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-BOOK REVIEW SECTION-

Generalized inverses and applications. Edited by M. Z. Nashed. Academic Press, New
York, 1976. xiv + 1054 pp. $34.00.

This book is the proceedings of an advanced seminar on generalized inverses and applications
held at the Mathematics Research Center, University of Wisconsin, Madison, Wisconsin, October, 1973.
It contains a historical preface, thirteen articles, and an annotated bibliography containing 1775 refer-
ences. If the authors of this bibliography (Nashed and Rail) had known about an additional paper on
generalized inverses by the reviewer and lying incomplete on his desk, they obviously would not have
had to list Jefferson's Declaration of Independence in order to bring the bibliography up to 1776 items
in honor of the U.S.A. Bicentennial.

The articles are divided into four main areas: Theory of generalized inverses: M. Z. Nashed and
G. F. Votruba, R. E. Kalman, A. Ben-Israel and T. N. E. Greville; Generalized inverses in analysis:
L. B. Rail, M. R. Hestenes, M. Z. Nashed; Computational methods and approximation theory: B.
Noble, G. H. Golub and V. Pereyra, M. Z. Nashed; Applications: F. J. Beutler and W. L. Root, A. Ben-
Israel, Arthur Albert, J. S. Chipman. One of these articles (Chipman on estimation and aggregation
in econometrics) is itself of book length. This is an important addition to the MRC's fine list of publica-
tions.

What is the theory of generalized inverses? In a word, and considering the matrix case, it is an
attempt to deal, symbolically and otherwise, with the linear system Ax — b when A is not square or
when A is square and is not invertible. It is clear how this simple concern can then diffuse throughout
the whole of linear mathematics and its applications.

A personal note: I first heard about generalized inverses in the mid-50's in a talk presented by
T. N. E. Greville at the National Bureau of Standards. I found the subject appealing and have main-
tained a kind of amateur's interest in it over the years. I also thought it would be useful as a unifying
tool. But, ye Gods, 1775 references in 20 years! How can an amateur keep up with such activity? I have
read overviews (in this field and elsewhere) and it just doesn't woik. To mix a metaphor: I find myself
drowning in undigested material. Help!

One final observation: in view of one-thousand-page unifications, it would appear that there are
no really unifying themes in mathematics.

P. J. Davis (Providence)

Pattern synthesis: lectures in pattern theory. Volume 1. By Ulf Granander. Springer-
Verlag, New York, Heidelberg, Berlin, 1976. 510 pp. $14.50.

The problem of growth and form is one which has always been with us. Each generation of scientists
makes its own attempt to explain the baffling phenomena of morphogenesis which characterize our
world, particularly the living world. Indeed, organizing one's sense impressions and seeing regular
patterns in them is one of the main characteristics of intelligent life. We must jump from the attempt
of Democritos to explain everything in terms of a few kinds of atoms to D'Arcy Thompson's classic
On Growth and Form (1916).

In essence, D'Arcy Thompson pointed out that many of the patterns to be observed in nature
could be described in simple mathematical terms. That is, he carried the Galilean mathematization of
the physical world into the biological, building on the continuous algebraic descriptions developed by
the great mathematicians of the Enlightenment. Although the particulate nature of matter and the
quantization of energy were then known, D'Arcy Thompson did not penetrate below the appearances
to the next substrate of mechanism. It is only in our own time, first in chemistry, and then, since the
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double helix was conclusively demonstrated, in biology, that molecular mechanisms have been taken
seriously.

Today's approaches are dominated by the concept algorithmic. In many systems, particularly
those of living matter, we see the segregation of information into special information-carrying structures
(still made of the same atoms) which serve to organize the development of the remaining material and
to produce patterns.

Professor Grenander's project, then, of which this is only the first volume, is nothing less than to
describe all types of patterns. Applying Chaitin's criterion (Scientific American, May, 1975, pp. 47-52),
and earlier work by Martin Lof, we can define a pattern as being a structure which can be described in
terms of generators with fewer bits (of information) than are necessary to describe the whole structure
directly as it stands. That is, some rule for compressing the description is discernible. H. A. Fatmi and
R. W. Young (Nature, 228, 97, 3 Oct. 1970) have defined intelligence as "that faculty of mind, by which
order is perceived in a situation previously considered disordered".

Grenander, then, examines a very wide variety of patterns in space and time and uses his insight and
skill to show how they may be generated by relatively simple instructions. In this first volume the genera-
tion of patterns is examined. Extending the theme, the distortion of images by various transfer functions
is also included. The patterns considered range from crystal structures to PERT (schemes for the
evaluation of the order in which to do various jobs in a construction project).

It must be said that for a non-mathematician (such as the reviewer) much of the treatment seems
somewhat complicated. The principle should be that a problem is translated into mathematical terms
("projected into a mathematical space"), it is then manipulated in the exact mill of mathematics,
and the product is then projected back again into "problem space". The resultant is then compared
with the original, with the hope that some illumination will result. That is, it is hoped that the in-
formation necessarily lost in the two operations of projection will prove to have been insignificant,
and that the significant features of the situation thus have been correctly isolated.

The theory will be of value if it shows us something which we have not seen before. The test is
user acceptance. All the patterns discussed are being attacked by specialists who probably will not
take any notice of overall treatment unless either the mathematical formulation enables some out-
standing problem to be solved or juxtaposition shows that their problem has already been solved in
an isomorphous case.

The study involves a taxonomy of patterns. The most significant taxonomy is one where the objects
themselves are actually interrelated in an evolutionary way originating from each other (as, for example,
do insects). If the objects are not so related (as, for example, the crystal structures of minerals), taxonomy
is of only bureaucratic rather than of scientific significance.

Although crystal patterns are well understood and readily organized, the patterns of speech still
elude us, although progress is being made. As in amino-acid sequences, the invocation of statistical
elements is a confession of temporary ignorance of the detailed mechanisms.

Grenander's project is to be welcomed as an interesting and fundamental effort, although at present
it appears rather widely cast and eclectic. We must look forward to the complete study where results are
pulled together. Later volumes will be devoted to the analysis of patterns, to the ways in which they are
processed and to the formulation of a general theory.

Alan L. Mackay (London)


