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1. Introduction. There are five groups T, ..., Ts which define the symmetry proper-
ties of materials which are referred to as being transversely isotropic. We define these
groups by listing the matrices which generate the groups:

le Q(e)’
T2: Q(o)’ Rl = dlag(_ la la 1)9
T;: Q(0), R; = diag(l, 1, —1), (1.1)

T4: Q(0)$ Rl = diag(_ 1’ 1’ 1)’ R3 = diag(l’ 19 —1)’
T5: Q(0), D, = diag(—1, 1, —1).
In (1.1), Q(0) denotes the matrix

cosfB, sinf, O
—sinf, cosf, O
0, 0O, 1

Q(6) corresponds to a rotation about the x; axis. R; and R; correspond to reflections in
planes perpendicular to the x, axis and the x; axis respectively. D, corresponds to a
rotation through 180 degrees about the x, axis.

In this paper, we determine integrity bases for polynomial functions F(A,, ..., Ay,
Vioooos Vo, Wi, oo, Wy) of N three-dimensional second-order symmetric tensors
A, =|l4fll (p=1,..., N), M three-dimensional vectors V, = V{ (q=1,..., M) and P
three-dimensional second-order skew-symmetric tensors W, = | W] (r = 1, ..., P) which
are invariant under any given group chosen from Ty, ..., Ts. Adkins [1, 2] has considered
the problem of determining integrity bases for functions F(A,, ..., Ay, V4, ..., V) which
are invariant under the group T, and for functions F(A,, ..., Ay, V4, ..., V) which are
invariant under the group T,. Long and Mclntire [3] have considered the problem of
determining an integrity basis for functions F(A,, ..., Ay, V,, ..., Vy, Wy, ..., W;) which
are invariant under the group T,. The results obtained here for this case differ from those
givenin [3].

Qo) = : (1.2)
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2. Anintegrity basis for functions invariant under T,. Let us employ the notation

Bi=Ai, (@=12i=1..,N)
Bl:+j= V'L (a=1,2;j=ls--"M)s (2'1)
BLV+M+k=W§a (a:l,z,k=1,,P)

It is readily seen that the problem of determining the form of a polynomial function
FAy, ..., AN, VY, ..., Vi, W, ..., W) which is invariant under the group T, is equival-
ent to that of determining the form of a polynomial function G(44,, ..., B} — 1B3) which is
subject to the restrictions that

G(Als, Ay + Ahy, Ay — Aby + 2145, AYy — Ah, — 2144, V3,
WT,, By +1B5, By —1B}) = G(A%;, Ay + Aby, (A} — Ab, + 2141,)e %, (22)
(A3 — Aby — 214%,)e*, VB, W, (B + 1B3)e™ ", (B} — 1B3)e”)

shall hold for0 < § < 2n.In(2.2),1*= —landi=1,...,N;p=1,....,.M;m=1,..., P;
r=1,..., N+ M + P. It is immediately seen that G(4}s,...) is expressible as a poly-
nomial in the quantities (2.3) listed below which then form an integrity basis for functions
FAy, ..., AN, Vy, ..., YV, W,, ..., Wp) which are invariant under T';.

l;§3’ i11+Ai22,Vg’W'ln25
(A, — Ab,)(AL, — Aby) + 441,41, i<y,

(A} — Aizz)AJiz — (A}, — A)y)A, @ <),
2.3)
BB + B3B5 (r<ys), B1B5 — B3Bj (r<s),

(A1, — A%,)(B1BS — B3B3) + 2A4,(B1B; + B3B})  (r<5),
(Ay; — A%,)(B1B; + B3BY) — 241,(B1B} — B3B3 (r < ).

In 23),i,j=1,....,N; p=1,....M;m=1,...,P;r,s=1,..., N+ M + P subject to
the restrictions indicated. We observe from (2.3) that the integrity basis for functions
F(A,, ..., Ay, V,,..., V) invariant under T, given by Adkins [1, 2] contains redundant
terms.

3. An integrity basis for functions invariant under T,. The group T, is generated by
the matrices Q(f) and R,. We have seen in Sec. 2 that any polynomial function F(A, ...,
Ay, Vi, ..., Va, Wy, ..., Wp) which is invariant under the group T'; generated by Q(6) is
expressible as a polynomial in the quantities (2.3). In order to determine the general form of
the function F(A,, ..., Wp) which is invariant under T,, we need only determine the
general form of a polynomial function of the quantities (2.3) which is invariant under R,.
The elements of (2.3) either remain invariant under R, or change sign under R,. Let
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I,...,I,and J,, ..., J, denote the elements of (2.3) which remain invariant under R; and
which change sign under R, respectively. With (2.3), we see that the J, ..., J, are given by

Wy, (Ahy — )AL, — (41, — Aj))AL, (i <)), B} B; — B} B} (r<s),
. . . (3.1)
(Ay; — A%,)(By B + B3 BY) — 241,(B1 B — B3B3)  (r<s)

where i,j=1,...,N;m=1,...,P; r,s=1,..., N+ M + P subject to the restrictions
indicated. The I, ..., I, are the elements of (2.3) not listed in (3.1). An integrity basis for
functions F(A,, ..., Wp) which are invariant under T, is then given by Iy, ..., I,and J,J,
(pg=1,....,b;p<9q)

After eliminating the redundant elements from the set J,J,, we obtain the result that an
integrity basis for functions F(A,, ..., Ay, Vq, ..., Vi, Wy, ..., Wp) which are invariant

under T, is given by

Aly, Ay + Ay, V3, (AL — AY)AL — Aby) + 447, Al i<

BiBi + ByB;  (r<s)

(A1, — A5,)(By By — B B3) + 2A41,(B1 BS + B3 B}))  (r <),

WT, Wiz (m<n), Ta(Aly — A3)AL, — W4l — A}2)Al (i< (32
T2(B1 By — B3B))  (r<y),

WTy(41, — A3,)(B B + B BY) — 2W7, Ai,(B} B} — B, B3) (r<s),

(Ay — A3)Af; — (A]; — A})ALL)B By — B3 BY)  (i<j,r<9)

wherei,j=1,...,N;p=1,....M;mn=1,...,P;r,s=1,..., N+ M + P subject to
the restrictions indicated. The quantities B, (x = 1,2;r=1,..., N + M + P) are defined
by (2.1). If we set the W7,, W%, W% (m = 1, ..., P) appearing in (3.2) equal to zero, we
obtain an integrity basis for functions F(A,, ..., Ay, V4, ..., V),) which are invariant under
T, . The integrity basis so obtained contains fewer terms than that given by Adkins [2],
which would indicate the presence of redundant terms in the basis listed in [2].

4. An integrity basis for functions invariant under T;. The group T, is generated by
the matrices Q(6) and R;. We have seen in Sec. 2 that any polynomial function F(A, ...,
Ax, V., ..., Vi, Wy, ..., Wp) which is invariant under the group T, generated by Q(6) is
expressible as a polynomial in the quantities (2.3). In order to determine the general form of
the function F(A,, ..., W;) which is invariant under T;, we need only determine the
general form of a polynomial function of the quantities (2.3) which is invariant under R;.
The elements of (2.3) either remain invariant under R; or change sign under R;. Let
Ky ...,K, and L,..., L,denote the elements of (2.3) which remain invariant under R;
and which change sign under R; respectively. Let

C, = A}, (@=1,2;i=1,...,N), CY* =wi, (@=1,2;j=1,...,P). (41)



512 G. F. SMITH
With (2.3) and (4.1), we see that the elements K, ..., K. of (2.3) which remain invariant
under R; are given by
Als, iy + Ag, WTo, (Al — Ab,) (A, — Aby) + 44), 4], (i <)),
(A1 — A3)A), — (4], — A5))A1, (i <)) GG+ GGy (r<s),
GG -GG (r<s), WVIVI+VEVY (p<9),
Vivi—-vivi  (p<a),
(A1) — A3,)(C1 Cf — C3C9) + 241,(C1 C5 + C5C) (r<s),
(A1 — AR)VEVE = VBV + 245,(VEVE+ VSV (p<q)
(A1; — A3)C G5 + €2 CY) — 241,(C1 C = C5C) (r<s),
(A1) — AR)VEVE + VEVY) = 241,(VEVI - VEVY)  (p<q)

where i,j=1,..,N; pg=1,....M;m=1,...,P; r,s=1,..., N+ P subject to the
restrictions indicated. With (2.3) and (4.1), we see that the elements L |, ..., L, of (2.3) which
change sign under R; are given by

V, CiVi+ Gy, CiVE - Gy,
(A} — AR)NCLVE = CyVE) + 241,(CLVE + C3 VD), (4.3)
(Aiy — A3)(CL VB + Co VE) — 241,(CL VE — C3 VE)

wherei=1,..., N;p=1,...,M;r=1,..., N + P. An integrity basis for functions F(A,,
..., Wp) which are invariant under T, is then given by the quantities K, ..., K.and L, L,
(p,g=1,...,d; p<q). After eliminating the redundant terms from the set of invariants
L,L,, we obtain the result that an integrity basis for functions F(A,, ..., Ay, Vy, ..., Vi,
W,, ..., Wp) which are invariant under T is given by

b3, iy + Ay, Wiy, (AL — A2)(A4], — Ah) + 44, 41, (<)),
(A}, — Aj)A 2 — (A1, — 4%2)A41, (URS) A
CiCi+ CLC (r<s),
CiCy—CCy (r<s), WVEIVI+VEVY (p<q),
ViV —VEVT  (p<9)
VEVY  (p<gq, (41— Ay)CIC - C5C)

+241,(C1C5 + C5CY)  (r <),

(A} — A5NCY Cs + CR CY) — 241,(C1 C — C5C3)  (r <),
(A} — A2)VEVE = VBV + 241,(VEVE+ VEVY) (P <q), (4.4)
(Aiy — Ap)VEVE+ VBV = 24,(VEVI—VEVY)  (p<q)
VECIVi+ Gy VY, VGV -Gy V),
VR4l — A)CL V] = C3 V) + 2VE A1(CL Ve + Ch V),

4.2)
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VE(A}y — A2)(Cy Ve + Ca V) — 2V A1,(CL V] — C3 VY,
(LG -GV —VEVY)
+ G+ GO)VEVI+ VYY) (r<sp<g),
(CiCL -G CVEVE+ VEVY)
—(CICG+ CGONVEVI—VEVY)  (r<sp<q)

where i,j=1,...,N; p,q=1,.... M;m=1,...,P; r,s=1,..., N + P subject to the
restrictions indicated. The quantities C, (x = 1, 2;r = 1, ..., N + P) are defined by (4.1).

5. An integrity basis for functions invariant under T,. The group T, is generated by
the matrices Q(f), R; and R;. We have seen in Sec. 3 that any polynomial function
F(Ay, ..., Ay, Vy, ..., Vy, Wy, ..., W) which is invariant under the group T, generated
by Q(6) and R is expressible as a polynomial in the quantities (3.2). In order to determine
the general form of a function F(A, ..., Wp) which is invariant under T,, we need only
determine the general form of a polynomial function of the quantities (3.2) which is in-
variant under R;. We observe that the elements of (3.2) either remain invariant underR; or
change sign under R;. Let

Ci=dAi, (x=12i=1...,N), C=wi (x=12j=1...,P. (51)

With (3.2) and (5.1), we see that the elements M, ..., M, of (3.2) which remain invariant
under R; are given by

53, Aly + Aby, (AL — A5)A], — AS)) + 44,41, (<)),
CiCi+ G (r<s), Vivi+Vivi r <9,
Wt Wi (m < n),
(A1; — A2,)(Cy €] — C5C3) + 24},(C1 C3 + C3CY)  (r <),
(A}; — A3)A), — (A — 45,)A1,)(C] C5 — C5 CY) (i<jr<s),
(A — A)VEVE — VBV + 241,(VEVE+ VEVY) (p<q),
(51 — A%2)A%; — (Al — A5)AL)(VEVE — VEVY) (i<jp<q)
WTy(Al — A2)A%, — WTa(4], — 45241, (i <j)

TAC1C -G CY)  (r<y),

LViVE-VEVY) (<9,
WTy(ALy — A5,)(C) G5 + €5 C) = 2WT, 41,(C1 C = €L C5)  (r<s),
Wiyl — AR)VEVE + VBV = 2WT AL(VEVE - VEVY)  (p<9)

(5.2)

wherei,j=1,...,N;p,q=1,...,.M;mn=1,...,P;r,s=1,..., N + P subject to the
restrictions indicated. With (3.2) and (5.1), we see that the elements N, ..., N, of (3.2)
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which change sign under R; are given by

VE, CLVE+ CLVE, WTH(CiVE - Gy V),
(A} — A2 )CLVE = CL V) + 241,(CLVE + Cy V),
WALy — A5)Ch VE + CoVE) — 2WT, A1,(CLVE — CL V),

(A1y — A3)41, — (4], — AL)ALXCIVE - CoVE) (i <))

(5.3)

where i,j=1,...,N; p=1,....M; m=1,...,P; r=1,..., N+ P subject to the re-

strictions indicated. An integrity basis for functions F(A,, .
under T, is then given by M, ..

.., Wp) which are invariant
M, andN,N,(p,q=1,...,f; p < q). After eliminating

the redundant elements from the set of invariants N, N, , we obtain the result that an
integrity basis for functions F(A,, ..., Ay, V4, ..., Vu, Wy, ..., W;) which are invariant
under T, is given by

53, Al + Abs, (A5 — Ab)A), — Aby) + 441, 4], (<)),
CGG+GC (r<s), WViVI+VEVY  (p<9),
Vivy  (p<q, WL,Wi, (m<n),
(A1, — A3,)C) CF — C3Ch) +241,(C1 C5 + C5C) (r<s),
(A}; — A5)AL; — (4] — A52)A1L)(C1C5 — C2CY) (i< r <),
(A1 — A)VEVE = VBV + 241,(VEVE+ VEVY)  (p<9),
(A} — A22)Al, — (Al — AL)ALNVEVE - VEVY)  (i<j,p<q),
WTy(Aly — A22)Ad, — WTy(A], — A4h)A%, (i <)),
(GG - CGLCYVEVE = VEVY)
+(CLCG+ CRCNVEVEI+VEV]) (r<s,p<g),
(LG -CGONVEIVE-VEV])  (r<sp<q)
VE(CLVE + Gy VY, WTL(C1 G, - G0 (r <),
nViVi-Vivl) (<9,
(A1, — A2,)(C C5 + C5 CY)
— 241,(C1 C = CLOVEVE—VEVY])  (r<sp<q)
(A} — A%)VEVE+ VEVY)
—245(VEVI = VEVNCI1Cy — C2C)  (p<gqr<s),
ToA5, — A3)NC G + C5C) = 2WT, 41,(C € — €56y (r<y),
Ta(Aly — A2)VEVE + VEVY) = 2WT, A1(VEVI - VEVY)  (p<a)

(5.4)
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12(C1 C - G C)(VEVE + VEVY)
—Wh(CiCG+ GOXVIVI—-VEVY)  (r<sp<g),
Vi(Aly — A)CVE — C3 V) + 2VE A,(Ch VY + C5 V),
VB(A1y — A3)A%, — (4], — Ah)ALNC V- Co V) (i <)),
VEWTACLVE — Gy V),
VEWTy (A1, — A5)(CLVE + Ca V) — 2VEWT, A4(CL V] — C3 V)
wherei,j=1,...,N;p,q=1,....M;mn=1,...,P;r,s=1,..., N + P subject to the
restrictions indicated. The quantities C} (« = 1,2;r = 1,..., N + P) are defined by (5.1).

6. An integrity basis for functions invariant under T5. The group T's is generated by
the matrices Q(f) and D,. We have seen in Sec. 2 that any polynomial function F(A, ...,
Ay, Vi, ..., Vi, Wy, ..., Wp) which is invariant under the group T, generated by Q(6) is
expressible as a polynomial in the quantities (2.3). In order to determine the general form of
the function F(A,, ..., Wp) which is invariant under Ts, we need only determine the
general form of a polynomial function of the quantities (2.3) which is invariant under D, .
The elements of (2.3) either remain invariant under D, or change sign under D, . Let

Ci=4y, (@=1,2i=1,..,N), CYi=wi, (=12j=1..,P). (61

With (2.3) and (6.1), we see that the elements Py, ..., P, of (2.3) which remain invariant
under D, are given by

33, Avp + Aha, (A4 — ADNAY, — Ad) + 44,41, (<))
CiCi+C3Cy,  (s<y), Vivi+Vvive (p<9q), CiVE-C3VE,
(A1 — A2)(Ci Ch — C5Cy) + 241,(C3CL + C5CY)  (s<1), (6.2)
(Ayy — A2)(VEVE — VEVY) + 245,(VEVE + VEVY) (p<g),
(A} — A5)(CT VB + C3VR) — 241,(C VE — C5 VB)

where i,j=1,...,N;pgq=1,...,M;s,t=1,..., N + P subject to the restrictions in-
dicated. With (2.3) and (6.1), we see that the elements Q,, ..., Q, of (2.3) which change sign
under D, are given by

VB, WTy, (A1 — Aj)Al, — (4], — A}2)4i, (i <))

GVi+CGVE GG -GG (<1, WiVE-VEVY  (p<q)

(A1 — A)NC VE — C3 V) + 241,(C VS + C3 VR), (6.3)
(A11 — A2)(C1 Cy + C5CY) = 24,(C1 CL = C5Cy) (s <),

(Avy — AR)VEVE + VBV = 241,(VEVI - VEVY)  (p<q)

where i,j=1,...,N; pg=1,...,.M; m=1,...,P; s,t =1,..., N + P subject to the
restrictions indicated. An integrity basis for functions F(A,, ..., W,) which are invariant
under T is then given by Py, ..., P, and Q,Q, (r, s = 1, ..., h; r < s). After eliminating the
redundant elements from the set of invariants Q, Q,, we obtain the result that an integrity
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basis for functions F(A, ..., Ay, Vy, ..., Vi, Wy, ..., Wp) which are invariant under T is
given by

Sa, Aly + Ada, (A — A5 ) A, — AS) + 440,41, (<))
GCi+CGC (<1, CGVE-GVLVIVi+VEVY  (p<q),
(A1 — AL)CICh — C5CY) + 241,(Ci Co + C3CY) (s <0),

(A1 — A2)CLVE + C3 V) = 241,(C1 VE — G5 VY,

(Al — A)VEV — VBV + 245,(VEVE+ VEBVY)  (p<q),
(A1y — A%)AL, — (Al — AL)ALNCICL — C5CY)  (i<jis <),
(A1, — A3)A]; — (A — AL)ALNCIVE+ C3 V) (<))

(Ay — A%)AL, — (Al — AL)ALNVEVE - VBV  (i<jip<a),

WT, Wi, (m < n), TaALy — A)A], — WAl — A}))A}, (i <)),
TACIC, - C5CY) (s<u), TACL VI + C3 V),
TViVE-VEVY) (<9, (6.4)

Ta(Al1 — A2)(Ci Cy + €3 CY) = 2WTL 41(Ci €y — C5Ch) (<),
WTy(Ay, — A)CLVE — C5VE) + 2WT, A1,(CL VS + C3 VD),

Ta(Alr — A)VEVE+ VBV = 2WT, A(VEVI - VEVY)  (p<9),
WLVE, VEVE  (p<g),
VB(AY, — A22)A4%: — VE(AL, — 45241, (<))
VR(C1C, - C3C)  (s<),  VE(CIVE+CyVY),
VEViVR = ViV @<,
VB(AL — A2 )MCL V] — C3 V) + 2VE A,(Ci VS + C5 V),
VB(Aiy — A%)(C] Cy + C5CY) — 2VB Ai5(C1Ch — C5Ch) (s <),
VE(ALL — ARNVIVE + VEVY) = 2VEAL(VIVi - VEVY)  (@<7)

where i,j=1,...,N; p,gr=1,...,.M;mn=1,...,P;s,t=1,..., N+ P subject to
the restrictions indicated. The quantities C; (x =1,2; s=1,..., N + P) are defined by
6.1).
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