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1. Introduction. The following differential equation arises in some physical

problems:

Ly=f(x)+ XjM^x-a) (1)
i = 0

in which L is an ordinary linear differential operator and S is the Dirac delta function. 3',

S", ..., (5<n) are its first, second, ..., and nth derivatives with respect to the independent

variable x.

If the coefficients in the differential operator L are constant, the solution to Eq. (1)

can be obtained by the Laplace transform method. Otherwise, the transform method is

not convenient to use. The purpose of this paper is to offer a method of solution for such

cases. Of course the method also applies to the case of constant coefficients as well.

2. An identity. Before proceeding with the method, we would first like to prove the

following identity which will be needed later:

f(x)SM(x) = (-lYr\0)d(x) + (-lY~1nf{n-1\0)S'(x)

+ (-1 r2 "^2f1)/,""2,(0)<5''(x) + ••• +/(0)<5«"»(x). (2)

Proof. Introduce a testing function <£(x) [1], multiply the left-hand side of (2) by <^>(x)

and integrate.

) {f(x)SM(x)}cl>(x) dx = | {f(x)<t)(x)}SM(x) dx (3)
— 00 — 00

After a succession of integrations-by-parts, this leads to

, + 00 , + GO

I {f{x)(p(x)}Sin)(x) dx = (-lf I {f(x)4>(x))wS(x) dx. (4)

Since

{/(xMx)}<"> = /<n)(x)</>(x) + n/(B_ 1)(x)<^>'(x) + ^2T^/(n-2,(x)tf>"(x)

+ •••/(x)</>(")(x), (5)

* Received February 22, 1980; revised version received July 7, 1980.
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substitution from (5) into (4) results in the relation

f+co{fW\x)}4>(x) dx = (-1)» |/»(O)0(O) + «/<"- W(0)
* — 00 '

+ «("_-!)/(n-2)( 0)^(0) + ... +/(0)^(")(0)j. (6)

On the other hand, if the right-hand side of (2) is multiplied by (j>(x) and integrated and

the standard fact

, + 00 , + oo

j 4>(x)S(k)(x) dx = (-If | 4>{k)(x)S(x) dx
% — oo * - oo

= (- i)y«(o) (?)

is used, one easily gets the same result as in (6). Therefore, the identity Eq. (2) is proved

under the concept of symbolic functions [1].

3. Method of solution. Let us now consider the given differential equation (1). To

avoid undue complexity, let us take

L - j + b{X)jj + c(x)^ + d[x)^ + e(x), (8)

f(x) = 0 and N = 3. This will make it easier to demonstrate the feature of the proposed

method without actually sacrificing its generality.

With the form of the operator as given in (8), Eq. (1) becomes

a(x)ylv + b(x)y"' + c(x)y" + d(x)y' + e(x)y = /?0<5(x - a)

+ jM'(x - a) + P2<>"(x - a) + Pi^"\x - a) (9)

Since this is a nonhomogeneous equation, the solution will be expressed in the usual

manner as if the right-hand terms were ordinary functions

y(x) = yh(x) + yp(x), (10)

where is the solution to the reduced homogeneous equation Ly = 0 and yp(x) is a

particular solution. For the particular solution, we assume the following form:

yp(x) = 0 for x < a.

= G(x)H(x — a) for x > a

where H(x) is the unit step function and G(x) is an unknown function. Since

H(x — a) = 0 for x < a one might incline to write yp(x) = G(x)H(x — a) for all x.

However, we prefer the above form for a reason which will become clear later on. It is

noted that in taking yp(x) in this form, Eq. (9) is identically satisfied for x < a and for

x > a the substitution of G(x)H(x - a) into the left-hand side of Eq. (9) will yield the

correct singularities to match those on the right-hand side. It will be shown later that the

unknown function G(x) can be so determined as also to satisfy Eq. (9) for x > a.
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It follows from Eq. (11) for x > a that

y'p(x) = G'(x)H(x - a) + G(x)S(x — a) = G'(x)H(x — a) + G(a)<5(x — a)

yl(x) = G"(x)H(x - a) + G'(a)<5(x - a) + G(a)<5'(x - a) (12)

3#>(x) = Gik)(x)H(x - a) + ^ Glk~1~j)(a.)SU)(x - a)
]=o

and

d(x)y'p(x) = d(x)G'(x)H(x — a) + d(a)G(a)S(x - a)

c(x)y'p(x) = c(x)G"(x)H(x - a) + [c(a)G'(a) - c'(a)G(a)]<5(x - a)

+ c(a)G(a)(5'(x — a),

b(x)y;(x) = b(x)G"'(x)H(x - a) + [%)G"(a) - b'(a)G'(a) + b"(a)G(a)]

• <5(x - a) + [b(a)G'(a) - 2b'(a)G(a)]c)'(x — a) (13)

+ b(a)G(a)<5"(x — a),

a(x)/p"(x) = a(x)G,v(x)H(x — a) + [a(a)G"'(a) — a'(a)G"(a)

+ a"(a)G'(a) — a"'(a)G(a)]^(x — a) + [a(a)G"(a) — 2a'(a)G'(a)

+ 3a"(a)G(a)](5'(x — a) + [a(a)G'(a) — 3a'(a)G(a)]<5"(x — a)

+ a(a)G(a)<5"'(x — a).

To obtain the results in Eq. (13), the identity (2) has been used.

Upon substitution of each term from Eqs. (11) and (13), Eq. (9) becomes

(LG)H(x - a) + (a(a)G'"(a) - [a'(a) - %)]G"(a) + K(«) - *>'(«) + c(a)]G'(a)

— [a"'(a) - b"(a) + c'(a) - d(a)]G(a)}<5(x - a)

+ {a(a)G"(a) - [2a'(a) — b(a)]G'(a) + [3a"(a) - 2b'(a) + c(a)]G(a)}<5'(x — a)

+ (a(a)G'(a) - [3a'(a) - b(a)]G(a)}<5"(x — a) + a(a)G(a)<5'"(x — a)

= /?0(5(x - a) + ^ <5'(x - a) + /?2<5"(* ~ a) + W"(x - a)- (14)

Equating like coefficients in <5(i,(x - a) on both sides of Eq. (14) including i = -1, we

obtain the following sets of conditions:

LG = a(x)Giv + b(x)G'" + c(x)G" + d(x)G' + e(x)G = 0 (15)

and at x = a

a(a)G"'(a) - [a'(a) - b(a)]G"(a.) + [a"(a) - b'(a) + c(a)]G'(a)

- [a"'\a) - b"(a) + c'(a) - d(a)]G(a) = p0,

a(a)G"(a) - [2a'(a) - b(a)]G'(a) + [3a"(a) - 2b'(a) + c(a)]G(a) = (16)

a(a)G'(a) - [3a'(a) - b(a)]G(a) = /?2,

a(a)G(a) = /?3.
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Solution of Eq. (16) gives the values of G(x), G(x), G"(x) and G"'(x) at x = a. Since we

pick the function G(x) to start at x = a these values are the initial values of G(x). The

differential equation (15) in conjunction with the initial conditions (16) uniquely deter-

mines the unknown function G. It is to be expected that G satisfies the homogeneous

equation because the right-hand side of Eq. (9) is zero except at x = a where the singular-

ities occur.

For the special case in which /?0 = 1 and /?, = /?2 = /?3 = 0, Eq. (9) becomes

Ly = <5(x — a). (17)

The solution to Eq. (17) is the Green's function of the operator L. Therefore, the

proposed method also presents an alternate way for obtaining the Green's function

which to the authors' knowledge is not to be found in the literature.

4. Physical problems giving rise to the differential equation of type (1). In the follow-

ing, two examples are cited which give rise to the type of differential equation as in (1).

Example 1. Flexural vibrations of a tapered beam carrying a large number of heavy

bodies. In principle this problem can be solved by the classical method. In that method

the governing equation is written for each section between the heavy bodies and these

equations are spliced together by imposing the proper junction conditions. However, if

the number of the heavy bodies is large, this method becomes unwieldy, especially in the

treatment of forced vibrations. In contrast, the problem can be handled in a much more

efficient way by use of symbolic functions. The equation can be written in a single

expression valid for the entire length of the beam as follows:

2 I EI(x)^-^
dx2 dx2

pA(x)d2y d

+ q dt2 dx

R d^v
Z JiHx - ai)-

dx dt
+ Z M,<S(x - a()

x = I Fj(t)5(x - bj) + £ Ck(t)d'(x - ck) (18)
Cl j= 1 k=1

where R is the number of heavy bodies, S the number of driving forces and T the number

of driving couples. J, and M, are the rotatory inertia and the mass of the /'th heavy body,

respectively.

The question is whether (18) in its present form can be solved. The answer is yes! By

setting the right-hand side of (18) to zero, with the assumption of harmonic motion, we

find the spatial equation to be

JL
dx

pA(x)w2 2 V r dY(ai)
Y + (o2 Yj Ji —^'(x ~ ai) ~ 0)2 X y(a,)<5(x — af) = 0.

g ;=1 dx i = 1

(19)

This equation is of the type (1). Hence, its solution can be readily found by the present

method. The solution to (18) can then be obtained by an eigenfunction expansion in the

eigenfunctions of (19), again in a single expression. The detailed solution of this problem

will not be presented here. Readers interested in the procedure for the complete solution

following the solution to the spatial equation (19) are referred to [2] where a similar

problem is treated.

Before leaving this problem, let us consider a specialized case as an illustration of this

method. In Eq. (18) let all F;(f)'s be set to zero, set T = 1, wherein both Cj and y are
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independent of t and = 1/2 with I(x) = /0(1 + mx)3. This has now been reduced to a

static problem of finding the deflection of a linearly tapered beam subject to a couple Ct

at its midlength. To make the problem specific, the beam is assumed to be free at x = 0

and clamped at x = I. According to the present method the solution can be written in the

form

y(x) = y(x) + G(x)tf |x - l- J. (20)

Going through the procedure as prescribed before, we find

pi r(r) = * -I ^ 1 x £± £i_I /?i\
0 2m2 (1 + mx) / / \2 2/ M / l\2'

2mll + m-J 2mll+m~J 4mll + m-\

This leads to the correct solution

Ci 1 1

(1 + ml)2 I I
(l+mj)

£i
2m

II 11
+ ■

(1 + ml)2 I I \2 m(l + ml) I I
v ' 2| 1 + m-1 v ' m\ 1 4- m-(l+mj)

+ £/0G(x)/f(x-^j, (22)

which can be verified by the conventional splicing approach.

Example 2. Response of a viscoelastic incomplete ring to a suddenly applied force at its

free end. The pair of governing equations describing the motion of a viscoelastic ring is as

follows [3, 4]:

Q(piv + 2p" + p) = 2(1 | ^ pR3Pv - Pw(0t t),

(23)

v"=—{p-kn

where p is the twist and v is the deflection, P, Q are the viscoelastic differential operators,

and w(9, t) is the forcing function. In obtaining (23) we have assumed the Poisson's ratio

to be constant.

By means of a dual eigenfunction expansion of the form

P= I>„(0& and v = f>„(t)f„ (24)
n = 0 n = 0

where P„ and v„ are the pairs of eigenfunctions in the associated elastic problem, the

differential equation governing the generalized Fourier coefficient c„"s is found from (23)

*R'p{i,h+JMih-k^Kw°'dS (25)
in which the ring extends from 8 = 0 at the clamped end to 0 = a at the free end.
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We next consider the case where the incomplete ring is initially at rest. If the suddenly

applied force at the free end can be described by the expression

w(0, t) = W*S(6 - a)e~y,H(t), (26)

Eq. (25) becomes

+ <27>

Since P and Q are linear differential operators, (27) is easily seen to be a differential

equation of the type (1). For example, if the property of the viscoelastic material con-

sidered in the problem is such that the operators P and Q are in the following forms:

id\ , d d2 d3

p\i,)-1+p>il+p>j?+p'd?- (28)

-td\ d d2 d3

eU j""+'"di+'"d?+q'd?- (29)
Eq. (27) becomes

pR,p(ji )f'+i ~i^{(1 -p'y+r*'2- ?>■»'

+ (Pi - Pi y + Pi y2)d(t) + (p2 - Pi r>5(0 + Pi <5(f)}- (30)

Since the incomplete ring is initially at rest, all the initial conditions for (25) or (30)

are zero at t = 0~. With the present method, recognizing that in this case the solution to

the reduced homogeneous equation is zero, one can transform (30) with its homogeneous

initial conditions into a differential equation completely free of any symbolic function:

pR3p(jt)di + ^ Q[jt)Ci = (1 - Pi y + P272 - P3y3)g~" for t > 0 (31)

but with a set of nonhomogeneous initial conditions as follows:

c,(0+) = 0, c}1)(0+) = 0,

c<2,/0+ ) _ W*V<(«) c(3)/0+ ) = _

' 1 ' pR3Nt ' 1 1 ' PR3Nt ' (32)

cj4)(o+)= H/*"i(a)/ 2 _ J*,q3 \

' ( , pR3Nt T 2pR4pJ

This can be solved in the usual way.
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