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1. Introduction. The uniqueness theorems for classical elastostatics were first
established by Kirchhoff [1], The counterpart uniqueness theorem for classical elasto-
dynamics were first given by Neumann [2]. Both works [1], [2] rested on the assumption
that the elastic constants satisfy inequalities which are necessary and sufficient for
the positive-definiteness of the strain energy function. The theorems of [1], [2] thus
presupposed that

M > 0, -1 < <7 < J, (1)

where pi and a are, respectively, shear modulus and Poisson's ratio of the material.
Gurtin and Sternberg [3] have shown that with the limitation to the first boundary-

value problem of classical elastodynamics (surface displacements prescribed) and for
bounded domains, the inequalities (1) may be relaxed without loss of uniqueness. Thus
they obtained

H > 0, — oo < <r < £, l<o-<c°, (2)

or, equivalently,

c\ = n/p > 0, cl = 2(1 — cr)n/( 1 — 2a)p > 0, (3)

where cx and c2 are the distortion and dilational wave velocities in a medium of un-
limited extent, respectively.

As far as the elastodynamics of Cosserat and micropolar media are concerned,
certain inequalities have been proposed by Mindlin and Tiersten [4] for Cosserat media1
and by Eringen [5] for micropolar media which ensure the uniqueness of solutions for
the displacements field and microdeformations. Both uniqueness theorems in [4] and
[5] again rest on the assumption of positive-definiteness of the strain energy density.
The theorems in [4] for a Cosserat media presuppose that

ju > 0, 3A + 2/x > 0, (tj'I < 7), ?) > 0, (4)

where ix, jj'> v are all material constants such that the linear constitutive equations
for the material are

t' = XV-uI + MVu + uV), (5)
vd = 2t?VV X u + 2VV X uV, (6)

in which u is the deformation field, t and u are, respectively, the stress and couple stress

" Received April 6, 1972.
Throughout this paper by Cosserat media we mean those with constrained rotation.
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tensors, and s and d denote the symmetric and deviatoric parts, respectively. On the
other hand, the theorems established in [5] presuppose that

3X + 2/u + k > 0, n > 0, /c > 0, 7 > 0, |/S| < 7,

3a + 7 + 0 > 0, (7)

where X, n, k, /3, y are material constants such that the linear constitutive equations
for the material are

x = XV ul + Gu + k)Vu + muV, (8)

m = aV-<i>I + 0V<J> + 7<j> V, (9)
in which u and <j> are deformation and microrotation fields, respectively, and x and m
are the stress tensor and couple stress tensors, respectively.

The question as to whether or not the conditions (4) and (7) are necessary for unique-
ness is of obvious theoretical interest. Therefore it is the purpose of the present work
to show that, with limitation to the first boundary-value problem of elastodynamics
of linear materials with microdeformations (surface deformations and microdeforma-
tions prescribed) and for bounded domains, the inequalities (4) and (5) can be relaxed
without loss of uniqueness. Specifically, one finds that in these instances (4) and (5)
may be replaced by the following less stringent assumptions:

n > 0, X + > 0, t, > 0, (10)

X + 2m + k>0, m + (*/2) >0, 7 > 0, a + 0 + 7 > 0, k > 0. (11)

2. A generalization of the uniqueness theorem in elastodynamics of Cosserat media.
The displacement equations of motion of a linear, isotropic homogeneous Cosserat
medium with constrained rotation take the form [4]

P(d2u/dt2) = mV2u + (X + riVV-u + „V2(V X V X u) + pf + h V X Pc (12)

in which u(x, t) is the displacement vector and i(x, t) and c(x, t) are, respectively, the
body force and body couple per unit mass. Eq. (12), which must hold throughout the
region of space R occupied by the medium, is subject to the initial conditions

u(z, 0) = u(x), du/dt |(l-0) = v(a:) in R, (13)

where u(x) and v(x) are the prescribed initial distributions of displacement and velocity.
In the first fundamental problem of elastodynamics of Cosserat media the accompanying
boundary conditions are characterized by2

u(x, t) = U(x, t), V X u(x, t) = £2(z, t) on s (0 < t < <»), (14)

where s is the boundary of R and H(x, t), Ci(x, t) are the given displacements and rotations
on the surface, respectively.

Now let u(x, t) and u*(z, t) be two possible solutions of Eq. (12) subjected to con-
ditions (13) and (14), and set u* — u = w. The governing equations for the deter-
mination of w are

p(a2w/aO = mW + (x + m)vv-w + iv'(v x v x w), (15)
1 According to Koiter [6], conditions (14) make u kinematically admissible.
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•w(x, 0) = (dw/dt) |(«,o) = 0 in R, (16)

w(x, t) = V X w(x, /) = 0 on s (0 < / < <»).

Eq. (15) can be written alternatively as

p(d2w/dt2) = (X + 2ju)VV-w — nV X V X w

+ X V X (V X V X w). (17)

Let K{t) be the kinetic energy of the difference motion of the entire body, so that

Kv>-iLMdE- (is)
It may be shown with the help of certain vector identities and divergence theorem,

selectively, that

f ■/,[(>+wl7"'+'Sxv>!,+'(Vxvxvx,)xS
+ (v x w)) X v X v X w] ds - | J [(X + 2„) | (V w)'

2 J dR.+ ^(VXw)1 + ,^(VXVXw)!| dR. (19)

It is now clear that with the aid of (18) and the second of (16) expression (19) can
be integrated to yield

i' L [fr]*dR +1[<x + 2»>(v'w''
+ m(V X w)s + r,(V X V X w)2] dR = K(t) + (?(0 = c, (20)

in which c is a constant of integration. With the aid of first of (16),

c = 0, (21)

and therefore

K(t) + G(t) = 0 (0 < t < ®). (22)

It is easily seen, with the aid of first of (16), that for w(x, t) to be identically zero and
thus ensure the uniqueness of solution u(x, t), it is necessary and sufficient that:

X + 2ju > 0, n > 0, v > 0. (23)

These conditions are more relaxed than those obtained by Mindlin [4],

3. A generalization of the uniqueness theorem in elastodynamics of micropolar
media. The governing equations of linear isotropic, homogeneous micropolar solid
are

p(d2u/dt2) = (X + 2ix + /c)VV-u - (M + <c)V X V X u + «V X «i> + pf, (24)

Pj(d2$/dt2) = (a + p + y)VV-<> -tVXVXH^VXu-H + A (25)
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in which \i{x, t), §(x, t) are the maerodeformation vector and microrotation vector,
respectively, f, 1 are, respectively, the body force and body couple per unit mass, and j
is the microinertia. Eqs. (24) and (25), which must hold throughout the region of space
R occupied by the medium, are subject to the conditions

u(x, 0) = u(x), du/dt |(l.0) = v(z) in R, (26)

<S>(x, 0) = 4>(x), dif/dt |(.,0) = <0(2) in R, (27)

u(x, t) = U(x, t) on s, (28)

§(x, t) = <I>(x, t) on s. (29)

Now let (u, <j>) and (u*, <>*) be two possible states of equilibrium satisfying both (24)
and (25) together with the conditions (26)-(29), and set w = u* — u, v = <j>* — <f>.
The governing equations for the determination of w and v are

P(d2w/dt2) = (X + 2m + «)VV' W - (m + «)v X V X W + kV X v, (30)

pj{d\/df) = (a + + 7)VV 'v — 7V X V X v + kV X w — 2kv, (31)

w(x, 0) = (dw/dt) |(,.o> = v(x, 0) = (dv/dt) |(I,0) = 0 in R, (32)

w(x, t) = \(x, t) = 0 on s. (33)

Let T = 71, + T2 , where

r--!/[!?]*'»• T--1iMdR' <34»
It may be shown with the help of certain vector identities and divergence theorems
that

(dT/dt) + (dG/dt) =0, 0 < / < co, (35)

where

° = I IR [(X + 2y" + K)(V'W)2 + & + (k/2)](V x w)2 + X v>2

+ (a + 18 + 7)(V-v)2 + 2k(v - JV X w)2] dR. (36)

From (35),

T(t) + G(t) = c (0 < t < oo). (37)

But noting that T(0) = <7(0) =0 yields c = 0; thus

7X0 +<?(<)= 0, (0 < < < 00). (38)

It is easily seen, with the aid of (26) and (27), that for w(z, t), v(x, t) to be identically
zero and thus ensuring the uniqueness of solution of u(x, t) <[>(2, t), it is necessary and
sufficient that

X + 2M + k > 0, m + k/2 > 0, 7 > 0 k > 0 a + j8 + 7 > 0. (39)

These conditions are more relaxed than those established by Eringen [5].
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