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Abstract. The present study is concerned with a class of two-body contact problems
in linear elasticity. The model problem is a bending problem of the beam resting uni-
laterally upon a Pasternak foundation. A variational formulation is given by the mini-
max principle of the functional, and proof of the existence of saddle points is given by the
compatibility condition for applied forces and moments on the beam. It has been found
that the compatibility condition for equilibrium of the beam and foundation can be
achieved by arguments of coerciveness of the functional on the admissible set. An
approximation and example of the problem by finite element methods and a numerical
method for its solution are also introduced.

1. Introduction. The present study is concerned with a class of two-body contact
problems in linear elasticity. More specifically, a bending problem for a beam which is
unilaterally resting on a Pasternak foundation without support or fixed conditions is
considered by the theory of convex analysis. In this paper, a mathematical theory for
such a problem as well as a method for obtaining an approximate solution are
introduced.

The contact problem is formulated by deflection of the beam and contact pressure.
One advantage of using contact pressure is that the problem can be defined on the
domain of the beam even though the foundation is infinitely long. Moreover, constraint
inequalities due to unilateral contact are given by contact pressure, but not by deflection
of the beam. This makes it simple to formulate the problem. However, it should be
pointed out that concentrated contact forces may occur at the end points of the beam
when they contact the foundation due to the characteristics of the Pasternak foundation.
Indeed, since the Pasternak foundation is represented by the second-order differential
equation of the deflection, the first derivative of its deflection need not be continuous,
whereas the first derivative of the deflection of the beam is always continuous. If contact
between the beam and the foundation occurs within the interior of the beam, the first
derivative of deflection of the foundation is then forced to maintain continuity; that is,
contact pressure is distributed. If, on the other hand, the beam contacts the foundation at
its end points, the first derivative of the deflection of the foundation does not have to be
continuous. Discontinuity imolies concentrated fnrre at the enrl nnints.

* Received March 14, 1979; revised version received July 11, 1979. The author was supported during this
study by the Air Force Office of Scientific Research grant F-49620-78-C-0083.
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For the formulation of the contact problem which is discussed in this paper, a
variational principle is introduced using the minimax principle of the functional. The
functional consists of the total potential energy of the beam and the reciprocal potential
energy of the foundation. Here reciprocal potential energy means total potential energy
and is expressed by the force instead of the deflection.

Next, existence of a saddle point of the functional associated with the contact prob-
lem is proved. To this end, precise definitions of the admissible sets for deflections of the
beam and contact pressure of the foundation are provided. The admissible set of
deflection of the beam is chosen such that the total strain energy of the beam is finite.
This in turn restricts the possibility of applied forces, moments, etc.; that is, the work
done by any external forces and moments must be a continuous linear functional on the
admissible set of deflections of the beam. The admissible set of contact pressure is chosen
as a subset of the dual of the space in which the strain energy of the Pasternak founda-
tion is finite. Because of unilateral contact, admissible contact pressures are restricted by
the inequality < which is an extended relation of < in the ordinary sense to the dual
space.

Thus, once the admissible sets are defined, existence of a saddle point is proved. A
sufficient condition for the existence of a saddle point is obtained by arguing the coer-
civeness of the functional. Even though the beam is not supported or fixed, a saddle point
(i.e. an equilibrium configuration of the beam and foundation) exists if applied forces and
moments satisfy the compatibility condition. This condition can be obtained only
through rigorous theoretical arguments.

An approximation of the saddle point problem, which represents the contact prob-
lem, is next introduced. For the beam, the first-order Hermite interpolation is taken in
each finite element of the beam. For the foundation, the contact pressure is interpolated
by the linear combination of the Dirac delta functions. The saddle point problem then
becomes a system of equations with respect to the generalized displacement of the beam,
and a system of inequalities with respect to the contact pressure of the foundation. The
system of equations is treated as usual. A solution method for the system of inequalities
is developed through consideration of a simple one-variable problem in which character-
istics are equivalent to those associated with the present problem. The solution method
introduced here is based on Uzawa's iterative method which is discussed in Ekeland and
Temam [1],

In considering the present problem, the works of Fremond [2] and Boucher [3] were
particularly relevant. Fremond solves an indentation problem between a linearly elastic
body and a semi-infinite linearly elastic foundation using the theory of variational
inequalities. He represents the infinite domain by the Green function which is obtained
using the so-called Kelvin solution, e.g., Fung [4]. This procedure is also applied in the
present study because representation of the foundation by contact pressure provides a
more direct relationship between the body and the foundation. However, in this paper,
the unilateral contact condition is imposed only on the pressure and not on the
deformation of the beam. Contact constraint is represented by both the deformation of
the body and the pressure of the foundation in Fremond [2]. Because the constraint is
imposed only on the contact pressure, the present formulation can be much simpler than
that of Fremond. Boucher [3] took another approach to the same problem. He defined
the contact problem by deformations of both the indented body and the foundation
instead of by contact pressure. He also found a sufficient condition for the existence of



BEAM BENDING PROBLEMS 93

solutions in the indented body that has no fixed conditions. A similar procedure is
adopted to find a sufficient condition in the present problem since the beam is not
supported or fixed at any point.

The general mathematical background of this study is provided by Ekeland and
Temam [1] and Necas [5]. The minimax principle of the functional and Uzawa's iteration
method are extracted from Ekeland and Temam [1], and consequences of function
spaces, such as the Sobolev space, are found in Necas [5],

2. A beam bending problem. Suppose that a beam resting upon a Pasternak founda-
tion is subjected to the transverse load f(x) applied within the interior of the beam and
to the axial load P applied at the end points of the beam. Suppose that the beam rests on
the foundation unilaterally with no fixed boundary conditions. If some part of the beam
contacts the foundation, contact pressure occurs. On the other hand, wherever the beam
leaves the foundation, the contact pressure becomes zero. In this section governing
equations are derived using both the deflection of the beam and the contact pressure of
the foundation.

Let the beam occupy the interval (0, /) of the x-axis initially, and let it be charac-
terized by the linear differential equation

(EIw")" — Pw" = f in (0,/). (2.1)

Here EI is the stiffness of the beam, f is the net transverse load, P is the applied axial
load, and the prime indicates the derivative with respect to x. If P is positive, the beam
receives tension force.

Let the foundation occupy the infinite region ( — oo, oo) of the x-axis. The Pasternak
foundation is characterized by the linear differential equation

— (jui/)' + ku = p in ( — 00,00), (2.2)

where n is the shear modulus, k is the spring constant, p is the net transverse load
(pressure), and u is the deflection of the foundation. The Pasternak foundation is a simple
model of the real foundation consisting of a membrane and continuously distributed
springs. If /x = 0, the Pasternak foundation coincides with the Winker foundation. Details
of such simple foundation models can be found in Keer [6].

By using material constants n and k of the Pasternak foundation, the solution of the
differential equation (2.2) is given by the integral form

"(*) = I g(x> y)p(y) dy = g(p)(x) (2-3)
- 00

where
, , 1 \eb{x~y) if x<v ,

9^X'y^~2iib\eb(y-x) if x > y ^

and

b2 = k/fi. (2.5)

The contact problem, shown in Fig. 1, is next formulated. First, properties of contact
pressure are investigated. If contact occurs within the beam, only distributed contact
pressure p(x), 0 < x < /, is produced because the gradient of the deflection of the beam is
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Pasternak Foundation

Fig. 1. Beam on the Pasternak foundation.

continuous in the whole region (0, /). However, if the end points of the beam contact the
foundation, the gradient of the deflection of the Pasternak foundation is no longer
continuous since the gradient of the beam deflection is not defined at the end points. This
causes concentrated reacting forces at the end points of the beam, say p0 and p,. Thus,
the contact pressure p consists of three components {p(x), p0, p,}; more precisely,

p(x) = 0, — oo < x < 0

= p0, x = 0

= p(x), 0 < x < /

= Pi, x — I

= 0, I < x < + oo, (2.6)

Furthermore, since the beam contacts the foundation only unilaterally, the reacting
contact pressure p(x) cannot take negative values on the entire domain ( — oo, oo), i.e.,

m - 0 if u(x) > w(x)l on
p(x) > 0 if u(x) = w(x)|

and

p(x) = 0 in (— oo, 0) u (/, +oo). (2.8)

The kinematical restriction due to contact is given by

u(x) > w(x) on [0, /]. (2.9)

Here [0, /] means the closed interval of the x-axis. Combining (2.7) through (2.9) yields
the compact form of the contact conditions

p(x)(u(x) — w(x)) = 0, p(x) > 0, u(x) — w(x) >0 in [0, /],
(2.10)p(x) = 0 in ( — oo, 0) u (/, + oo).

On the other hand, the equilibrium equations of the beam are now represented by

(EIw")" - Pw" + p=f in (0, /), (2.11)
EIw"( 0) = EIw" (I) = 0, (2.12)

(EIw")'(0) + Po = - (EIw")'(l) + Pl = 0. (2.13)
The derivation of Eq. (2.11) from (2.1) is obvious since the net transverse load f(x) is
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equal to f(x) — p(x), where f(x) is the load applied to the beam. Since both of the end
points of the beam are free, the bending moment must vanish, i.e., (2.12). The balance of
shear forces at the end points of the beam is given by (2.13).

Thus, the unilateral contact problem described in Fig. 1 is formulated in a pointwise
manner by the set of equations and inequalities {(2.3), (2.10), (2.11), (2.12), and (2.13)}. In
these representations, pointwise existence of w", (EIw")", and p is assumed a priori. These
requirements are weakened by variational formulation, as shown in the next section.

3. Variational formulation. In this section, a variational formulation associated with
the contact problem discussed in the previous section is introduced. The variational
formulation is established by the use of saddle-point methods of convex-concave func-
tional. To this end, the total potential energy of the Pasternak foundation due to the
contact pressure is first derived. Let q(x) be an arbitrary contact pressure defined as in
(2.6) such that q(x) > 0. Then the total potential energy is defined by

Fr(4) = J<4, G(4)> ~ <4, v)

= | g(x, y)q(y) dyq(x) dx - \ v(x)q(x) dx (3.1)
^ — 00 - 00 — 00

where 0(x) is the extension of an arbitrary virtual deflection of the beam into the whole
region ( —oo, oo) so that

v(x) = v(x), x e [0, /]

= 0, x e ( — oo, 0) u (/, + oo). (3.2)

The following identity follows from the fact that q(x) = 0 in ( — oo, 0) u (/, +00):

1'°°G(q)(x) = g(x, y)q(y) dy
— 00

I
= I q(x, y)q(y) dy + g{x, 0)q0 + g{x, l)qt. (3.3)

Jo

Then, using the symmetry g(x, y) = g(y, x),

Cq, G(p)> = <p, G(q)) (3.4)
and

(q, G(p)} = | G(p)(x)q(x) dx + G(p)(0)<jo + G(p){l)q,. (3.5)
Jo

For the pairing (q, v), the following identity is valid:

(q, v> = | v(x)q(x) dx + u(0)<gr0 + v(l)q,. (3.6)
0

Therefore,

0 [i(p + G(p + 9q)) - (p + 9q, £>] = (q, G(p) - v> (3.7)
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The potential energy of the beam is written by

Fw(v) = \ \{EI(v")2 + P(v')2 - 2fv) dx. (3.8)
Z *0

Thus, the Lagrangian L(v, q) is defined by

L(v, q) = \ f \eI(v")2 + P(v')2 - 2\fv) dx - K<7, G(q)> + (q, v) (3.9)
z Jo

where v is the extension of v, cf. (3.2). Let V be the set of all admissible deflections of the
beam, and let K be the set of all admissible contact pressures of the foundation such that
they are non-negative. Precise definitions of V and K will be given later.

Suppose that the pair {w, p} e V x K forms a saddle point of L(-, ■) on V x K, i.e.,

L(w, q) < L(w, p) < L(v, p), V(u, q) e V x K. (3.10)

It will be shown that the saddle point {w, p} weakly satisfies the contact problem (2.10)
through (2.13).

Taking q = p + 6(s - p), 6 e (0, 1] and s > 0 in the first inequality of (3.10) yields

Kp + 0(s - p), G(p + 9(s - p))> - Ka G(p)} - 9(s -p,w)> 0.
Dividing by 0 > 0, and passing to the limit 0 -> 0 imply that

<s — p, G(p) — w) > 0, Vs > 0. (311)

If s = p + q, q > 0, in (3.11), (q, G(p) - w> > 0, i.e.

| (G(p) - w){x)q(x) dx + (G(p) - w)(0)qo + (G(p) - w)(l)q, > 0.
Jo

Since the choice of q is arbitrary within non-negativeness, the inequality means that

G(p)(x) — w(x) >0 in [0, /].

According to (2.3), this is the same as the inequality

u(x) — w(x) >0 in [0, /].

Furthermore, if s = 0 and s = 2p are taken in (3.11), it can be established that

(P, G(p) - w) = 0.
Then the relation

(G(p) - w)(x)p(x) = 0 in [0, /]

follows from the definition (3.5) of < •, • >. Since p(x) e K, the saddle point {w, p} satisfies

(G(p) — w)(x)p(x) = 0, p(x) > 0, u(x) - w(x) >0 in [0, /].

These are exactly the same as the contact conditions (2.10) discussed in the previous
section.

By taking v = w ±9z in the second inequality of (3.10), dividing by 9 > 0, and pass-
ing to the limit 9 -> 0, the following equation is then deduced:

(
{EIw"z" + Pw'z' —fz} dx + <p, z> = 0,
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i.e.

'0
{EIW'z" + Pw'z' + pz —fz} dx + poz(0) + ptz(l) = 0 (312)

for every z e V. Since any z e Co (0, /) is an admissible deflection of the beam, (3.12)
implies

f {EIW'z" + pw'z' -fz} dx = 0, Vz e C?(0, /)
•o

This means that

(EIw")" - Pw" + p=f in (0,/)

with regard to distribution. If w is smooth enough that (EIw")' and EIw" are meaningful
at the boundary of (0, /), (3.12) is further reduced to

+ poz(0) + p,z(l) = 0— (EIw") z + EIw"z'
0

for every z e V. This precisely implies

(Elw")'(0) + Po = 0, - (EIw")'(I) + Pl = 0,
EIw"( 0) = EIw"(l) = 0.

Therefore, with the assumption of the smoothness of w, it is proved that the saddle point
{w, p] satisfies equilibrium equations (2.11) through (2.13) of the beam.

Theorem 1. The saddle point {w, p} e V x K of the functional L(v, q) defined by (3.9) on
the set V x K is a solution of the boundary-value problem {(2.3), (2.10) through (2.13)} of
the contact problem, whenever w is smooth enough so that (EIw")' and EIw" are mean-
ingful at the end points of the beam.

4. An existence theorem. The admissible sets V and K for the deflection of the beam
and for the contact pressure of the foundation have not yet been defined. Specification of
these follows from investigation of the strain energy of the beam and the total potential
energy of the foundation.

Let EI(x) e JL°°(0, /) and let

mj < EI(x) < m2 almost everywhere in (0, /) (4.1)

where and m2 are positive constants. Then, from (3.8),

Fw(v) <max(m2, |P|)||i;|||- [ fv dx (4.2)

where

\v\\i
r'= Y, (d'v/dx')2 dx, m> 0. (4.3)

; ^ ~ *ni <m 0

Here || • ||m is the norm of the Sobolev space

ff"(0, /) = {»: d'v/dx■' e L2(0, /), i = 0, 1, , m}. (4.4)
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By the Sobolev imbedding theorem and the trace theorem,

H2(0, /) c* c»[0, /] (4.5)

Here means "is densely and continuously embedded," and Cm[0, /] is the space of
continuously m-times differentiable functions defined on the closed interval [0, /]. Details
of such functional analysis can be found in, e.g., Necas [5]. Then if f e I}(0, /),

Fw(v) < max(m2, | P | )||u\\\ + C||/||0,, H|2 (4.6)

where || ■ ||0, i is the L'-norm:

|o, i = | \f\ dx."0

The estimate (4.6) means that the potential energy of the beam is finite if V is H2(0, /).
Remark 1. Using (4.5), not only the transverse load f(x) but also the distributed

moment g(x), the point load f at x = xt, i = 1, ..., if, and the point moment gt, at
x = xf, i=l, ..., ig can be applied on the beam and its end points. Then the term
— jo fv dx in (3.8) is changed by

- [ fv dx - | gv' dx - ^ fAxt) - £ 5,■»'(*()• (47)
J0 J0 i = 1 i= 1

This is still meaningful on H2(0, /) if g e I}(0,1) and f, gt e IR.
Moreover, (4.5) means that the gradient 6 = dw/dx of the deflection w e H2(0, /) is

continuous on [0, /]. This is compatible with physical intuitions, and therefore the Sob-
olev space H2(0, /) is proper for formulation of the beam problems.

In order to define the admissible set K for contact pressure p(x), the differential
equation (2.2) (which characterizes the Pasternak foundation) is investigated. The mini-
mum requirement for making sense of (2.2) is the assumption that the admissible set for
the deflection of the foundation is Hl(U). Indeed, the formal operator of the bilinear form

b(u, v) = | {nu'v' + kuv} dx
K

is the differential operator

u —> — + ku.

The bilinear form b(u, v) makes sense in Hl(U), since

b(u, v) < max(/i2, A:2)||u|| x ||f|| j (4.8)

whenever positive constants n2, ku and k2 exist such that

Hi < n(x) < n2y k1<k(x)<k2. (4.9)

Moreover, the bilinear form b(u, f) satisfies

b(u, u)> min^i, fcj)!"!!?. (4.10)
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Thus, the data p in (2.2) refer to the dual space of Hl(M); i.e., p e H~1(R). The order >
in H~l(U) means that

p > 0 in H_1([R) if and only if </5, v} > 0

for every v e H1(IR) such that v > 0 in R, (4.11)

where < •, •) is the duality pairing on H_1(R) x H1(R). If p e L2(R), then

<p, v) = ( pv dx, \/veH1(

It is notable that the Dirac delta function 5(x) belongs to H '(R). Therefore the admis-
sible set K for contact pressures can be given by

K = {qeH~1(U):q > 0}. (4.12)

Remark 2. As shown in (4.8) and (4.10), the bilinear form b(u, v) is continuous and
coercive on Hl(U). Then, by the Lax Milgram theorem (Necas [5]), for every
p e H~i(R), there exists a unique solution u e HX(R) such that

b(u,v)=(p, v), VveH1(R).

This implies the existence of the operator G (which is called Green's operator) from
H~1(R) onto H'(R) such that

u = G(p). (4.13)

Thus, while n and k were assumed to be constants in Sec. 2, this is not necessary in order
to develop the above theory provided (4.9) holds.

The existence of saddle points L(v, q) on V x K follows from Ekeland and Temam's
[1]* general existence theorem of saddle points if all requirements are satisfied.

Proposition 1. Let M and K be closed convex subsets of reflexive Banach spaces V and
y, respectively. Suppose that L(v, q) is a functional on M x K such that

(i) L( •, q) is convex lower semicontinuous on M for every fixed q e K,
(ii) L(v, ■) is concave upper semicontinuous on K for every fixed v e M,

(iii) L(v, q)-> — oo as ||q||y-> +00, q e K, and
(iv) sup4eK L(v, q) + oo as ||t;||K -> + oo, v e M.
There then exists at least one solution to the saddle point problem:

(w, p) e M x K: L(w, q) < L(w, p) < L(v, p),

for every (u, q) e M x K.

Since conditions (i), (ii), and (iii) are obviously satisfied by the Lagrangian L(v, q)
defined by (3.9), it suffices to show that the functional L(v, q) satisfies condition (iv):
coerciveness with respect to v.

Let qv e K be a maximizer of L(v, q) on the set K for a fixed but arbitrary element
v e V, i.e.,

L(v, qv) = sup L(v, q).
q e K

* The statements of Proposition 1 are properly modified; cf. Ekeland and Temam [1, p. 176].
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Then qv e K satisfies the inequality

<4 - qv, G(qv) - v) > 0, Vq e K

This is also equivalent to the system

Cq, G(qv) - v) > 0, Vq e K,

(qv, G(qv) - v) = 0.

The second equation implies

L(», q„) = \ \'{EI(v")2 + P(v')2 - 2fa} dx + &qv, G(qv)). (4.14)
Z -0

It is recalled that the space V = H2(0, /) is decomposed by the sum of two spaces
V n .^ll and J1, i.e.,

V = V n ifl1- ® M (4.15)

where is the orthogonal complement of J1 with respect to the space Hl(0, /) and 3ft is
defined by the set of all rigid body motions of the beam:

# = {r e H2( 0, I): r(x) = ax + b, a, be R}. (4.16)

Then every element v e H2(0, /) can be decomposed by v = v + rv, v e and rv e
where rv is defined by

||r„ — f|| i < ||r — t>||!, Vr e &t.

This means that " || u|| 2 —*" + oo " is achieved by " | v \2 -» + oo " or " ||r„ ||! -* + oo where
| • |2 is the seminorm of H2(0, /) defined by

|,|I= fV')2 dx.
Jo

Thus, if (4.1) and P > 0 hold,

L(v, qv) > \ v\l- C||/||0,11|»||2. (4.17)
Here we have used the inequality

<q,G(q)>> 0, V<j G

Coerciveness of L(-, qv) on Fnl1 follows from the estimate (4.17), i.e., it is determined
that L(v, <?„)->+ oo as |D|2 -» +oo. Thus, in order to show condition (iv), it suffices to
show coerciveness of L( ■, qv) on 3#, because of the decomposition (4.15). For every ref,

L(r, qr)> —a | f(x)x dx - b f f(x) dx + j(qr, G(qr)> (4.18)
*0 '0

if P > 0.
If r(x) = ax + b > 0 is satisfied on any subset of [0, /] in which measure is positive,

there exists a positive constant c > 0 such that

<<7r, G(<?r)> > c||r||f, qr e K. (4.19)
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This is assured by (4.8) and (4.10). Then estimates (4.18) and (4.19) imply

L{r, qr) -* + oo as ||r|| x —» + oo, (4-20)

since the first two terms of (4.18) increase linearly in ||r||j while the third increases
quadratically.

Suppose that r(x) = ax + b < 0 on [0, /]. This implies G(qr) - 0. Then the estimate
(4.19) cannot be applied to show coerciveness of L(r, qr). In this case, other considera-
tions are necessary. Since ax + b < 0 for every x e [0, /], then

b < 0 and a < —b/l. (4-21)
Suppose that

Then, from (4.18),

This implies that

[ f(x)dx> 0 and [ f(x)xdx> 0. (4-22)
•o o

L(r, qr) > f(x)x dx - J f(x) dx^b-

L(r,qr)-++ oo as b- oo (i.e. ||rj| t -<• + oo)

whenever the following condition holds:

' 1 r'f(x)dx>-\ f(x)xdx. (4-23)
o ' Jo

If a-* +oo, then b-> — oo, using (4.21). Then the same conditions, (4.22) and (4.23),
imply that

L(r,qr)->+oo as a-> + oo (i.e. ||r|| 1 -»• + oo).

For a-* — oo, condition (4.22) implies that

L(r, qr)-> +oo as a->- oo (i.e. ||r|| t -» + oo)

Therefore, under conditions (4.22) and (4.23), i.e.

' 1 r'f(x)dx> - f(x)xdx> 0, (4-24)
) ' "0

coerciveness of L(r, qr) on 0t is satisfied. That is,

L(r,qr)->+co as j|r|| x -*■ +oo, reJ

Thus, from the above discussions, the following theorem can be summarized:

Theorem 2. Let P > 0. Suppose that condition (4.24), i.e.

holds. Then there exists at least one solution, {w, p} e V x K, to the saddle-point prob-
lem (3.10), i.e.

{w, p} e V x K: L(w, q) < L(w, p) < L(v, p) for every {t>, q} e V x K.

| f(x) dx > | [ f(x)x dx > 0,
Jn I •'n
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Remark 3. If, in addition to the transverse load, transverse moment, point loads, and
point moments are applied on the beam (i.e., if (4.7) is used instead of j'0 fv dx in (3.8))
condition (4.24) is changed by

fdx + £ /■ > j/j fx dx + J g dx + £ fx, + £ #,) > 0. (4.25)
•0 i — 1

Condition (4.24) or (4.25) is called the compatibility condition and is sufficient for the
solution to the contact problem {(2.3), (2.10) through (2.13)}. Several typical examples are
shown in Fig. 2.

It is notable that existence of solutions to the contact problem is not assured even for
very small compressible axial forces, P < 0. In these cases, one of the end points must be
fixed or both end points simply supported.

5. An approximation and a solution method. A brief discussion of an approximation
of the Lagrangian L(v, q) (3.9) is first given, and then a solution method for the approxi-
mate saddle point problem (3.10) is introduced.

Discretization of the beam and the foundation is performed in such a manner that
nodal points of the beam coincide with those of the foundation. Then on each divided
element of the beam, the deflection w(x) is interpolated by the Hermite-type cubic
polynomials:

2

we(x) = £ wfiVf(x)-I-0fMf(x) in the eth element, (5.1)
;= i

where

N\(x) = 1 — 3x2 + 2x3, M^(x) = hex(x — l)2,

iVf(x) = 3x2 - 2x3, M\(x) = hex2(x - 1). (5.2)

Mo
4- 4- I ~i o i M

■JL
i/2 — J f0a> 2 f0a + 2I> 0

f Mo
j 1 . . a , . M0

. a - f0a > 2l f0a + T > 0

£.l f2
if:

fl + f2 + f3 > I ("f2a + f3l) " °

1
Fig. 2. Examples of compatible applied forces and moments.
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Here he is the length of the eth element, and {wf} and {0f} are the values of the deflection
and the gradient of the deflection at the local ith nodal point of the eth element. Assem-
bling each interpolated deflection we(x), the total deflection of the beam w(x) can be
given by

w(x) = YwiNiix) + 0tMi, (5.3)
i = 1

where N is the total number of nodal points of the finite-element model of the beam, and
{Ni}i=i and L, are global interpolation functions which are constructed by assem-
bling all and {MfSubstitution of (5.3) into the first three terms of
(3.9) then yields

\ f\eI(v")2 + P(v')2 - 2fv] dx = mr[Kij]{Vj} + 1 < i, j < 2N. (5.4)
Z •'o

Here, for 1 < i,j < N, V2i_1 = vit V2i = 0f, etc.
Next a discretization for the contact pressure p is introduced. It is recalled that

peH~l(U) in general. By Sobolev's embedding theorem (see Necas [5]) the dual space
Hl(U) of H_1([R) is included in the space C(IR) of continuous functions. Then any
element p e H~i(IR) can be approximated by

M

P(x)= YP'S(xi)> Pi^° (5-5)
i = 1

where <5(xf) is the Dirac delta function at the coordinate x;, and p, is the value of p at
x = Xj. As shown in (2.6), only the portion of the foundation which coincides with the
beam should be considered. Then x( is identified with the coordinate of the ith nodal
point of the beam, i.e. M = N. This identification implies that p, in (5.5) corresponds to
p0 in (2.6) and that pN in (5.5) corresponds to p, in (2.6). Substitution of (5.5) into (2.3)
therefore implies

G(P)(X)= 19(x, yi)Pi, tv, = *«)■ (5.6)
i = 1

Then it can be determined that

G(<?)> + v> = Gij\{qj} + 1 <i,j<N (5.7)
where

Gij = g(Xi,yj) (yj = Xj) (5.8)

Therefore, the Lagrangian (3.9) can be approximated by

my}, {q})=mm.m + - wx gm+ww- (5.9)
The discretized saddle point {{W}, {p}} of the Lagrangian L({V}, {<?}), i.e. the solution of
the discretization of the saddle-point problem (3.10), can be characterized by

W > 0: ({^i} - {Pi}jr([Gij]{pj} - {w,}) > 0 for every {qt} > 0, (5.10)

{Wj\: {V^dK^Wj} - {Ft}) + {Vi}T{Pi} = 0 for every {V^, (5.11)
as in (3.11) and (3.12). That is, the coupled system (5.10) and (5.11) has been obtained.
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The solution {{p7}, {w^}} of the coupled system (5.10) and (5.11) is then obtained by
using the following simple problem:

x > 0: (y — x)(x — z) > 0, Vy > 0 (5-12)

where x, y and z are real numbers. The solution x of (5.12) is

x = Max(0, z). (5-13)

Indeed, if z > 0,

(y - Max(0, z))(Max(0, z) - z) = 0.

If z < 0,

(y — Max(0, z))(Max(0, z) — z) = y( — z) > 0, Vy > 0.

Moreover, the solution of (5.12) is unique. Suppose that xt > 0 and x2 > 0 are solutions
of (5.12). Then

(x2 — XjXxj — z)> 0, (x1 — x2)(x2 — z) > 0.

The addition of the two inequalities implies

(xi-x2)2<0, i.e. xl — x2.

Therefore, (5.13) offers a unique solution to inequality (5.12).
The above solution for R may also be extended to IRN; i.e., the solution of

{x;} > 0: ({y;} - {xi})r({xi} - {z,}) > 0, V{y,} > 0

can be given by

fx,} = Max({0}, {z,}).
Thus, in conclusion, the solution of (5.10) can be written as

{Pi} = Max({0}, {pt} - p([G,v]{pj} - {w,})), p > 0, (5.14)
where p is an arbitrary positive number.

Conversely, if the solution of (5.14) is obtained for some p > 0, it will also apply to
inequality (5.10). Furthermore, the form of (5.14) suggests that the solution may be
obtained by the iterative contraction procedure. Thus, the following iterative method,
after Uzawa's scheme (Ekeland and Temam [1]), is proposed to obtain the solution of
(5.10) and (5.11):

(i) Assume the initial contact pressure

{Pi}, P! > 0. (5.15)
(ii) For the fth iteration solve the problem

{Wj+{K}r([KJW+'} - {Fi}) + {Vi}T{p\} = 0. (5.16)
(iii) Obtain the (t + l)th contact pressure through

p\+l = Max|o, p\ - p| £ Gijpf1 + X G^p) - (5.17)

(iv) Check the convergence of {Wj+1} and {p5+1}-
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One method of finding the initial contact pressure {pj} is to solve the bilateral
problem and obtain the contribution of the foundation. Here " bilateral" means that the
beam is connected with the foundation. Neglecting the negative pressures obtained by
the bilateral problem, {pi} is obtained.

If

p = co/Gu (5.18)

in (5.17) is chosen, the iteration form (5.17) becomes the projectional S.O.R. method.
Also, in the iterative procedure the stiffness matrix [Ky] is not invertible unless fixed

or supported conditions of the beam are imposed; that is, (5.16) may not be easily solved
by taking the inverse of [K;J. To overcome this difficulty when no supported or fixed
conditions are imposed, two additional conditions are implied from (variational) equa-
tion (3.12). Since (3.12) holds for any z e V = H2(0, /), (3.12) is satisfied for

z = ax + b, a,be (R;

i.e.,

a\p(w(1) - w(0)) +1 px dx + Pi I — J fx dx\ + b j | p dx + p0 + p, — [ f dx 1 = 0
I '0 -o I '"0 '0 '

for every a,beU. This implies

P(w(l) — w(0)) + j px dx + p,l — ( fx dx = 0,

, ° (519)
| p dx + p0 + p,~ I f dx = 0.

"0 Jo

The first equation of (5.19) signifies the balance of moments around the origin, and the
second signifies the balance of forces in the transverse direction. The discretized version
of (5.19) is given by

N N
P(wN - Wj) + £ PiXi - £ F2i-1 xt = 0,

i=1 i = 1 (5.20)
N N V 7

ZPi~ Z ^2,-1=0.
i= 1 i =* 1

Thus, if there are no support or fixed conditions on the beam, Eq. (5.16) is solved
together with the conditions of (5.20).

Numerical example. Finally, an example problem of beam bending on a Pasternak
foundation is solved using the numerical method discussed above.

Let Z = EI = n = k = 1.0. The beam is divided into ten equi-length finite elements,
and the foundation is discretized by equi-length elements. Nodal points of the beam
coincide with those of the foundation. A point load f0 and a point moment M0 are
applied on the center of the beam. The compatibility condition (4.24) is then satisfied if
/o > (/o 1/2 + M0)/l > 0, i.e.

ifol > M0 > —jf0l. (5.21)
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Suppose that f0= 1.0 is fixed. Then (5.21) becomes 0.5 >M0> —0.5. Four cases,
M0 = 0.1, M0 = 0.3, M0 = 0.4 and M0 — 0.49 are solved.

In this particular example, two nodal points from the right end of the beam are
assumed to contact the foundation. Taking the initial estimate {p/} of the contact pres-
sure, which roughly satisfies condition (5.20), the deflection of the foundation is cal-
culated at the two right end points; i.e.,

u] = GijPj, i= 10 and 11

Since the two right end points are assumed to contact the foundation, deflection of the
beam can be specified at these points. That is, Eq. (5.16) is solved under the condition
w} = u}, i = 10 and 11, by taking the inverse of [#Cy]. Applying (5.17), {pf}, i= 1, ..., 9,
are obtained. The values p2l0 and ph are given by the equations

9 10

£p?(xu -*i) + Pio(*ii -*io)=/o(*ii - 1/2)+ M0, Pii=/0- Y.Pi-
i=l i= 1

These equations are essentially the same as (5.20). Repeating the above procedures,
Uzawa's scheme [(5.15) through (5.17)] converges for sufficiently small p > 0 in (5.17).

Numerical results are shown in Figs. 3(a) through 3(d).
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Fig. 3(a). Numerical example—case I—(/ = —1 and M = 0.1).
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Fig. 3(d). Numerical example—case IV—(/ = - 1 and M = 0.49).
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