. A solution for b,(0) therefore implies a solution to the unknown
function b,(n) itself. According to the boundary condition of (10), it is reasonable to
assume that as n — © the term nb,(n) — D", ba(n)b2_.(n) = f.(n) goes to zero. Let
us assume that as 7 — o, f.(n) = o[7b.(n)]. Then asymptotically, for large 5, Eqgs.
(8)-(10) yield bi(n) ~ W¥.(n) exp [—n"/2] where ¢, is essentially constant at large 7.
This suggests the following form for b/(7):

bi(n) = ¥n(n) exp [—74°/2].

We expand the ¢, about » = 0 and for later convenience take the expanded form for
the entire function b.(y) as

biln) = exp [=7/2] 35 (27" G/ T + /2] @)

where I'(z) is the gamma function. By placing the assumed expansion form for b, as
per Eq. (21) into the left-hand side of Eq. (23), multiplying both sides of this latter
equation by exp [7°/2], and expanding this exponential function about n = 0, it is
possible in the end to obtain an equation for the G, . as a function of the (known)
A, . and the unknown constant b,(0) of interest. We are specifically able to find that
Gnn = Cp,b.(0) + §n.n where the €, , are constants and the §,,., are functions of the
A,.,p < n,q < m. These are given in Eq. (18) of [1].

We are now in a position to integrate Eq. (23) formally. Using the condition of
Eq. (10) we find

b.(0) ~ — fo ) exp [—7"/2] ":Zo {2977 2C 1™ /T(m + 1)/2]} dn. 29

We use the ~ from here on to indicate that the right-hand side is only ‘“‘a representation”
of the left-hand side since the integrand on the right is itself not defined at the upper
Limit of integration. We formally exchange integration and summation in this last and
eventually obtain

B.0) ~ = 3= Gn = — 3= [€0abs0) + T, (5)

The problem has now been reduced to one of obtaining a meaningful equation for the
b.(0) from Eq. (25). The identical problem comes about in [1], and the situation is
discussed at length in that work. There it was found that although the infinite sums
of Eq. (25) are in general divergent it is consistent to assume that they can be rendered
convergent by the use of the multiple Euler transformation [2] [7] §® defined by

&N, = 8V, ) = 2770 i Me,min!/[(n — @) g1},
a=0 (26)
§P(M,..) = gV, p> 1.
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Thus the validity of an assumption of divergence, asymptotic divergence, or convergence
of the infinite sum Z:-o G. . or any one of its multiply transformed infinite sums,
3o 87[G..), could only be studied @ posteriori after a tentative solution for the
b.(0) under consideration was obtained. This was true, of course, since the terms G, .
contain the unknown, b,(0), itself.

A summary of all the results for the b,(0) which were obtained in [1] are reproduced
here in Table 1.

In the next section we will seek solutions for the b,(0) = ¢.(0) directly from our
formal ¢,(z) solution form given in Egs. (17) and (18). As will be seen, this will enable
us to represent a given ¢,(0) in terms of an infinite sum of known terms, the divergence
or convergence of which can be studied previous to any actual summing process. In
the event that divergence or slow convergence is indicated we will again bring to bear
the Euler transformation with the hope of rendering the particular sum of interest
(more rapidly) convergent.

4. Approximate solutions for the g,(n) from the solution representations of Egs.
(17) and (18). This section will be concerned with the approximate evaluation of the
functions g.(y) by utilizing the exact quadrature form of solution presented in Egs.
(17) and (18). For a given n attention is eventually focused here on the problem of
obtaining a solution for the leading term ¢,(0) in the expansion of such a function.
Once this has been obtained, all other terms in the expansion follow from readily ac-
cessible recurrence relations. In such a manner, somewhat similar to that sketched
in the previous section, solutions for the g,(n) (and, of course, for the b,(n)) can be
constructed recursively.

We introduce the expansions of the g, as

TABLE 1
Solutions for the b,(0) = g¢a(0).

Exact Solutions
from Egs. (16),
(19) and (20).

Approximate Solution from [1] Approximate Solution from
and Section 3. Section 4.

b:1(0) = ¢1(0) = Exact to 12 —(2/x)1/2
significant figures

b,(0) = g2(0) = Exact to 16 3 3
significant figures
b3(0) = g:(0) = Exact to 6 Exact to 14 significant (1/48)(2/7)12{19/6

significant figures
by(0) = g40) = 0.106534(1072)
bs(0) = gs(0) = 0.2655(1073)
be(0) = g¢(0) = 0.780(107%)
b7(0) = g«(0) = 0.254(107%)
bs(0) = g4(0) = 0.88(1075)
bo(0) = g4(0) = 0.32(107%)
b10(0) = g10(0) = 0.12(107%)
b11(0) = gu(0) = 0.5(107%)
b12(0) = 912(0) = 0.2(107%)
513(0) = gus(0) = —

figures
0.1065341031512(1072)
0.26550353617(1073)
0.7805215827(1074)
0.2538027999(1074)
0.883912653(107%)
0.323588330(107%)
0.123047433(1075)
0.48210506(107%)
0.1935129(107¢)
0.792397(1077)

+ (2/7)[9(3)** — 20}
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ga(n) = Zs Apan™s @7
For now we concentrate on a particular g, thereby assuming that all g, , » < n (i.e.
all A, ., p < n) have been previously obtained. Taking the exact solution for g,(0)

as per Eq. (16), we will be considering n > 1. Note that the condition of Eq. (13) requires
A7, =0, n > 1. (28)

We proceed with our solution by considering an expansion of the entire function,
h.(n), about 4 = 0. In view of the definition of Eq. (15) and for later convenience, we
take this expansion in the following form:

h) = —ep [=r'/4] 5 (250 + 0+ 9/20Kw /o). (29)

From the form of the (known) functions g, , p < n as per Eq. (27) it is possible, from
the definition of Eq. (15), to give explicit relationships for the K, , as functions of the
Al ,p < n. Thus

m,p )

n=1

Kow = {2T[(n + 3)/21} " 20 Al @A} nem — Alnen/2);

m=1

K,.= {2"Tn + 4)/2]}"1<—2A,§‘,..1 +24;..,+ 6 ni Ag,,,.A;,,,_,,) R

m=1

Kv.n = {2’/2*11‘[@ + n + 3)/2]}_l[p(p + I)Az,:+l.n—l - A;—l.n—l/z

n=—1

+ 2 A+ D+ DAhprnm — (o + 1/2 AL

me1

(30)

n=1 p-2

+ 2 2 {Alenll@ + DG+ DAlirnm — ALnen/2]

m=1 ¢=0

- (q + I)A;-a-l.mA;+l.n—m + A;—c—2‘mA;.n—m/4}] y p > 1,

where we have used the result of Eq. (28). According to the solution forms of Egs. an
and (18) we obtain the following exact solution for the unknown, g,(0), of interest:

9.0) = =21 + 1)/ [ " Drs o) . @31)

We now insert the h.(n) expansion as per Eq. (29) into the integrands of (31). In view
of the fact that this expansion is not valid throughout the entire range of integration
(i.e. at 7 — «) the equality sign is no longer necessarily valid. Formally exchanging
the order of summation and integration we finally obtain

0:0) ~ 2T + 1)/2] 3 2T + n + 3/2/plK,
(32)

. /; i 1 exp (—p*/4) D__,(u) dp.
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We have again utilized the ~ sign to indicate that the right-hand side of (32) is only
a formally obtained representation for the ¢,(0). Now the integrals of (31) for the case
p > 0 of interest have been exactly given [6] as

j:o ”7 exp (_ﬂ2/4)D-n—1(ﬂ) dﬂ = 1rl/22—v/2—n/2—1p!/r[(p + n + 3)/2]‘

Using this in (32) we obtain

9.(0) ~ Tl(n + 1)/2] ;; K, .. (33)
The problem has now become one of obtaining a meaningful equation for the g,(0)
from the representation of Eq. (33). The situation is similar to the one encountered
and briefly discussed in the previous section. The relationship of Eq. (25) in that section
corresponds, in this regard, to Eq. (33). However, as pointed out earlier, the terms of
the infinite sum on the left side of Eq. (25) contain the unknown, b,(0), of interest
whereas the terms K, , on the left side of Eq. (33) are independent of the present un-
known, ¢,(0), and can be determined from Eq. (30). In the present situation the Euler
transformation of Eqgs. (26) will again be utilized to force convergence or more rapid
convergence of the sums of Eq. (33). Thus Eq. (33) will directly result in a solution for
g.(0). Once ¢.(0) = A}, has been obtained it is a simple matter to obtain all of the
other A, . These follow from a recursion relationship deduced from Eq. (12) with the
use of the expansions of Egs. (27) and (29) and the result of Eq. (28). Thus

Aln=0.0), Al.=0, Ai.=(2n+ DA./4— T + 3)/2]K, .,
Af .= —2T((n + 9)/2]K, ../3,

Ay = [p0 — 1)]'1{(211 + DAs2./2 + A)i /4 (34
P/2-1
- Z (=DT[@ +n + 1)/2 — gK,-2-20..2""/[q!(0 — 2 — 29) Y]}, p >3
where
P/2 =p/2 if p iseven

=@p-—1/2 if p isodd,and =»n > 1.

With all of the above in mind we now proceed actually to obtain the ¢,(0) = 4},
and, in fact, the A7 ., n > 1in general. Using the exact result for g,(n) as given in Eq.
(16) we proceed to evaluate the subsequent g, one at a time starting with g, .

n = 2. In order to evaluate g,(0) from Eq. (33) we require the K, , as given in Eq.
(30). These depend on the A, , which, according to Eq. (16) and the expansion of
Eq. (27), are exactly given by [§]

Apy = 2/m)* ng (=D[2¢ — D2*7¢t (k — 917,

Afpira = 2_21‘/]9!.

Using these last in Egs. (30) all K, . can be evaluated. For the present calculation,
however, it is more direct to evaluate the K, . by using an exact solution for h.(n).

(35)
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This can be obtained from the definition of Eq. (15) with the use of the exact solution
for g,(n) as given by Eq. (16). Thus we obtain
hy(n) = —(2/m)Dg(n) D-5(n)

—exp [—4°/41{(2/7) exp [—7°/2] — (2/m)"*n + (2/m)"*y exf [2/2'°]},
where the error function, erf (z), is defined and expanded as [8]

of @) = /=) [ " exp [—£] dt

- (2/1#”);3 (=12 [k — Dk — 1)1

In view of the above we find that h, can be given by

ho(n) = —exp [—n2/4]{—(2/7r)” n — (2/m) ;V__; (= D™ k! 22k — 1)]"}-

Comparing this with the k, expansion of Eq. (29), and equating like coefficients of
—1° exp [—n°/4], we immediately obtain

Koo = —4(—1)"*[(2k — 1)(2k + 1)(2k + 3)]7, k>0, (36)
K1_2 = _7l'-1/2/4, all Other K2k+1.2 = 0.
Using these results in Eq. (33) the following representation for g,(0) results:

0:(0) ~ (/2) 2 K,.,

= —1/8 = /) X (— Ik — D@k + Dk + 3" = 178,

where the result [8] D i, (—1)*/(2k 4+ 1) = 7/4 has been used.

As it happens, the above result indicates that the infinite sum Y K, , is not only
convergent, but it is also summable in closed form. Moreover, as is evident from Eq.
(19), the representation for g.(0) as given by Eq. (33) yields the exact solution for this
quantity. As will be seen, the convergence of the infinite sums > K, ., of Eq. (33) is
not generally in evidence. In our computation of subsequent g.(0) we will therefore
incorporate the Euler transformation in an attempt to force convergence or more rapid
convergence of the particular Y, K, , under consideration. With regard to the present
calculation we point out that the use of the single Euler transformation on the series
> K,., appears to render this series more rapidly convergent. Thus, assuming that
the closed-form sum of this series was not at our disposal, we would have obtained our
value for ¢.(0) from

02(0) ~ (x*/2) z K, .. @7

Without any further values of the K, , , however, this approximation can be improved
by taking

00 ~ @2 3K, D) (39)
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for some optimum value of m. This is evident from a comparison between the approximate
results obtained from Egs. (37) and (38) for various values of ¢ and m as given in Table 2.
This table indicates that for the present calculation the most judicious choice of m
appears to be m = 1. Using double precision accuracy on the G.E. 635 computer it
was possible to establish an approximate result for ¢.(0) accurate to 17 significant
figures by using m = 1 and ¢ = 78 in Eq. (38). Using the same ¢ = 78 and Eq. (37)
one obtains a result for g,(0) accurate to only 5 significant figures.

n = 8. Using the exact result ¢g,(0) = %, and the solutions for K, as given in Eq.
(46), the coefficients 4/ , can be computed from Eq. (34). With these at our disposal
along with the A4, ; as per Eg. (35), the K, ; can be computed from Eq. (30). As with
g-(0), it is expected that the solution for g,(0) can be ascertained from the representation
of Eq. (83). Thus, for large enough g, we expect that either the representation

00 ~ K, (39)

=0

will yield an accurate solution for g;(0), or else, for some m, the representation

TABLE 2
Evaluation of g:(0) from Egs. (37) and (38).

g(0)~ g2(0)~ g2(0)~ g:(0)~
q q q q
g = (%) X Ky = T(§) 2 80(Kpn) =  T(3) 2 80(Kp) =  T(3) 2 89(Kyp,0) =
=0 =0 =0 =0
0 2122066 .106103 .053051¢ 10265255
1 .087206 .127904, .085027 .0477824
2 .129647, .128485, .1038135 .064756 ¢
3 .129647, .126269, .114503 5 .078258,
4 .123584, .1250434 .120338, .088954,
5 .123584, .1247514 .123343, .0973895
6 .125605, .124829, .124759, .104010,
7 .125605, .124947, .125325, .109179
8 .124687. .125010, .125469; 1113192,
9 .124687, 1125022, 1125427 5 .116287,
10 .125181, .1250134 .125323 4 .118657 ¢
11 .125181, .125003 6 .1252156 .120458
12 .124885, .124998 .125127¢ .121814,
13 .124885, .124997 5 .125064 7 .122824,
14 125077, .124998 5 125024 ¢ .123567 4
15 .125077, .124999, .125001 5 .1241064
16 1249454 .125000, .124990, .124489¢
17 .1249454 .125000; 124987 124756,
18 .1250396 .125000, 124987, 1249355
19 .1250396 .125000, .124990, .125051,
20 .124970, .125000, .124993, 11251205
21 .124970, .125000, .1249955 1251574
22 125023, .125000, .124997 5 .125172,4
23 .125023, .125000, .124998, .1251714
24 .124981, .125000, .1249994 .125162,
25 .124981, .125000, .1250004 .125146;
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q

9:(0) ~ Z §™(K,.) (40)

»=0

will optimize the accuracy of the unknown ¢;(0) under consideration. For several different
g, Table 3 shows the values of ¢,(0) resulting from the representation of Eq. (39) and
from the representation of Eq. (40) for different m. From this table it appears that
of the representations considered, the optimum accuracy for g;(0) might be expected
from the representation of Eq. (40) using m = 1 or 2. From the results of the first column
of this table it is clear that no useful information regarding the value of our unknown,
g5(0), has been obtained directly from the representation of Eq. (39). By using double
precision accuracy on the G.E. 635 computer it was possible, however, to establish
an approximate result for ¢;(0) accurate to 14 significant figures by using m = 2 and
g = 112 in Eq. (40). It is of interest to note that with ¢ = 112, Eq. (40) yields 11-place
accuracy with m = 1 and 9-place accuracy with m = 3. It is worthwhile to note further
that while ¢ = 112 is required for 14-place accuracy in g;(0), ¢ = 78 was sufficient for
17-place accuracy in the computation for ¢.(0). For a given ¢ there is a persistent loss

TABLE 3
Evaluation of ga(0) from Egs. (39) and (40).

g:(0)~ g3(0) ~ g3(0)~ g3(0)~
q q q q
q = T(2) X Kyp.3 T(2) X 6®(Kp,s) I(2) 3 6@(Kp,s) (2) Y. 8®(K,.s)
=0 =0 =0 =0

0 0521854 .0260924 .013046, 006523,
1 —.056671; 011925, .016027, 010530,
2 .048378, .004365, .014802; .012753,
3 .0017254 .003997, .012336, .013743¢
4 —.0126255 .0054374 009962, 013911,
5 017357, .006220, .008149, .013557,4
6 10141825 006034, .006951 .012898,
7 —.0081745 005906, 006256, 012084,
8 009109, 005897 ¢ 005912, 011219,
9 .011222, .005936, .005784 5 .010372,
10 .0064605 .005963 5 .0057715 009583,
11 —.002502, .005967 4 .005808 3 .008876,
12 .010253, .005959, .005858, .008260+
13 .010501, .005951 .005901, 007738,
14 003781, .005950, .005932, 007304,
15 — 0011724 0059525 .0059504 0069505
16 .011430, .005954 ¢ 005959 0066686
17 .011336, .005955, 0059624 006448,
18 .001160s .005954, .005962, .006279,
19 — .002000; .005954, .005960, .006153,
20 .014035, .005953+ .005957 ¢ .006061,
21 .013873, .005953 5 .005955, .005996 4
22 —.003232, .005954 , 0059544 005952
23 —.005428 5 .005954, .005953 .005925,
24 .019863, .005954, .005953 ¢ .005909,

25 .019698, .005954, .005953 5 .005902,
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of significant figures in the computation for a particular ¢,(0) as » increases. Moreover,
in such computations for a given ¢,(0) full use is made of the available accuracy of all
preceding ¢,(0)’s. Thus the higher the accuracy of early ¢.(0)’s the more ¢.(0)’s can be
computed. It is for this reason that it is useful to obtain as much accuracy as an available
computer facility will allow in the computation of early ¢.(0)’s.

With regard to the above approximate computations for the (known) values of
g2(0) and ¢5(0), the following indicated rules are noted in summary:

1. When the infinite sums of Eq. (33), representative of the values of ¢.(0), are
truncated to finite sums, there is a significant improvement in the accuracy of the
representation when the single or multiple Euler transformation of these sums are
utilized.

2. For a given n (within the scope of the calculations which were performed), a
representative ¢,(0) partial sum, ., , obtained from Eq. (33), and the sums, >, ,
> ., -+, obtained by the various multiple Euler transformations of such a sum, all
yield approximate values for ¢,(0) accurate to within the order of magnitude of the
“final terms” of the particular sum, ), , being considered.

For a given n, the optimum number of transformations, m, can be concluded by
invoking rule 2. Thus, m = m(n). In particular, the above computations have yielded
the results m(2) = 1 and m(3) =

n > 3. We now extend rules 1 and 2 above, and assume that they are vahd for the
approximate computation of all the ¢.(0). With such an assumption further results
have been obtained for all ¢,(0) up to ¢,5(0), and these are presented on Table 1 along
with the approximate results for ¢,(0), n = 1, 2 and 3, as obtained earlier in this section.
It is of interest to note that these new results were obtained from the general representa-
tion

a(n)

9.00) = T[(n + 1)/2] 2_; "MK, (41)

where the number of transformations, m, for optimum accuracy was found to be
m2) =1, m@) = m@) = m@) = m@®) = m(7) = m@® =m(@O =2,
m(10) = m(11) = m(12) = m(13) =

5. Evaluation of ¢(n, ). From the solution form for ¢ as given in Eq. (6) along
with the definition of Eq. (11), the exact results of Eqs. (7), (16), (19), and (20), and
the approximate results for the 4/, , of the previous section, we consider an evaluation
of our unknown function from the representation

+ [ £ o] e -

n=1

¢
(42)

— 1+ [0 + 008 + ws* + 5 (5 Az )| exm (-0,
In the actual computation, the internal sums Zf_o Al " = g.(n), r > 3 are truncated,
s going from O to 99. The index r in the second summation is taken from 4 to 13. The
error of the results in these computations, first for the g¢,(n), and, finally, for ¢(, {)
is estimated from the order of magnitude of the latter terms of the partial sums con-
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sidered. A plot of ¢(7, {) obtained through use of the above calculation procedure is
given in the solid lined curves of Fig. 1. This graphical presentation of ¢ (solid curves)
is plotted from calculated results which are estimated to be less than 19 in error.

Since the temperature history of the halfspace as a function of time and depth is
probably the most useful physical result of our solution, this has been obtained from
our above mentioned calculations for ¢ and from our definition (1) of the dimensionless
temperature V. The result is presented in the solid lined curves of Fig. 2 where V is
plotted as a function of NH |\H| ¢ with |\H| = as a parameter. Here the dimensionless
quantities z, { and H may be defined, as in [1], by

z = 2 (TACW) o k% t = OTIC¥p%/k%; H = HY/ITICH™ Y. (43)

The solid lined curves of Figs. 1 and 2 are also representative of plots of solutions
for ¢ and V which have been obtained from an approximation for ¢ as per Eq. (42)
with the infinite sum over n truncated after only 3 terms (i.e. using only the exact
solutions ¢; , g. , and g¢s;). Where such solution representations differ from our earlier
evaluations they are presented in dashed lines. As seen, such a readily usable approximate
closed-form solution gives good accuracy in ¢ or V for a significant range of the ¢ or
MH |\H| ¢ variables respectively.

6. Results and conclusions. Since the problem of the present work and that of [1]
are the same, the plots of our solution function are identical in the pertinent range of

1 1

-20 -1.0 0 10 ~— 4

F1a. 1. The dimensionless conductivity, ¢, as a function of ¢ with 5 as a parameter.
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F1G. 2. The dimensionless temperature, V, as a function of [\H|z with AH |AH| ¢ as a parameter.

independent variables to those plots obtained in [1]. The improved solution technique
developed here along with the more extensive calculations have, however, resulted
in evaluations for ¢ and V which are generally more accurate than those of [1] even
though these improvements do not show up in the relatively rough solution plots which
are presented.

For an interpretation of our solution vzs-d¢-vis the physical phenomenon of the heated
(or cooled) halfspace the reader is referred to the discussion at the end of [1] which is
entirely pertinent to the present work.

With regard to the solution technique of this study the following summary and
conclusions are finally noted:

1. The new exact solutions for g.(n) and g;(5) (or b.(n) and b;(y)) obtained in Sec. 2
along with the proof of analyticity of the general functions g.(7) or b.(n) gives us in-
creased confidence in the approximate solution techniques and results of both reference
[1] and the present work.

2. The approximate solution representation obtained from Egs. (6) or (32), where
we only consider terms up to and including O(t*), is useful over a significant range of
the independent variables.



A PROBLEM OF CONSTANT SURFACE HEATING 389

REFERENCES

[1] L. Y. Cooper, Constant heating of a variable conductivity halfspace, Quart. Appl. Math. 27, 173-184
(1969)

[2] D. Meksyn, New methods in laminar boundary layer theory, Pergamon Press, London, 1961

[3) H. Gortler, A new series for the calculation of steady laminar boundary layer flows, J. Math. Mech.
6, 1-66 (1957)

[4] H. Gortler, On the calculation of steady laminar boundary layer flows with continuous suction, J. Math.
Mech. 6, 323-340 (1957)

[5] E. Kamke, Differentialgleichungen lésungsmethoden und lésungen, Chelsea, New York, 1959.

[6] A. Erdélyi et al., Higher transcendental functions. Vol. II, McGraw-Hill, New York, 1953

[7] J. B. Rosser, Transformations to speed the convergence of series, J. Res. Nat. Bureau Standards 46,
56-64 (1951)

[8] I. S. Gradsteln and I. M. RyZik, Tables of integrals, series and products, Academic Press, New York,
1951



