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Abstract. A partial solution to the problem of the symmetric impact of two compressible

fluid streams is derived. The plane, two-dimensional flow is assumed to be steady, and the

inviscid, compressible fluid is of the Chaplygin (tangent gas) type. The equations govern-

ing this flow are transformed to the hodograph plane where an exact, closed-form solution

for the stream function is obtained. The distribution of fluid properties along the plane of

symmetry and the shape of free surface streamlines are determined by transformation

back to the physical plane. The problem of a compressible fluid jet penetrating an infinite

target of similar material is also solved by considering a limiting case of this solution.

Differences between compressible and incompressible flows of the type considered are

illustrated.

1. Introduction. The flow configuration of plane-stream impacts or the impact of a

single stream upon a rigid plane boundary has significant technological applications. For

example, this flow configuration explains some features associated with the bonding of

metals in the explosive welding process [1]. The extremely high velocity of metallic jets

produced by lined-cavity shaped charges can also be explained by examining the flow

configuration of impacting streams [2], Even the stretching of the jet has been explained

by examining this flow [3],

Hydrodynamic computer codes based upon numerical techniques have solved com-

plicated problems of jet formation, jet penetration, and explosive welding. However, the

accuracy of some solutions is questionable, especially in regions of rapidly varying

properties. A definite need for exact solutions to test problems involving flow configura-

tions of practical interest exists. The exact solution to this steady-state problem may be

useful for checking the accuracy of approximate solutions obtained with hydrodynamic

computer codes. In addition to providing a test problem, a second purpose of this work is

to better understand the effect of compressibility upon jet formation and jet penetration.
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The solution to the problem of impacting streams of incompressible fluids is well

known. This work extends that solution to the Chaplygin type of compressible fluid.

2. Statement of the problem. The steady, symmetric interaction of two fluid streams in

plane flow geometry is considered (Fig. 1 illustrates the flow configuration). The .x-axis

represents the plane of symmetry, and the incoming fluid streams are inclined to the

x-axis by the angle a, where 0 < a < 77/2. An inviscid, thermally nonconducting, com-

pressible fluid with a pressure-density relation of the Chaplygin type is assumed. Far from

the interaction region, the widths of the streams approach hu h2, and h3, and the

incoming flow, with speed Uc, is assumed to be uniform. The pressure acting on the free

surface streamlines, indicated by ^3, and in Fig. 1, is zero, and the pressure

within the fluid streams far from the interaction region is also zero. According to

Bernoulli's equation, the particle speed anywhere on the free surface streamlines is Uc.

Conservation of mass and momentum indicates that the widths of the outgoing streams

are related to the widths of the incoming streams by

h 2 — 1 (1 + cosa) (1)

and

h} = ht( 1 — cos a). (2)

Thus, the asymptotic conditions are specified, and the problem is to determine the details

of the flow in the region of interaction.

Uc

Fig. 1. Physical plane indicating symmetric impact of plane fluid streams with incoming speed Uc and impact

angle a.

3. Basic equations. The equations assumed to govern plane, steady, inviscid fluid flow

±(pu) + ±(pv) = 0, (3)

qdq + ~tlP = 0, (4)

rv'vx = °- <5>
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and

P = P(p), (6)

where q = (u2 + v2)x/1. In these equations, u and v denote the and y- components of

particle velocity, q is the particle speed, p is the density, and P is the pressure. Eq. (3)

expresses mass conservation, and Eq. (4) is Bernoulli's equation. Eq. (5) expresses the

condition of irrotationality, and Eq. (6) is the pressure-density relation for the process.

Eqs. (4) and (5) replace the .x- and y- components of the momentum equation. This

simplification is justified for inviscid flow when an equation of the form of Eq. (6) exists

and when the incoming flow is irrotational. Eqs. (3) through (6) must be solved for m, v, P,

and p as functions of x and y.

Eqs. (3) through (6) may be put into a form more convenient for analysis by introducing

a velocity potential function <t> and a stream function \f/ defined by

d(j) d<f>
8jc _ aJ~V'

M !* = £„, (7)dx p0 9 y p0

where p0 is the stagnation point density. With these definitions, Eqs. (3) through (6) can be

combined to form two equations for the dependent variables <f> and \p as functions of u and

v. By introducing polar components of velocity q and 6, defined by

u = q cos 6

and

v = <7 sin#, (8)

the basic equations governing the flow become

= # (9)
Po 90 9<7

and

<'o)

where

<1 = %- (ll)

From Eqs. (4) and (6), both the sound speed c and the density ratio p/p0 can be expressed

as functions of the particle speed q. A detailed derivation of Eqs. (9) and (10) can be

found in [4]. Additional information on the derivation of these and subsequent equations

is found in [5],

The equations for compressible flow, Eqs. (9) and (10), can be transformed to a form

similar to the incompressible flow equations if the Chaplygin [6] pressure-density relation

is used. The Chaplygin (tangent gas) relation is

P = P,-~, (12)
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where P] and k are constants. Equations (9) and (10) can now be written as

d6 I1 Cq I [ )

and

, , Q2 \ 7 3^ /,a\
,+^J "Tr~Te- (l4)

where c0 is the sound speed at the stagnation point. A further simplification is obtained by

introducing a new independent variable q:, defined by

2q_

1 + (l + q2/Co)

Eqs. (13) and (14) become

= ~ T , 771/2' (15)

00 q' a <7,' ^ ^

„ ^ (1 n\(l7)

Eqs. (16) and (17), which govern steady plane flow of a compressible fluid with a

pressure-density relation given by Eq. (12), are identical to the equations governing

incompressible flow if the speed variable q( is replaced by the speed q. Thus, solution

techniques appropriate to incompressible flows can now be applied. The jet formation

problem is solved by obtaining a solution to Eqs. (16) and (17) that is consistent with the

boundary conditions for the stated problem.

4. Boundary conditions. The stream function xp has a constant value along any particular

streamline. The mass rate of flow per unit depth mA_B between any two streamlines \j/A

and ipB is proportional to the difference in the values of the stream function on those

streamlines; that is,

Ma-b = Poi^s ~ ^a)- 0^)

Fig. 2 shows the free-surface streamlines >p2, \f/3, and \p4 in the hodograph plane; Fig. 1

shows the physical position of these streamlines. Because the stream function is de-

termined only to within an arbitrary constant, the value of if, will be taken as zero. The

remaining values of \p along the free-surface streamlines are determined from Eq. (18) with

due account taken of the flow direction. These values are

= o,

^2 ~ -UchlPaB/,p0,

h = -uc(hI - h3)px/p0,

and

= -Uch2pK/p0, (19)

where px is the far-field density. These relations are the boundary conditions for xp.
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I

Fig. 2. Hodograph plane indicating constant values of the stream function along free-surface streamlines.

5. Solution for the complex stream function in the hodograph plane. Because the

governing equations, Eqs. (16) and (17), are the Cauchy-Riemann equations in the polar

coordinates (<7,,-0), <£ and can be combined into a complex function / of a single

complex variable vv as

f(w) = <t>(qiy-d) + (20)

where w — qie~'e. Any complex stream function / of the above form will satisfy Eqs. (16)

and (17). The explicit form of the solution for / is dictated by the boundary conditions and

can be computed directly from the formula of Schwarz [7], This formula expresses the

value of a complex analytic function F{z) at a point z inside a circle of radius >|z|,

centered at z — 0, in terms of values of its real part on the circle. If F(z) = U + /V, the

formula of Schwarz is

(21)'o Re,/} - z

The result of applying Eq. (21) to the system represented by Eq. (20), with F(z) = -if(z),

IS

-if(w) =\p~ i<t>

2w Jq U^e'V — w

2 w

,« Ue'P + w rir U.e'^ + w „

/ ' _#+/ -dp
Jo U(ep — w Ja Utep — vv

flv-a Ufi'P + w f2ir V]e'^ + vv
+ / ^771? ~dP + J ^TTTp -dp

J rr l/.P'P   Vf J ~) trr — /v l/.p'P   WUje'P — vv hn-a Uie'H — vv

where U{ is the transformed maximum speed; that is

(22)

Ui = 2Uc/[\ + {\ + Uc2/c2o)V% (23)
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which is obtained from Eq. (15). When the integration in Eq. (22) is performed and the

boundary values of \p are used, the complex stream function can be expressed as

m = pf^
Po 77

A,ln|l — +/r,ln 1 —
1 U:e,a U,e-

—A,ln| 1 - jj I — /t3 lnf 1 +~ (24)

Eq. (24) is the exact solution to the stated problem. When the expression for the

complex stream function is separated into real and imaginary parts, the velocity potential

and stream function are given in terms of the hodograph variables q, and 8.

6. Partial solution in the physical plane. The transformation of the solution, Eq. (24),

back to the physical plane (z = x + iy) is accomplished by first considering the expres-

sion

qe~'e dz — (u — iv) dz

= u dx + v dy — i(v dx — u dy)

= + ¥dy- i(&Jx - % ^dy
3x dy \ p dx P dy

= d<(> + i—d\[/. (25)
P

If we restrict this discussion to a single, arbitrary streamline, d\p = 0 along that streamline

and, from Eq. (25),

dz = —e'ed<j>. (26)
q

If Eqs. (24) and (15) are combined with Eq. (26), the result can be written as

_ 4cg - gf Uc px ( -hx ft, hdz=^o n oo  Hi ^+ d- (2?)
4cqW * Po \ U,e'a - vv U,]e~" ~ w Ui~w U, + w j

Because of the term containing qj, the right side of Eq. (27) is not solely a function of the

complex variable w. Therefore, to integrate Eq. (27), the right side must be separated into

its real and imaginary parts. For simplicity, Eq. (27) can be written as

dz = F(<7,, 0)(e~'edql - iq,e"'"dd), (28)

where F(qjt 9) represents the function preceding dw in Eq. (27). The relation between qt

and 0 along an arbitrary streamline, a relation that must be determined to integrate Eq.

(28), can be obtained in principle from Eq. (24). On any streamline, ^ (a constant),

and the imaginary part of Eq. (24) furnishes a relation between q, and 9, namely,

«k= Im[/(vv)]. (29)
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In general, solving Eq. (29) for q, as a function of 6 or vice versa is difficult algebraically.

However, at this point in the analysis, the problem has been reduced to solving an

ordinary differential equation, Eq. (28), with the subsidiary condition of Eq. (29). The

solution can be achieved by numerical techniques. However, the case of free-surface

streamlines and the case of flow along the plane of symmetry can be treated exactly.

For the case of free-surface streamlines, q, = U, (a constant) and dq, = 0. Eq. (28) then

can be written as

dz = F(U„O)(-Uie-i9d0), (30)

or, when expanded as in Eq. (27),

i = + ——!h—\de. (3i)
Po I e'a-e-e e',a - e~,e 1 - e~'e 1 + e',e I

The integrated form of Eq. (31) is

z - z0 = -^-{h{e-'aln[e'(fl+a)- 1] + hxeia\n[ei(e~a) - 1]

-h2In [e'e - 1] + h3\n[e'e + 1]}, (32)

where z0 is the constant of integration. Eq. (32) gives the shape of the free surface

streamlines in terms of the parameter 6 (the angle between the x-axis and the velocity

vector). For example, the streamline indicated by xp, in Fig. 1 is described in the physical

plane by letting d vary from -a to 0 in Eq. (32). Similarly, the streamline \p2 is described

by varying 6 from -a to -it. The integration constant z0, for the free-surface streamline

can be evaluated by specifying that y -> (\/2)h2 as 0 -» 0 and that the distance between

the centerline of the incoming stream and the free streamline should approach (1 /2)h, as

6 -» -a. Similarly, z0 can be evaluated for the free-surface streamline \p2 by specifying that

y — (1 /2)/i3 as 0 -» -v and that the distance between the centerline of the incoming

stream and the free streamline \p2 approaches (1 /2)h] as 0 — -a. Explicit expressions for

z0 are given in the Appendix. Equation (32) with the appropriate constants determines the

shape of the free-surface streamlines in the upper half of the physical plane, Im z > 0. The

shape of the streamlines in the lower-half plane, Im z < 0, can be determined by

symmetry, because the x-axis represents the plane of symmetry.

For flow along the plane of symmetry, Eq. (28) again can be solved exactly. In this case,

6 equals either 0 or -v depending upon whether the point of interest lies to the right or left

of the stagnation point. Consider first the streamline of symmetry to the right of the

stagnation point. For this streamline, 6 — 0 and dd = 0. Eq. (28) can be written as

dz = F(qi,0)dq:

or

, _ 4c0 ~ <7,2 Uc I ft I ^ | ft 2 ft 3 I ,

4cfo * \ U,e>" - q, U,e-° - q, U, - q, U, + q, I ̂  (33j
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The integrated form of this equation is

° U, TTPo 4 cl I \ U,

4Cn I V U,

'V 44 H' "T 44l™\" u,-hJ 1 - -^r ln( 1 - ) + h J 1 - ln( 1 + — (34)

Eq. (34) relates the position coordinate to the transformed particle speed <7, for flow in the

positive ^-direction. The right side of Eq. (34) is real; therefore, if y0 = 0, this equation

relates the position along the x-axis to the particle speed. The constant x0 in z0 can be

chosen to position the stagnation point horizontally. For the remaining portion of the

streamline of symmetry where the flow is in the negative ^-direction, 6 = -tt, and Eq. (28)

can again be integrated. The result of this integration is the same as Eq. (34) except -q,

replaces qt and a minus sign precedes the right side of the equation.

Once the speed distribution along the plane of symmetry is determined from Eqs. (34)

and (15), other distributions can be obtained from Eq. (12), and (4). The relevant

relationships are

cl =

cl = c2x~ ql,

c2 = Cq + q2,

p2 = k2/c2,

P = PX- k2/p,

and

E = Ex - Pt(\/p - \/pJ + 1/2/c2( 1/P2 - 1 /P2X), (35)

where E is the specific internal energy. The last relationship is derived from the energy

equation dE — -Pd(\/p). Therefore, all properties are determined along the plane of

symmetry from Eqs. (34) and (35), and the shape of the free-surface streamlines is

determined from Eq. (32). Because the free-surface streamlines and the property distribu-

tion along the plane of symmetry are treated separately, the relative position of the

free-surface streamlines with respect to the stagnation point is not established.

7. Partial solution to the jet penetration problem. By taking a limiting case of the

foregoing solution, the problem of steady-state penetration of a jet into an infinite target

can also be solved. This limiting case is achieved by allowing the angle of inclination a to

approach zero while holding the jet thickness h3 constant and then reversing the flow

direction. Also, the thicknesses /i, and h2 must approach infinity. The resulting flow

configuration is shown in Fig. 3. For incompressible flow, this transition from a jet

formation solution to a jet penetration solution has been discussed by Birkhoff and

Zarantonello [6].
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 COMPRESSIBLE FLOW (M = 0.9)

^ INCOMPRESSIBLE FLOW (M = 0)

JET

-4 -2 0 2 4 6

POSITION x/h3

Fig. 3. Streamlines of compressible and incompressible flows for jet penetration (a — 0°).

In the limit as a -> 0 with h3 = constant, the expression for the free-surface streamlines,

Eq. (32), assumes the form

; = + ^
Po""

2(2-*-*)+ln4±l
(]1 f - 1

(36)

To insure that the thickness of the incoming flow approaches h} far from the stagnation

point, must be computed from

(37)

The constant x0 in z0 merely sets the horizontal location of the streamlines. The result of

applying this same limiting process to the velocity distribution formula, Eq. (34), is

x-x. = h££. ,_4
Po^i \\ 4cl

]nU^±J1+ 2q,
Ui~1i U,{\ ~ q./V)2

[ 4(1 + U?/Acl)

Eq. (38) applies only to points on the plane of symmetry that are to the right of the

stagnation point. For points to the left of the stagnation point, Eq. (38) applies if q, is

replaced by -q: and a minus sign is inserted before the right side of Eq. (38). As in Sec. 6,

the distribution along the plane of symmetry of additional properties of the flow is

determined from the relationships in Eq. (35).

8. Results and conclusion. Free-surface streamlines are shown in Figs. 3 through 5. The

free-surface streamlines for jet penetration, evaluated from Eq. (36), are shown in Fig. 3.

Free-surface streamlines for jet formation at impact angles of 90 and 45°, computed from
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Eq. (32), are shown in Figs. 4 and 5, respectively. The values of parameters used to

compute compressible flows for these and subsequent figures are

k2 = 12.18 X l05GPakg/m\

px = 8.9 X 103kg/m\

P\ = *Vfto.

Uc - 3.53km/s,

and

M = Uc/cx = 0.9. (39)

These values are appropriate for copper at low pressures, modeled as an inviscid,

compressible fluid. At high pressures, the Chaplygin equation does not adequately

represent copper, and the computations presented here generally overestimate the com-

pression that would occur in a copper jet. This solution to compressible flow problems can

also be used to evaluate incompressible flow by allowing k2 -» oo in these equations. In

Figs. 3 through 5, free-surface streamlines for both compressible (M — 0.9) and incom-

pressible (M = 0.0) flow are presented. The shape of the free-surface streamline indicates

that, in regions of high-streamline curvature, the curvature of streamlines of a compressi-

ble flow is greater than the curvature of streamlines of a similar incompressible flow. This

— COMPRESSIBLE  INCOMPRESSIBLE

FLOW (M = 0.9)

i

FLOW (M = O)

-h,

-Z 0

POSITION x/h.

Fig. 4. Streamlines of compressible and incompressible flows for symmetric impact at normal incidence

(a = 90°).

 COMPRESSIBLE FLOW (M - 0.9)
 INCOMPRESSIBLE FLOW (M = O)

Fig. 5. Streamlines of compressible and incompressible flows for symmetric impact (a = 45°).
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o
POSITION x/h

Fig. 6. Nondimensional pressure distribution Fig. 7. Nondimensional particle velocity distribu-

along the plane of symmetry for symmetric im- tion along the plane of symmetry for symmetric

pact at normal incidence (streamlines shown in impact at normal incidence (streamlines shown

Fig. 4). in Fig. 4).

COMPRESSIBLE
FLOW (M = 0.9)

0 4

0.3

>-
e>
tr
UJ
z
UJ

■ COMPRESSIBLE

FL0W(M«0.9)

INCOMPRESSIBLE j
FLOW (M»0)

0
POSITION x/h.

Fig. 8. Nondimensional velocity gradient distribu- Fig. 9. Nondimensional specific internal energy

tion along the plane of symmetry impact at nor- distribution along the plane of symmetry for

mal incidence (streamlines shown in Fig. 4). symmetric impact at normal incidence (stream-

lines shown in Fig. 4).
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-INCOMPRESSIBLE / \  COMPRESSIBLE  COMPRESSBLE FLOW
FLOW (M « 0) / \ FLOW (M a 0.9) , 25. (M«0.9)

 INCOMPRESSIBLE

FLOW(M-O)

00
z
ui
a

0.25 -

_L_
-4 -2 0

POSITION
0

POSITION x/h.

Fig. 10. Nondimensional density distribution Fig. 11. Nondimensional pressure distribution

along the plane of symmetry for symmetric im- along the plane of symmetry for symmetric im-

pact at normal incidence (streamlines shown in pact at 45° (streamlines shown in Fig. 5).

Fig. 4).

s>3

UJ 2

/,
-Jj

— COMPRESSIBLE FLOW

(M = 0.9)
-INCOMPRESSIBLE FLOW

(M ■ 0)
(VJ

1.00
(M O
z>

J
^ 0.75

0.25

_l_
-4 -2 0

 COMPRESSIBLE FLOW (M = 0.9)
— INCOMPRESSIBLE FLOW (M ■ 0)

POSITION */h. 0 20 40 60 80 100
' POSITION x/h,

Fig. 12. Nondimensional velocity gradient distri- Fig. 13. Nondimensional pressure distribution

bution along the plane of symmetry for sym- along the plane of symmetry for jet penetration

metric impact at 45° (streamlines shown in (streamlines shown in Fig. 3).

Fig. 5).
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.  COMPRESSIBLE FLOW
-COMPRESSIBLE FLOW - (M = 0.9)

(M a0.9)

IPRESSIB
(M =0 )

^    .  INCOMPRESSIBLE FLOW
 INCOMPRESSIBLE FLOW => (M = 0)

3 -0.25

-1.0

0 2 4

POSITION x/h,

Fig. 14. Nondimensional particle velocity distri- Fig. 15. Nondimensional velocity gradient dis-

bution along the plane of symmetry for jet tribution along the plane of symmetry for jet

penetration (streamlines shown in Fig. 3). penetration (streamlines shown in Fig. 3).

effect is also directly evident from the factor px/p0 in Eqs. (32) and (36). The geometry of

the free-surface streamlines of a compressible flow are scaled down from the free-surface

streamlines of an incompressible flow.

Figs. 6 through 15 show the distribution of properties along the plane of symmetry for

the flow configurations illustrated in Figs. 3 through 5. Figs. 6 through 10 give the

nondimensional distributions of pressure, particle velocity, velocity gradient or strain rate

(du/dx), specific internal energy, and density for compressible and incompressible flows

at normal incidence (Fig. 4 shows streamlines). These curves are computed from Eqs. (34)

and (35). In addition to the obvious large difference in internal energy and density

distributions between compressible and incompressible flows, a qualitative as well as

quantitative difference exists in the velocity gradient (strain rate) as indicated by Fig. 8.

For these flows, the maximum value of a property is greater for a compressible flow than

for a similar incompressible flow.

Figs. 11 and 12 show the nondimensional pressure and velocity gradient distributions

along the plane of symmetry for an incidence angle of 45° (Fig. 5 shows streamlines). Figs.

13 through 15 show nondimensional pressure, velocity, and velocity gradient distributions

along the plane of symmetry for the jet penetration problem illustrated in Fig. 3. Fig. 13

shows the slow decrease in pressure with distance into the target. At a distance of one

hundred jet thicknesses into the target from the stagnation point, the pressure is about

17% of its peak value for both compressible and incompressible flows. These flows exhibit

high velocity gradients (strain rates); for example, if ft, or h3 equals 1.0 cm. then strain

rates of the order of 106/s are found in the examples given here.
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Appendix. Listed here are the explicit equations for the integration constants of Eq.

(32), the equation for the shape of the free-surface streamlines. For streamline ipi of Fig. 1,

z0 is given by

1 I Poo I
z0 = csc a b\

u 2 ' ffpnwPo

Po0

2,,2r po

-/l,| 1 +iSS.(
Po ' "'Po

cot a

+ ilh2l 1

where

a, = y/i, cosa + /i, sinaln[(cos2a — l)2 + sin22a]

_./ -sin 2a \ , ,/ -sin a
+ h, cosatan  r   — h2 tan  -

1 \ cos 2a — 1 / z \ cos a — 1

.,/ -sin a
+ «, tan

cos a + 1

and

/>, = sina + /i| cosaln[(cos2a — l)2 + sin22a]

-hx sin a tan"1 -^2ln[(cosa- l)2 + sin2a]

+ yfc3ln[(cosa + l)2 + sin2 a], (A-l)
2

For streamline \p2, z0 is given by

1 I PzC i
20 = A,csca - — b2

2. 7TQr\"Po

  'oc

2"3l" Po

1 1 I j roc I . roc
-/!, 1 H a:

Po I "Po
cot a

+ ilhj 1 -^s.

where

a2 — -f/i, cosa + {h, sinaln[(cos2a — l)2 + sin22a]

,/ -sin 2a \ , ,/
+ /i, cos a tan    - — h 2 tan

1 \ cos 2a - 1 / z \

-sin a

cos a — 1

+h? tan,-i -sin a

3 \ cos a + 1 /'

and

b2 — ~ih\ sina + j/i, cosaln[(cos2a — 1)"" + sin22a]

-sin 2a \

2a - 1 /
— h, sin a tan

cos2<

— |/i2ln[(cos a — l)2 + sin2 a]

+ jh3 ln[(cos a + l)2 + sin2 a]. (A-2)
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