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A HOPF BIFURCATION IN SINGLE-LOOP
POSITIVE-FEEDBACK SYSTEMS*

By JAMES F. SELGRADE (North Carolina State University)

Abstract. This paper gives sufficient conditions for a Hopf bifurcation in a five-

dimensional system of ordinary differential equations which provides a model for positive

feedback in biochemical control circuits. These conditions only depend on the feedback

function and its first and second derivative. The conditions are used to exhibit Hopf

bifurcations for the Griffith equations and the Tyson-Othmer equations.

1. Introduction. Single-loop positive feedback in biochemical control circuits [2, 5, 7]

may be modeled using the n-dimensional system of ordinary differential equations

=/(*!,) - <*1*1

Xi = Xi-1 — otiXi, 2 < i < n,

where a, > 0 for i = 1,..., n, and/is a bounded C2 function withf(x„) > 0 and/'(*„) > 0

for x„ > 0. For the Griffith model [2] we have

/(*„) = x'J( 1 + x?) (2)

where p is a positive integer. For the Tyson-Othmer model [7] we have

/(*„) = (1 + <)!(K + x>) (3)

where p is a positive integer and K > 1.

Let x denote a point in R" and x, denote its ith component. The positive orthant in R" is

given by

Jf = {x e R": xf > 0 for all 1 < i < n}.

In [6] we show that is invariant under the positive-time solution flow of (1) and

positive-time solutions in are bounded. The critical points of (1) are situated on a

half-line through the origin. If the critical points are finite in number and nondegenerate

then they alternate between asymptotically stable and unstable, with orbits connecting

adjacent critical points. The key to our analysis is that the off-diagonal terms in the

linearization of (1) are nonnegative. Hence solutions to (1) preserve coordinatewise in-

equality in [1, 6]. If n = 2 or n = 3 we show that the positive orbit of each point in is

asymptotic to a critical point. For higher dimensions, Hirsch [3] shows that the positive

orbit of almost every point in Jl? is asymptotic to the critical points. The stronger result

which holds for n = 2 and n = 3 is not possible for n > 5. Here we derive sufficient con-

ditions for a Hopf bifurcation with n = 5 which depend only on f /', and f". We use these

conditions to show Hopf bifurcations occur in the Griffith and Tyson-Othmer equations
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for certain values of the parameter a. Hence, in these cases, (1) has an unstable periodic

solution. Tyson and Othmer [7] suggest that a Hopf bifurcation may occur in their positive

feedback model. Analogous results are true for n > 5. But for n = 4 there may be a critical

point with one positive and one negative eigenvalue and two purely imaginary eigenvalues.

The complex eigenvalues must remain on or to the left of the imaginary axis. The existence

of periodic solutions is not clear in this case.

Henceforth, we assume n = 5 and we take = a for all 1 < i < 5 to simplify the

computations. With a as parameter, (1) can be written in vector form asx = Fx(x) where

x e R5. We give conditions which, when satisfied, guarantee that as a increases there is a

critical point of Fx with a pair of eigenvalues crossing the imaginary axis with negative

speed, i.e. the derivative of the real part of the eigenvalues with respect to a is negative. Thus

a Hopf bifurcation occurs [4],

2. Results. For the critical points of (1) we needf(x5) = axu xj = <xx2,x4 = ax5.

Thus we want f(x5) = a5x5. Hence define the function g: [0, oo) x [0, oo)—► R by

g(a, c) =/(c) - a5c.

Note that g(a, 0) > 0 and g(a, c)—> — oo as c—> oo for all a > 0. For each a, the critical

points of Fx are in "1-1" correspondence with the solutions of g(ix, c) - 0. The curve

g(a, c) = 0 for the Griffith equations is sketched in Fig. 1. So the Griffith equations have

one, two or three critical points depending on the value of a.

The matrix Ma(c) for the linearized equations of (1) at a critical point with 5th coordi-

nate c is:

M,(c) =

g(a,c) = 0

Fig. 1.
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If A(c) denotes the 5 x 5 matrix with /'(c) in the upper right corner and l's on the subdiag-

onal and zeroes elsewhere, then

Mx(c) = A(c) - oil

where / is the 5 x 5 identity matrix. Clearly, the eigenvalues of A(c) are the 5 roots of unity

each multiplied by (/'(c))1/5. The spectrum of Mx(c) is obtained by translating the spectrum

of A(c) to the left by an amount a. The real part of the crucial eigenvalues of Mx(c) is given

by the function X\ (0, oo) x (0, oo)—> IR defined by

Afa, c) = f'(c)l,s cos(27i/5) — a.

For a nonzero critical point of Fa to have a pair of imaginary eigenvalues we need a

solution to A(a, c) = 0. Hence, for the possibility of a Hopf bifurcation in , we must find a

solution (a0, c0), a0 / 0 and c0 # 0, to both the following equations:

g(a, c) = 0, ?.(a, c) = 0. (4,5)

For each solution (a0, c0) to (4), a0 is determined explicitly in terms ofc0 by

ao (/(Co)/Co)1/S- (6)

Define the function /(a, c) by

A(a, c) = f'(c)cos5 (2n/5) — a5

and notice that (a0, c0) is a solution to (5) if and only if (a0, c0) is a solution to X(a, c) = 0.

Let k = cos5 (2n/5) and define a function h: (0, oo)—► IR by

h(c) = kcf'(c) - f(c).

Because of (6), we have that (a0, c0) is a solution to (4) and (5) if and only if c0 is a solution

to

h(c) = 0. (7)

Assume (a0, c0) is a solution to (4) and (5). From (6) it follows that

da.

dc

cof '(co) ~ f(c0)

5«o Cq

Since k < 1, c0f'(c0) —/(c0) > kc0f'{c0) —f(c0) = h(c0) = 0. Thus di/dc at c0 is positive; let

c(a.) denote the inverse function of (6) defined in a neighborhood of a0. For the eigenvalues

of Mct(c(a)) to be crossing the imaginary axis at a0 with nonzero speed, we need to show that

dX
j- («, c(a))
da.

< 0. (8)
ao

But the sign of dl/da at a0 is the same as the sign of dl/da. at a0. And the sign ofdJ./da ata0

is the same as the sign of the derivative of c(a)A(a, c(a)) = h(c(a)) at a0. Since dc/da is positive

at a0, it follows that (8) is true if and only if

h'(c0) < 0. (9)

Hence a solution c0 to (7) making (9) true gives a Hopf bifurcation in Since

h'(c) = kef "(c) — (1 — k)f'(c), it is clear that the existence of the bifurcation only depends on

the feedback function /, /', and /". We have the following theorem:
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Theorem. Suppose n = 5 and a, — a. in (1). Let h(c) = kcf\c) — /(c). If there is a c0 > 0

such that h(c0) = 0 and h'(c0) < 0, then for a0 = (/(c0)/c0)1/5 the vector field Fx of (1) has a

Hopf bifurcation when a = a0 at the critical point corresponding to c0.

3. Griffith model. For/given by (2) we have that /'(c) = pc"~ 7(1 + c")2. Thus

h(c) = c"(kp - 1 - c")/(l + c")2.

There is a c0 > 0 so that h(c0) = 0 if and only if kp — 1 > 0. But kp — 1 > 0 if and only if

p > l/k. And, in this case, c0 = (kp — l)1/p. A computation shows that

h'(c0) = -pel"'7(1 + eg)2.

Hence h'(c0) < 0. The lower bound of l/k for p is approximately 305. A p-value of 305 is

probably too large to be biochemically feasible.

We summarize the critical point bifurcations of (1) as a changes. For large a, the origin is

the only critical point of (1) (see Fig. 1), and it is globally attracting. As a. decreases, a

degenerate critical point appears in Jf? and bifurcates into an unstable and a stable critical

point. This unstable critical point has a one-dimensional unstable manifold. When a de-

creases through a0, two eigenvalues of the unstable critical point cross through the imagin-

ary axis in the positive-real direction. Hence, at least one periodic orbit appears near the

unstable critical point. As a decreases to zero, the unstable critical point approaches the

origin. When a = 0, the origin is a repeller in Jt?. Since is invariant for the positive-time

solution flow, as a decreases to zero the Hopf periodic orbit either disappears or moves far

away, in , from the unstable critical point.

4. Tyson-Othmer model. For / given by (3) we have that /'(c) = p(K — l)cp_1/

(K + cp)2 and so

h(c) = — (c2p + (K + 1 + kp - kpK)cp + K)/(K + c")2. (10)

The numerator in (10) is quadratic in c". Thus h has a positive zero,c0, if and only if the

numerator in (10) has a positive root eg. This numerator has a positive root if both the

following inequalities are satisfied:

~(K+ 1 +kp-kpK)>0, (11)

(K+l+kp- kpk)2 -4K>0. (12)

Eq. (11) is true if p > (K + l)/k(K — 1); and, assuming (11) is true, (12) is true if

p > (y/K + Y)/k(yjK — 1). Since K > 1, the second lower bound for p is larger than the

first. Hence, if p > (yjK + 1 )/k(y/K — 1), we take the larger root of the numerator in (10) to

get c0 where h(c0) = 0.

A computation gives

h'(c0) = — pcg_1(2cg + (K + 1 + kp — kpK))/(K + eg)2.

Since 2cg > — (K + 1 + kp — kpK), h'(c0) < 0. Hence a Hopf bifurcation occurs for thisc0.

Notice that the lower bound for p in the Tyson-Othmer model is larger than the lower

bound for p in the Griffith model.
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