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ON A SECOND SOLUTION OF VAN DER POL'S
DIFFERENTIAL EQUATION*

By CHIH-BING LING (Virginia Polytechnic Institute and State University, Blacksburg
and Institute of Mathematics, Academia Sinica, Taipei)

1. Some time ago, Shen published in this journal [1] a method to form a Weierstrass
elliptic function P(t\2cou 2m3), co1 being real and co3 being purely imaginary, which is
the solution of the Van der Pol's differential equation

^ + - 1)~ + K*X = 0 (1)

under the initial condition that x = x0 when t = t0, /i and k being real constants. He
formed the solution by taking

-/*203 = 402. (2)

where g2 and g3 are two invariants in the following differential equation satisfied by
P(t\2u>i, 2co3):

dP
~dt)I1.. 4(0 >-gif>-gs. (3)

The solution requires that both g2 and g3 must be real and besides g3 must be negative.
Shen asserted that g3 is negative if

q > (505)~1/2, (4)

approximately, where q — exp(inco3/(oi), and that g2 is real if both /< and k are compara-
tively smaller than x0. Under these restrictions, Shen proceeded to determine tol and co3
through the use of complete elliptic integrals under the further condition that

0 < g2 < (16/27)/. (5)

Finally, he showed that there exists always one and only one cycle on the phase plane for
such a solution.

2. Shen is to be commended for his contribution. The purpose of this note is to
indicate that there exists a second solution in which a>3 is no longer purely imaginary
whereas (Oj remains real, if the condition in (5) is not satisfied.

* Received March 31, 1980.
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For convenience of discussion, we introduce two invariants <r4 and <r6 in place of g2
and g3 as follows:

CO |

ff4 = wdi ~ X' (2ma>, + 2n<y3)4'"V i (6)
a**,,+

where the prime on each summation sign denotes the omission of simultaneous zeros of
m and n. In a succession of papers [2, 3, 4], the present writer, partly with the collabora-
tion of Tsai, computed the values of a4 and a6 in the following cases:

(i) in the rectangular case 2a)1 = 1 and 2co3 = ci, for 1 < c < oo;
(ii) in the rhombic case 2a>, = 1 and 2u>3 = \ + ci, for 0 < c < oo.

In the former case, the values for 0 < c < 1 can easily be deduced from the tabulated
values. These two cases are the only cases in which <r4 and a6 are both real. It is found
that the values vary in the following manner:

(i) In the rectangular case,

cr4 or g2 > 0 (0 < c < oo),

<0 (0 < c < 1)
<T6 or 03 =0 (c = 1) (7)

| > 0 (1 < c < oo).

(ii) In the rhombic case,

>0 (0 < c < ^3/6)
= 0 (c = 73/6)

g4 or g2{<0 (V3/6 < c < y/3/2)
= 0 (c = V3/2)
> 0 (V3/2 < c < 00), (8)

I < 0 (0 < c < |)
ct6 or 33 = 0 (c = i)

| > 0 (I < c < 00).

3. Suppose that in general (i) in the rectangular case, 2oj1 = a and 2coi = bi, and (ii)
in the rhombic case, 2(o1 = a and 2co3 = %a 4- bi. No generality is lost if the real con-
stants a and b in either case are both taken as positive. Obviously, the same variation of
cr4 and <t6 as described above prevails if b/a = c. It is thus seen that Shen's solution
indeed belongs to the rectangular case in which 0 < c < 1. In this case, the three roots el,
e2 and e3 of the cubic equation

4P3 - g2P - g3 = 0 (9)

are all real under the condition in (5).
On the other hand, if the condition in (5) is not satisfied, that is, if

g2 < 0 or g2> (16/27)/, (10)
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then one of the three roots of the cubic equation remains real but the other two roots
become complex conjugate. Shen's equation (5) is a quadratic equation of g2 ■ It gives
two real roots under the restriction imposed on x0. One root is positive and the other is
negative. The positive root which satisfies the condition in (5) leads to the Shen's solu-
tion. The negative root which satisfies the first condition in (10) instead leads to a second
solution. It may be anticipated that this second solution belongs to the rhombic case
since g2 is always positive in the rectangular case. Furthermore, it is seen from the
variation of a4 and a6 in the rhombic case that when g2 and g3 are both negative, the
value of c is 0 < c < 1/2. Here, the value of q becomes

q = ie~nc. (11)

4. In this solution, the values of a*! and q may be found directly from the following
equations:

93 = ^2 (12)

where

03 = l + 2^"2, 04=l + 2f;(-l)y2. (13)
n = 1 n = 1

Elimination of (ax leads to an equation of p with real coefficients,

HP, 92>03) = O, (14)
where

p = -q2 = e~2nc. (15)

The equation can be solved numerically for a real root of p, less than unity but greater
than e~n or 0.0432 nearly, when g2 and g3 are given. Subsequently, cot is found by
substitution. Finally, we find

2a>3 = a>1 + log|^ I. (16)

Let el be the real root of the cubic equation. The other two roots e2 and e3 are complex
conjugate. Again, let

and write

'jt=jtp(t l2cji'2(U3) (17)

y2 = 4(x - et)(x - e2)(x - e3). (18)

Since ei is always negative when 0 < c < \ [3], the value of y is purely imaginary for
x < ev The path on the phase plane is shown in the accompanying Fig. 1.
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Fig. 1.
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