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Abstract. A nonlinear diffusion equation which describes the deformation of a soft

fluid-filled tissue is studied. The nonlinearity in the problem arises from the permeability

of the elastic phase which for a number of tissues, such as articular cartilage, is strongly

dependent on the strain. Moreover, for most tissues the exact dependence is not known,

and so the functional dependence of the permeability on the strain is not determined until

after the problem is solved. The approach uses perturbation methods for the diffusive

boundary layers that occur in the problem and similarity solutions to solve the reduced

problems. Once the solution is obtained, the permeability function is determined and

some of the limitations of the present model of soft tissue are discussed.

Introduction. The study of the flow of a fluid through a porous material has a rather

long and productive history. The major field of application has been in soil mechanics,

although this is by no means the only one. For example, over the last few years the theory

for a porous flow has been used in the study of the deformation of soft tissue. The

principal application has been to articular cartilage, but it appears that the models of a

number of other tissues, such as in muscle, in the heart, and in the study of the arterial

wall, should incorporate many of the same ideas.

Structurally, articular cartilage consists of a deformable porous solid that is filled with

fluid. Consequently, in studying the dynamical behavior of cartilage it is necessary to

account for the deformation of the solid and how it interacts with the motion of the fluid.

One of the complicating features in doing this involves the microstructure of the cartilage.

The pores are of such a size that the permeability of the solid matrix changes significantly

as the tissue deforms. In other words, the permeability depends on the strain tensor of the

solid matrix. The only theoretical analysis on the resulting nonlinear diffusion problem

has been by Lai et al. [4] who use successive approximations and numerical methods in

solving the problem. The drawback to this approach is that it is difficult to see analytically

how the deformation depends on the variable permeability or any other component of the
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structure of the tissue. This is important since the exact functional dependence of the

permeability on the strain is still not completely resolved. For this reason the problem to

be considered here is, in effect, an inverse problem since the coefficient function is

unknown until after the solution is obtained.

It is the purpose of this article to analyze the diffusion in a soft porous medium where

the permeability is an arbitrary function of the strain. The motion is unidirectional and

the boundary conditions to be used correspond to the tissue being under compression.

Besides being able to say how the tissue deforms as it is compressed, it will also be shown

how the permeability function can be determined for any given tissue.

As a final comment it should be pointed out that although the problem to be discussed

arises in studying the mechanics of articular cartilage, the analysis can be applied to a

number of other diffusion problems. For example, the ideas can be applied in a

straightforward manner to other problems involving a variable diffusivity, as the nonlinear

extensions of Fick's law discussed in Shi et al. [6].

Formulation and scaling of model. The equations of motion for a deformable porous

medium can be obtained using the mixture theories of Craine et al. [2] and Bowen [ 1 ]. In

what follows we are interested in the case when the solid phase is an incompressible,

elastic, isotropic porous body and the interstitial fluid is inviscid and incompressible. The

deformations and velocities are assumed to be such that the stress-strain relationships for

the solid are linear. Also, the densities and permeability are such that the inertia of both

the solid and fluid components can be ignored. The bulk viscosity of the fluid phase is

neglected, although the viscosity of the fluid does contribute implicitly through the

diffusive drag force, which is obtained, essentially, from Darcy's law. That is to say, it is

assumed that the diffusive drag is a linear function of the relative velocity between the

solid and fluid.

With these assumptions, the equations of motion are

V ■ = 0, (la)

V as - /sT*(t? - vf) = 0, (lb)

V V + K*{& - vf) = 0, (lc)

where <j>s and <j>/represent the volume fraction of the solid and fluid, respectively. Also,

af = — <j>fpl,

and

as = -<f>spl + \str(E)l + 2fisE,

where p is a pressure and E is the infinitesimal stain tensor for the solid phase. The

coefficients Xs and fis, which are the elastic moduli for the solid phase in the mixture, are

assumed to be constant. The first of these equations is the continuity equation for the

biphasic material [5], The diffusive drag coefficient K* in the momentum equations is

related to the permeability k* as follows [Lai and Mow, 3]:

K* = (<t>')2/k*. (2)
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From this, and since the solid matrix is deformable, it is assumed that K* is a function of

the first strain invariant for the solid phase [4],

The problem to be considered here comes from the one-dimensional motion that is

obtained from (1). In particular, the tissue is taken to occupy the region 0 < z* < h and

the motion is entirely in the z* direction. The boundary z* = h is a fixed rigid impermea-

ble surface, and on the surface z* — 0 the displacement of the solid phase is prescribed.

Physically, this corresponds to compressing the tissue with a rigid porous filter at z* = 0

which, at the same time, permits the fluid to exude unimpaired from the tissue through the

filter.

With these assumptions the problem reduces to solving the following diffusion equation

for the deformation u*(z*, ?*) of the solid phase:

\d2,u* = K*(dz.u*)d,.u*, 0 < z* < h, (3a)

where A = (<f>f)2(\s + 2/x' ) is a material constant. The boundary and initial conditions are

M*(o,?*) = u$g(^j, o < < t0,

= uj, t0<t*, (3b)

and

u*(h, t*) = u*{z*,0) = 0. (3c)

The asterisks are used here to distinguish the variables from their dimensionless counter-

parts introduced below.

The forcing function g( •) is a known analytic function and is such that g(0) = 0 and

g(l) = 1. Therefore, (3b) corresponds to compactifying the solid up to time /0, after which

the displacement is held constant at u*. As for K*, since both phases of the tissue are

incompressible, it is assumed that

^♦(j)>0, Vs<0,

^A:*(j)<0, Vs<0.

It is also assumed that K* is a smooth function of the compressive strain. However, aside

from these assumptions, the diffusive drag coefficient K* is arbitrary.

The problem is scaled by letting z* = hz, t* — t0t, and u* = u%u(z, t). In this case (3)

takes the form

where

Also,

R2d?u = K(e^,u)dlu, 0 < z < 1, (4a)

w(0, t) = g(t), 0 < t < 1, (4b)

u(l, t) = u(z,0) = 0. (4c)

e = u0/h, R2 = Xto/h2K*(0),
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and

K(edzu) = K*(edzu)/K*(0). (5)

In (4b) the boundary condition for t > 1 is not included as the problem is going to be

solved only for 0 < t < 1. However, the analysis extends in a relatively straightforward

manner to include this later time interval.

The parameter e represents the equilibrium strain and it is assumed to be relatively

small. As for R, in the case of linear diffusion (K = 1) it is a measure of the distance the

disturbance has effectively propagated into the medium after time t0 as compared to the

thickness h. By changing t0 it is possible for R to vary appreciably. For articular cartilage,

R can be anywhere between 10~4 and 102. It is how the deformation changes as R varies

over such a range of values that is considered here.

The results of the analysis to follow are usually compared with experiment by using the

stress measured at the surface z = 0. With the assumed linear stress-strain law, the stress

at the surface is

a* = (^2 + 2[xs)dz.u*(0, (*).

Normalizing this with the equilibrium stress a* = —e(Xs + 2//), we have that

% = -3Z«(0, t). (6)

In the next three sections the various limits associated with R are developed. The

application and implications of these results are presented in the last section.

Slow rates of compression. The simplest limit to consider is when R > > 1 for e > 0

fixed. The appropriate expansion in this case is

u(z, t) ~ u0(z, t) + Uj(z, t)/R2 + .... (7)

Substituting this into (4) and solving the reduced problems, one finds that

«o(*. 0 = g(00 - 2)
and

"i(2. 0 = ~iz(z - 1 ){z - 2)g'(t)K[-eg(t)\.

The surface stress (6) is therefore given as

o»~g{t) + g'{t)K[-£g{t)]/lR2. (8)

The complicating feature of this limit is that it is singular in t. However, this can be

handled by introducing the initial layer with coordinate r = R2t. In this case

3Z2" = K(ed2u)dTu, (9)

where

"(°> T) = gif/R2).

The expansion of u in this region is

g{\/R2)[U0{z,T) + ...]. (10)
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From the analyticity of g, for large R,

g{r/R2) = g0{T/R2)" + 0{l/R2n+2),

where n £ Z+ and g0 is a nonzero constant. So, introducing (10) into (9) and solving the

0(1) problem, one finds that

U0(z,t)= 2 r"-kpk(z)+ v0(z,r), (11)
k=0

where

Po(z) = SoO - z)

and

Pk(z)=Pk-M> k=l,...,n,

for pk(0) = pk{ 1) = 0. The function V0(z, t) represents the transient component of the

solution and decays exponentially with t. From this it is easy to show that, by introducing

the intermediate variable f = Rt, (10) matches to (7).

Note that this limit corresponds, physically, to a very slow rate of compression. In this

situation we have found that the deformation is essentially uniform compaction of the

solid matrix. Also, the transient effects are negligible, and the permeability of the tissue

does not contribute until second order. However, the dependence of the surface stress on

the diffusivity function K is general and it is for this reason that this limit will be used

later to determine K.

Moderate rates of compression. For the case of R << 1 the rate of compression is

relatively fast, which means that by the end of the compressive stage the disturbance has

not effectively reached the other end of the tissue. This semi-infinite nature of the material

is evident in the singular nature of the limit. As should be expected, this is accounted for

by introducing the coordinate

l = z/R, (12)

so that (4) becomes

3 lu = K(Sd(u)d,u (13a)

where

m(0, i)-g(') and «(£,0) = 0. (13b)

Also,

S = e/R. (14)

For a slow rate of compression, as in the previous section, it is simply required that the

equilibrium strain e is fixed and small. However, for the case at hand, it is necessary to

specify how e compares with the rate constant R. The two cases that arise are when the

permeability is a weakly nonlinear function, so 5 is small, and when it is a strongly

nonlinear function of the strain. The former case is simpler and leads to the strongly

nonlinear case, so it is considered first.
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Assuming 8 < < 1, the appropriate expansion of the displacement is

uU,t)~ V0U,t) + SF, + .... (15)

Also, it is assumed that the diffusive drag coefficient expands as follows:

K(8) ~ 1 - 8M + ..., (16)

where M is a positive constant. The first term in this expansion for K is unity because of

the normalization of K* in (5).

To determine the first two terms in (15) one must solve the following problems:

0(1):

d?V0 = d,V0, (17a)

where

and

O(S):

where

Fo(0,/) = g(r) (17b)

K0(oo,0 = ro(i.0) = 0, (17c)

9^, = 3,K, - Md(V0d,V0, (18a)

Vl(0,t)= K,(oo,/) = K,(€,0) = 0. (18b)

Since these problems are linear it is possible to solve them in closed form, although the

expressions are somewhat cumbersome. However, there is an important special case when

the solution is relatively simple. If

g(t) = t" for « E Z+ , (19)

then the solution of (17) and (18) result in the following expansion:

U(€, 0 ~ t"fo(s) + 8Mtln~^2fx(s) + ..., (20)

where s is the similarity variable

s = £/{t •

The function f0 is obtained from (17) and is given as

f0(s) = (1 + 52/2)erfc(j/2) ~ se~s2/4/]frr

and /, satisfies the linear ordinary differential equation

f[' + sf[/2 - 3/,/2 = -/o'/o", ()<.?<«=,

for /,(0) = /|(oo) = 0. Therefore, the surface stress is

<x0~ f-pf"-,/2 + fi«I/2--1 + ...)/r, (21)
\ W I
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where a, = — A//,'(0) is a positive constant. Also, note that since (17) is linear, (19) and

(20) can be used to construct the solution for the case of when g is a general analytic

function.

These relatively simple expressions for the displacement and stress make it very easy to

analyze the motion. For example, the material constants can be determined fairly quickly,

in contrast to the earlier limit of a very slow rate of compression. It also hints at some

problems that arise at the surface z = 0, where the local strains can become significant.

This problem becomes even more pronounced with the next limit.

Fast rates of compression. The remaining limit is the case when R << 1. As discussed

earlier, this corresponds to a relatively fast rate of compression for a given equilibrium

strain e. This gives rise, as in the last section, to a spatial boundary layer that gradually

diffuses into the tissue. However, rather than use (12), it is now necessary to consider

other limits which correspond to how the time scale compares to R. To facilitate the

analysis it is assumed that

g( 0 = t, (22)

and, moreover,

K(s) = 1 - Ms, (23)

where M is a positive constant.

The evolution of the deformation splits naturally into three subproblems, corresponding

to whether the time scale is much less than, about the same size as, or much larger than

the diffusion parameter R. In the initial moments the slope is small enough so that the

tissue responds, essentially, as if the diffusion were linear. However, | euz \ eventually

becomes 0(1) so that both terms in the diffusive drag (23) are important. After this, | eu2 \

becomes so large that the constant term in (23) can be ignored. These are the essential

ideas of how the material responds; the details of the analysis follows.

To analyze the deformation in the initial moments the appropriate coordinates are

z = z/Rjf, i = t/S

and

« = g(fMz, t),

where f is a function of R to be determined. Introducing these into (4), one finds that

9?« = (1 - yd-o)fyv, (24a)

where

v(0 ,t) = g(t) (24b)

and

y = eMg(n/R^. (25)

As we are considering the initial response, f is small compared to R. More precisely, it is
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assumed that y << 1, that is

$«(R/eM)2.

In this case the appropriate expansion of v(z, t) is

v~V0{z,t) + yVx(z,t) + .... (26)

This gives rise to essentially the same problem as for the moderate rate of compression.

Accordingly, V0 satisfies (17) and V, satisfies (18). Thus,

V0 = if0(s),

V, = P/2f,(s),

where

i = z/yt .

The corresponding surface stress is given in (21).

The next limit is the distinguished one and arises when y = 1, that is, when

In this case (24) takes the form

where

f = {R2/eM)z.

3|t) = (1 - d;V)d~V,

v(0, t) = t.

Although it is difficult to say very much about the solution of this particular problem, it is

possible, as shown below, to say how the solution emerges from this region. Before doing

this, though, note that the particular form of K(s) specified in (23) has not really been

used, and so the analysis so far applies to any smooth function K that satisfies (16).

However, this is not true for the next limit.

The remaining case is when y >> 1, and so it is assumed that

f »(R/eM)2.

When this happens a spatial boundary layer appears, due to the nonlinearity, which is

contained in the already established layer of thickness . To obtain the deformation in

this new region set

_ z - 1 / R2
z=~, t = -\t-

v' n e2M2

where

7) = R2/zM.

Setting

"(^, 0 = g(£)w(z, t),

we find

92w = (/? — 3z-w)9r-w, (27a)
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where

w(0, i) = i+ P, (27b)

w(z, 0) = p v(z, 1), (27c)

p = R2/e1M2£.

By assumption P << I, and so, the appropriate expansion for w is as follows:

w ~ w0(z, t) + Pw,(z, 0 + ....

Substituting this into (27) one finds that

0(1):

3/w0 =

where w0(0, t) = t, and w0(oo, /) = w0(z, 0) = 0.

O(P):

3/w, = - 3(-M-'03fw, - afwoa(-w, + 9,w0,

where w,(0, t) = 1 and w,(z, 0) = u(z, 1). The 0(1) problem can be solved using similarity

methods, from which it is found that

wo = if(z) (28)

where

/" = -/'/ (29)

for /(0) = 1 and /(oo) = 0. Thus,

f(z) = 2/(2 + z). (30)
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Fig. 1. Surface stress (6) as found from (4), using the Crank-Nicolson scheme and the

K(s) given in (23), as well as the short- and long-time asymptotic approximations given in

(21) and (31), respectively. In this particular case, R2 = 10~3 and cM = 1.0.
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The 0(i8) problem is linear, although it has variable coefficients. In solving it, it is

necessary to match w, with the solution in the region z ~ Rjt. This outer region arises

from the evolution of the problem considered in the last paragraph, however the

displacement is now 0(Rjt /eM). Also note that if the forcing function given in (19) were

used rather than (22), then (28) would be replaced with t"F(zt"~l) and there would be a

corresponding change in (29). In any case, with the above solution the surface stress (6) is

given to first order as

o0~eMt/2R2. (31)

It should be remembered that this applies only after t is at least 0(R2/e2M2).

To illustrate the contribution from these three temporal regions, (21) and (31) are

plotted in Fig. 1 for the case of when R2 = 10"3 and eM = 1. Also shown is the

corresponding numerical solution of (4) using the Crank-Nicolson scheme. It is seen from

this figure that, in their respective regions, the asymptotic results are good approximations

to the solution and at the same time they are relatively simple analytically.

Applications. For articular cartilage, the time scales involved with the moderate and fast

rates of compression arise the most frequently. However, slow rates do occur and are

definitely obtainable experimentally. As pointed out earlier, these very slow rates have the

advantage of enabling us to determine the diffusive drag function up to a given

equilibrium strain. Alternatively, if one of the various pore models are used to obtain the

functional form of K(s), then this limit can be used to analyze the various components of

the microstructure, such as the porosity.

To illustrate these ideas, consider the case when g(t) — t so the surface stress (8) takes

the form

o0{t) ~ t + K(-et)/3R2 for 0 < / < 1.

Given the empirical determination of a0, it follows that

K(s) = 3/?2[j + ea0(—s/e)]/e. (32)

In using this expression to determine K it should be remembered that (8) does not apply

for small f; in particular, it does not apply for t up to 0(l/R2). Also, (32) is only an

asymptotic approximation, and so it contains a certain error. With the two-term expansion

used here the error is 0[K(—e)K'(—e)/R*].

In the experimental investigation of the compressive properties of cartilage it is found

that the stress, for a slow rate, has the history illustrated in Fig. 2 [4], Using the near

linearity of this result and (32), we find that

*>—(»-»-')* <33>

where oL represents the linear extrapolation of the curve to t — 0. From (2) it follows that

k*(dz.u*) = k0/(\-Mdz.u*), (34)

where k0 and M are material constants. In fact, from (33) and (5) we get
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TIME
Fig. 2. The normalized surface stress obtained in a typical slow applied compression test

for bovine articular cartilage. In this case, c = 5%, /„ = 3000 s., h = 1.6 X 10~3m, and

a* =0.3 MPA.

k0 = (*f)2/K*(0) = —eh2/3t0a* (35)

and

M=(o -oL- 1)/ £0 L-

Note that k0 in (35) is positive since a* is negative and e is positive.

Using the first principal invariant Is of the infinitesimal strain tensor for the deforma-

tion of the elastic solid, (34) can be written as

K*{IS) = k0/(l - MIS). (36)

The intrinsic permeability function obtained by Lai and Mow [3] from their permeation

experiments is

k*(Is) = k0eM,\

Comparing this with (36) and recalling the small-strain assumption made earlier, it is seen

that they agree to second order in Is, which is consistent with the degree of approximation

used to obtain (36).

Another application of the analysis concerns the determination of the consistency of the

original modeling assumptions. For a fast rate of compression and a permeability function

as given in (36) the strain at the surface z — 0 is —e2M2t/2R2. Since e2M2/R2 >> 1, by

the end of the compressive stages (t = 1) the strain is considerable. This indicates that the
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original assumption of a linear stress-strain relationship is doubtful in this range. Also

note that this is true even though the eventual equilibrium strain e is relatively small. In

any event, the solution should give a qualitative indication of the response. However, it

also shows that for a realistic model of cartilage it is going to be necessary to account for

the nonlinear nature of the material, particularly in the region near the articular surface.
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