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1. Introduction. Recently [2], one of us has studied the linear stability of a nonlinear

diffusion equation related to Burgers' equation

Ut + UUy — Uxx + Uyy, ~ 00 < X , J < 00 , t > 0 , ^.l)

for the special solution

U(y) = -2tanhj>. (1.2)

There is no parameter in the problem, and it was shown that this solution is stable

according to linear theory in the following way. With the assumption

u = U(y) + <j>(y)e'a(x-c,) (1.3)

the solution is linearly stable for all a > 0, in that the only eigenvalue is c = -ia. The

main reason for the previous study was to examine the spectral problem which arises in

trying to expand a disturbance in the eigenfunctions of the linearized stability equation. It

was shown that in a weighted Hilbert space the spectrum is real and the usual spectral

resolution by contour integration over the spectrum of the resolvent of the linearized

operator is thereby possible. The space chosen was

Jdp= {<j>|</>coshy e=S^(-oo,oo)} (l-4a)

with the inner product

/00 _
<p{y)4> (y) cosh2 y dy

- 00

for
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There is still the question of the nonlinear stability of the equation, and the purpose

here is to perform an energy analysis using weighted energy methods [1], It is proved that

disturbances which are either periodic in x, or have a Fourier transform in x, are stable

according to energy theory for all sufficiently small initial values of the (weighted) energy.

The case independent of x has been ably handled elsewhere [4]. It was proved there that a

type of orbital stability holds, but stability according to energy theory (asymptotic

stability in the mean), is not to be expected. The present work goes further and delineates

the stability boundary between linear and nonlinear stability. Further applications to

exterior domain problems in mechanics are anticipated.

2. Energy Methods. A disturbance v{x, y, t) to u in (1.1) satisfies

v, +{Uv)y + vvy = vxx + vyy. (2.1)

The weighted energy is defined as

E(t) =-7T fwv2 da, w > 0, (2.2)
2 •* a

where a = {(x, y)\x e X, y e (- oo, oo)}. The set X = (- oo, oo) when v has a Fourier

transform in x, or X = [ 0, 2<n/a) if v is periodic in x with period 2ir/a.

The form of the weighted energy is suggested by the linearized analysis, but also occurs

naturally when w = exp( - jy U(y) dy) = cosh2 y is introduced. Both sides of the per-

turbation equation (2.1) are multplied by wv giving after integration by parts

1 d
2

Thus (2.3) may be written

dE

-j- fwv2 da = - fw^Vy + v2) da - JwUvv2 da - Jwu2vvda. (2.3)
" n. n. /j, " n.

= — D + 2 jv1 da — j cosh2 yv2vy da (2.4)

where D = ja w| Vu|2 da = /acosh2 y(v2 + v2) da.

Set

Jif" = (/ |cosh yf, cosh yfx, cosh yfy e if2 (a) ].

The following lemma holds.

Lemma 1. For all / e Jf" we have the inequality

j cosh2 yf2 da ^ J cosh2 f2 + f2) da. (2.5)
a a

Proof. Integration by parts shows

j cosh2 yf2 da = - f sinh2 yf2 da - 2 sinh y cosh yffy da
a a a

< [cosh2 y(f2 +f2) da. □
vT.



NONLINEAR STABILITY OF A DIFFUSION EQUATION 161

Corollary. The following inequality also holds:

j f2 da^ J cosh2 y{f2 + f2) da, (2.6)

for all / e 3d".

Another lemma will also be needed.

Lemma 2. For all / e '

\ 1/4 ( r )1/2

^(cosh yf)4 da J < c| J cosh2 y(f2 + f2) daj , (2.7)

where c is a constant independent of /.

Proof. It is well

inequality holds [3]:

Proof. It is well known that for all such that ip, \px, \py e £C2(a), the following

\ 1/4 / \L/^ /

ffda j +IJ(^2x + ̂ v)da
1/2 , s 1/2

(2.8)

where cx does not depend on Put \p = cosh yf,f e and consider the term \^2 It isr y'

J2i2y = (sinhyf + coshyfy)2 < 2cosh2y(f2 + f2). (2.9)

Therefore, the lemma follows from (2.8), (2.9) and Lemma 1. □

Set

2( v2 da
A = max    . (2.10)

ceJf' /.cosh2 y(v2 + v2) da

Thanks to the corollary to Lemma 1, it follows that this maximum problem is well set.

From (2.4) we obtain

dE/dt < (X - 1 )D + N (2.11)

where

2
N = -r f sinh y cosh yv3 da.

* it.

From Lemma 2 and Schwarz's inequality it follows that

\N | < k£1/2D (k > 0, const.). (2.12)

With (2.12), (2.11) implies

dE/dt « (X - 1 + kE1/2)D. (2.13)

Therefore, ifX < 1, the linearized equation is certainly stable. Moreover, this allows us to

choose £(0) sufficiently small so that E(t) -> 0 as t oo.For example, if

0 < E1/2{0) < (1 - \)/2k, (2.14)
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dE(Q)/dt < ((X - 1)/2)Z)(0) < 0, so E is initially decreasing. In fact, for every value of t

for which

A - 1 + kE1/2(t) < 0, (2.15)

^ < 2(X - 1 + k£1/2)£ < 0, (2.16)

by virtue of (2.13) and (2.6). Thus, since E(t) is initially decreasing, (2.16) holds on some

interval [0, f0], t0 > 0, implying that E(t0) < £(0). Thus dE{t0)/dt < 0, and (2.16) may

be continued beyond t0. Repetition of the preceeding argument gives

E1/2(t)<( 1-A)/2k, V/ > 0. (2.17)

Substituting (2.17) into (2.13) and employing (2.6) it follows that

dE/dt < -(1 - A)£.

Therefore

E(t) < £(0)e"(1"X)',

whenever X < 1 and (2.14) is satisfied. So, if A < 1 we have proved the following theorem:

Theorem. Let the weighted energy of the perturbation to (1.1), (1.2) be given by E{t) in

(2.2). Then if £(0) is sufficiently small, E(t) -» 0 as t -» oo. That is, U(y) is conditionally

asymptotically stable in the mean.

The proof that A < 1 is given in the next section.

3. The linear / nonlinear stability boundary. The next step is to investigate the condi-

tions under which A < 1. First notice that the Euler-Lagrange equation associated with the

maximum problem (2.10) is

cosh2 y<f>xx + (cosh2 y<t>y) y + 2$/A = 0. (3.1)

where 4> e Jif". Solutions of (3.1) are sought such that when X = (- oo, oo), $ has Fourier

transform in * given by

/oo $(x, y)e'ax dx, (3.2a)
- rv-,— OO

or when X = [ 0,2-n/a), $ has a finite Fourier transform in x given by

<t>(y; a) = f / 0(x, y)e'ax dx. (3.2b)
Jo

The resulting equation for <f>(y) in either case is

-<j>" + (U<t>)' + a2(p = ju(sech2 y)<j> (3.3a)

with

ju = 2(A 1 - 1). (3.3b)

Solutions of (3.3a) are sought for which <f> e Jf, (1.4). For that reason, and because the

equation is not in symmetric form set = cosh y<j>. When <f> e jf, \p e J?2(- oo, oo), and \p

satisfies the symmetric equation

-\p" + (a2 + 1)^ = (ja + 2) sech2 y\f/. (3-4)
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Thus, it is clear that all admissible eigenvalues ju are real, though this is to be expected

since (3.3a) came from a variational problem. Moreover, (3.4) has only eigenvalues, i.e. its

continuous spectrum is void, because of the presence of the "inverse weight" p(y) =

1 /w(y) = sech2 y [6], Furthermore, it is obvious that ju + 2 > 0, but it is also true, but

not so obvious that ju > 0. This latter condition means with (3.3b), that A < 1. With our

expectations clearly in view we return to the non-symmetric equation (3.3a).

Consider equation (3.3a) at criticality, namely when = 0:

-</>" + a20<t> +(U<t>)' = 0. (3.5)

It is noteworthy that equation (3.5) coincides with the one obtained from the linear theory

at criticality [2]. This is due to the fact that the linear operator involved is symmetrizable.

From the analysis developed in [2], it follows that (3.5) has a solution in the space Jif, if

and only if a0 = 0.

Lemma 3. The eigenvalues ju of (3.3a) satisfy the estimate

a2 < n. (3.6)

Proof. To show (3.6), a standard argument is employed. Let <f> be a solution of (3.3a)

corresponding to a and ju(a). This solution depends continuously on these parameters.

Consider two such solutions and label them with subscripts. It follows that

- <t>i + afai + (t/<h)' = Mi sech2 y<f>1, (3.7a)

- <t>2 + aj<f>2 + (U<j>2)' = ju2sech2 y<j>2. (3.7b)

Multiply (3.7b) by cosh2 y<f>2 and (3.7a) by cosh2 y<t>1, integrating by parts over (-00,00)

and subtracting the relations so obtained to deduce that

(M1 ~ M2) f <M>2 dy = («i - ai) I cosh2 yQrf2 dy. (3.8)
J - 00 J - 00

Allowing the solutions to coalesce we have

M /-«(cosh y<f>) dy

for all <#> g JC, Therefore,

«2(m)-«2( 0)<m.

On the other hand from (3.5), a2(0) = 0 and inequality (3.6) is proved. □

Thus the inequality (3.6) holds, as in the linear theory. It also follows that X < 1,

Va # 0, thus the linear and nonlinear stability limits coincide [1], For the linearized

stability equation, the eigenvalue with smallest real part has a positive real part and the

(symmetrizable) linear operator arising from the variational equation has a positive

smallest eigenvalue. Put more sufficiently, linear stability implies nonlinear stability and

vice versa.

4. Conclusions and implications. The stability of the solution (1.2) to equation (1.1) has

been established for both infinitesimal and finite disturbances of sufficiently small initial
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energy. The energy criterion used is a weighted energy whose weight function symmetrizes

the linearized operator. It is expected that this solution can be proved to be stable by other

criteria such a weighted norms in Banach spaces [5], The particular choice here is

motivated by the physical implications of using the weighted^ norm.

It is known that in the case of boundary layer flows, which motivated this investigation,

the linearized operator is not symmetrizable. However its spectrum takes a fairly simple

form, consisting of a finite number of eigenvalues and a continuous spectrum lying along

a Jordan curve. The ability to "confine" the spectrum of the linearized operator has been

used in other studies [5]. But any application to the nonlinear stbility stability of boundary

layer solutions to the Navier-Stokes equations still lies before us.
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