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Abstract. The problem of the finite amplitude, horizontal oscillatory motion of a mass

attached to a neo-Hookean rubber spring and supported by a fixed, ideally smooth and

rigid horizontal surface is solved exactly in terms of the Heuman lambda and beta

functions. Therefore, the period of the oscillations may be computed from tables of values

of the complete lambda function. It is proved that the ratio of the amplitude-dependent

frequency of any finite amplitude motion to the constant frequency of the small amplitude

vibration of the same oscillator depends only on the assigned initial data. Therefore, the

ratio is universal for every neo-Hookean oscillator regardless of its stiffness or of its design

parameters. Upper and lower bounds for this ratio also are provided. Moreover, it is

proved for assigned initial data, that the normalized amplitude of the vibrations is

invariable for every neo-Hookean oscillator, and all energy curves are reduced to a single

constant energy trajectory determined by the initial data alone. The slingshot effect that

occurs for a slender neo-Hookean rubber cord also is described, and all results are

illustrated graphically.

1. Introduction. Exact solution for the motion of the undamped, finite amplitude, free

oscillations of a mass supported vertically by a rubber suspension or compression block,

or by a rubber band or strip made of an ideal neo-Hookean material was derived recently

by Beatty [1] for both tension and compression supports. Buckling of the support was not

allowed. The slingshot effect that may occur when the mass may overshoot the natural

state of a slender spring support has been investigated by Beatty and Chow [2]; they give

the full solution for a vertically loaded neo-Hookean rubber string having a zero critical

load in compression. Of course, the same solutions apply at once to a mass supported by a

smooth, inclined plane surface, for this constraint merely reduces the effect of the

gravitational constant. However, the remaining case of motion on a horizontal surface

deserves special consideration. The objective of this report is to describe the unusual

* Received November 1, 1984.

€>1986 Brown University

19



20 MILLARD F. BEATTY

asymmetric motion of a mass attached to a neo-Hookean spring and supported by a fixed,

ideally smooth and rigid horizontal surface. We wish to determine exactly the period,

hence the frequency, of the vibration of this neo-Hookean oscillator, and to characterize

its finite amplitude for arbitrary initial data.

The problem is formulated in §2 for an isotropic rubber spring having a general strain

energy function, and the formulation is applied to obtain equations appropriate for a

neo-Hookean spring. The periodic motion of the load may be characterized in terms of

elliptic integrals that occur in the Heuman lambda and beta functions [1,3], so these tools

are summarized in §3. The general solution is then presented in §4, and the periodic time

is derived in terms of the tabulated (complete) Heuman lambda function.

The physical content of the analysis is described in §5. Simple upper and lower bounds

are provided for the frequency, or the period, of the oscillations, whatever may be the

amplitude. Moreover, the result shows that the ratio of the frequency (or the period) of

any finite amplitude motion to the constant frequency (or the period) of the small

amplitude oscillations of the same oscillator is universal for every neo-Hookean oscillator

regardless of its stiffness or of its design parameters; for, this ratio depends on the

assigned initial data alone. And further, it is proved that for assigned initial data, the

normalized amplitude of the vibrations is invariable for every neo-Hookean oscillator,

independently of its stiffness or its design. Finally, it is shown that when the phase plane

graph of the motion is suitably normalized, the energy curves for every neo-Hookean

oscillator reduce to a single constant energy trajectory determined by the assigned initial

data alone. All the results are shown graphically. The slingshot effect in the overshoot

motion of a mass on a slender, neo-Hookean rubber cord is described at the end.

2. Free vibrations on a horizontal surface. A rubber spring mounting of length L,

cross-sectional area A, and having one end fixed is subjected to a homogeneous uniaxial

deformation with stretch X(t) = l(t)/L by a load of mass M attached to its other end, its

deformed length at time t being denoted by l(t). We shall assume that the load is

supported by a lubricated plane horizontal surface, or possibly by horizontal roller

bearings. The mass of the spring is considered negligible compared with M so that inertial

effects of the spring mounting itself may be ignored, as customary. Buckling instabilities

possible in states of potentially severe compression also will be ignored. The rubber spring

material is assumed to be hyperelastic with a strain energy function W{\) per unit

undeformed volume, with value W(\) = 0 in the undeformed state. It is evident that the

motion of M is conservative with constant total energy £ given by

g=^ML2\2 + ALW(\), (2.1)

wherein the dot denotes time differentiation.

If the spring is stretched initially an amount X(0) = /(0)/L = A0, and the mass is

released with "speed" \(0) = v0, the speed at time t given by (2.1) is

k(t) = v(\) = ±\lv20-j^-[W(\)- W(\0)} , (2.2)
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the sign being chosen according as the subsequent motion is in the direction of increasing

or decreasing stretch, respectively. Then, as follows from (2.2), the time required for M to

move from its initial state (A0, v0) to its current state (A, v) is

r\ d\

A0 V(X) '

The periodic time of the finite amplitude, free vibrations of M between the two extreme

stretch states of vanishing speed may now be found from (2.3).

In particular, let us consider an incompressible neo-Hookean, rubberlike material for

which the strain energy function in a homogeneous, uniaxial deformation is given by

PF(A) = |[A2 + 2A-1-3], (2.4)

in which G denotes the constant shear modulus. We recall that this is related to the usual

Young's modulus by £ = 3G. Use of (2.4) in (2.2) gives the speed of the mass supported

by a neo-Hookean spring mounting:

i*
\(t) = v(X) = ± A) with Q(A) - -A(A3 - FA + 2). (2.5)

Herein

. _ 277 _ / AG
P ~ t* ~ V ML ' ^ ^

and the energy constant V in (2.5) is identified by

V= V(\0,u0)^J^ + ^-(\30 + 2). (2.7)
p* o

It follows that the travel time t in (2.3) is determined by

' = £/( A), (2.8)

where r* is defined in (2.6) and

/(A)-±fX-^r. (2.9)v ' J\. Jn(W K '

This is seen to be a general elliptic integral whose reduction to some standard form will be

derived below. However, some preliminary results must be recalled first.

3. The A and B-functions. The subsequent analysis will require the use of the Heuman

A-function [1,3] defined by

(1 + «)(1 + ^2A(iP; rt, k) = ^
v \ n

in terms of the elliptic integral of the third kind:

ft dd

1/2

n(^;, n,k) (3.1)

n(*;n,Jfc)=r   — — (3.2)
o (1 + «sin2^)(l - k2sin26)
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for 0 < k1 < -n < 1 and 0 < \p < m/2. The parameters «, k are to be identified in the

specific application. It is known that the complete A-function may be identified as

Heuman's tabulated A0-function [3] defined by

A(|; n, k) = A 0({; k) = \{[E{k) - *(*)]F($; k') + K(k)E($; k')}. (3.3)

As usual, F(£; k'), £(£; k') denote the elliptic integrals of the first and second kinds,

respectively; and K(k) = F(w/2; k) and E(k) = E(tt/2; k) are the corresponding com-

plete integrals. Also the complementary modulus,

k' = /l - k2 and £ = sin 11/ * + ^ ^ , (3.4)
V 1 - k

is defined for 0 < k2 < -n < 1. Another case is given below. Of course, the result (3.1)

shows that A0 also may be expressed in terms of the complete elliptic integral of the third

kind, namely, P(n, k) = II(w/2; n, k). It is also plain that A(0; n, k) = 0.

Sometimes the companion 5-function introduced in [1] as a complementary A-function

is more useful; it is defined by

B{<S>'-,n',k) = l ■' l + H' 1 +/L- n(«,'; «',*)-^-F(«»';*) (3.5)
T v 1 + k2/ri

The beta-function has the properties

B(0\n',k) = 0 and k) = A0(tj; k) (3.6)

in which Heuman's lambda-function is defined by (3.3) with

tj = sin 1yl/|l + 1 for 0<n'<oo,0<k<l. (3.7)

Beatty [1] has shown that for the same initial value problem, the beta and lambda-func-

tions are related by

B(</>'; n', k) + A(<f>; n, k) = A0(|; k) = A0(ij; k), (3.8)

and that $'(A) and <p(\) are related through the complementary modulus (3.4)^

cot <f>cot <p' = k'. (3-9)

Thus, in any case, results always may be expressed in terms of the A-function alone.

Nevertheless, the beta-function sometimes yields the simpler solution form. Of course, the

parameters are to be identified in the specific application. We are now prepared to present

the solution analysis.

4. General solution of the free vibrations problem. The quartic polynomial 2(A) in (2.5)

has two positive real roots Xr and X2, identified as the extreme stretches for which the

speed (2.5) vanishes:

(,(X1) = b(X2) = 0. (4.1)
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The remaining nonzero root, denoted by A3, is negative. Hence, Q(\) may be factored

and written as

Q(X) = X(X-X1)(X2-X)(X-X3), (4.2)

in which the roots are arranged so that A2>A>A1>0>A3. These roots will be

examined in more detail later on, but presently we need observe only that evaluation of

either of the following integrals suffices to determine the integral (2.9):

7(A) = /* M((4.3)\ m) m)
To begin, let us consider the first of (4.3). Beatty [1] has shown that with the aid of the

transformation

]l/2

so that A = Aj(l + n sin2 <j>) , (4.4)<j>(X) = sin 1
A2(A - AJ

A(A2-A1)

it turns out that (4.3) x becomes

J(X) = wA((f>; n, k) (4.5)

in which the parameters n, k are defined by

^ A i w A, A i
k = t—1 r—, -n = —  withO < k < -n < 1, (4.6)

1 3 2

and the A-function is given by (3.1). Use of (4.3) in (2.9) yields /(A) = + [/(A) - 7(A0)];

hence, substitution of (4.5) delivers the travel time (2.8) for the load to move from the

arbitrary initial state (A0, v0) to the current state (A, v):

t=± y[A(<#>; n,k)~ A(<f>0; n, k)] (4.7)

wherein <f>0 = <f>(\0) is provided by (4.4).

In particular, with A0 = \1, (4.4) shows that <£0 = 0, so the last term in (4.7) vanishes. In

fact, since the motion is conservative, it follows from the energy constant (2.7) that

V= V(\0,v0)= V(X1,0) = V(X2,0). (4.8)

Therefore, every initial value problem is equivalent to a simpler problem in which the

mass is released from rest at either of its extreme states determined by (4.1) consistent

with the assigned data. Thus, in any case, the general solution always may be written in

the simple, elegant form

t = ± n, k). (4.9)

Equation (4.4) shows also that <f>(X2) = tr/2. Since the periodic time r is twice the time

required for the mass to move from X1 to A2, upon recalling (3.3) and now fixing the

positive sign in (4.9), we derive the period of the finite amplitude oscillations of a load

attached to a neo-Hookean rubber spring expressed simply in terms of the tabulated

Heuman lambda-function:

T = t*A0(£; k). (4.10)

The various quantities used here are defined in (2.6), (3.4), and (4.6).
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Another form of the solution may be derived from (4.3) 2 by use of another transforma-

tion [1]:

<£'(A) = sin-l (A1-A3)(X2-A)

(A2-A1)(X-X3)

in which k is the same as (4.6) and

, ^1 ~ ^2

1/2

so that A = A 2
1 - k2 sin2 <f>'

1 + ri sin2 <f>'
(4.11)

with 0 < n' < 1. (4.12)
Aj A3

It turns out that (4.3)2 yields the form

M(X) = ri, k) (4.13)

wherein the beta-function is defined by (3.5). This may be cast in terms of the lambda-

function by use of (3.8). However, the elegant formula (4.13) is simpler; it represents the

general solution for initial data (A0, v0) = (A2,0). Of course, if one prefers to write the

result in arbitrary initial data terms, use of (4.3)2 in (2.9) and collection of the results in

(2.8) gives

t= ±y [B{^\n',k)-B^'\n',k)\. (4.14)

Noting that ) = it/2, <#>'(A2) = 0, we recall (3.6) to deduce the period of the

vibrations expressed as

t = t*A0(tj; k), (4.15)

in which the negative sign was chosen in (4.14). In this case, the various quantities are

defined in (2.6), (3.7), and (4.6)j. In view of (3.8)2, it is seen, of course, that the periodic

times (4.10) and (4.15) are the same.

5. Discussion of the results. The differential equation for the vibrations of the load in a

small displacement 8(t) from the undeformed, equilibrium state at A = 1 may be easily

obtained from (2.1) upon expansion of IV(\) in a power series to include only terms to

the second order in 8(t) = A(t) - 1. Noting that W'(Y) = 0, where ' denotes differentia-

tion with respect to A, we find 8 + p^8 = 0; hence, p0 = [A W'\\)/ML]l/2 is the small

amplitude circular frequency of the vibration. In particular, for the neo-Hookean material,

W"( 1) =3G = E derives from (2.4); and, recalling (2.6), we find

Po = — = p*j3, t* = t0;3. (5.1)

These relate t* and p* to the small amplitude period t0 and frequency p0 of a linear

oscillator of the same design, and having stiffness k0 = 3AG/L, i.e., made of the same

neo-Hookean material.

It is known that the function A0(/?; k) decreases from sin /? at k = 0 to 2fi/v at k = 1;

that is, for each /? e [0,77/2], we have 2/2/7r < A0(/?; k) ^ sin /? for all k e [0,1], Hence,

A0(y3; k) e [0,1] for all in its interval. Of course, in the physical problem studied above,

since \x =t= 0 and A2 + oo, the equalities cannot hold here. Otherwise, it follows at once
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from (4.10) or (4.15) that in every motion, whatever may be the assigned initial data, the

period t (frequency p = 2tt/t) of the finite amplitude, free horizontal vibrations of a mass

supported by a neo-Hookean spring always is less (greater) than the fundamental period r*

(frequency p*) corresponding to a certain linear oscillator having constant stiffness k* =

AG/L\ precisely,

2f}/ir < t/t* = p*/p < sin/3. (5.2)

This result is the same as a parallel result derived in [1] for longitudinal vibrations of a

neo-Hookean oscillator, possibly moving on an inclined, smooth plane surface. Here we

see from (5.1) that the result may be stated somewhat differently: The ratio of the period t

(frequency p) of the finite amplitude motion to the period r0 (frequency p0) of the small

amplitude oscillation of the same neo-Hookean rubber spring always is less (greater) than

/3:

2/3\/3~ t p0 R .
 — < — = — < v3 sin jS. (5-3)'0 P

In either case, the variation in the results may be seen at a glance from Fig. 1; all possible

periodic time ratios, hence also the frequencies, fall within the shaded regions for the two

situations described above. The greatest variation in (5.2) occurs for /3 = cos_1(2/7t) =

0.2877- rad(50.46°); hence, for any value of /?, the range (5.2) cannot exceed 0.567 < t/t*

< 0.77 for every k e [0,1].

Let us return now to consider the roots in (4.2). No generality is sacrificed if we assume

that either A 2 is given or has been determined from (4.1) 2 for some assigned initial data.

Then, with the help of (4.1)2, comparison of (4.2) and (2.5)3 shows that

Aj + A2 + A3 = 0 and AjA2A3 = —2. (5-4)

Therefore, Xl and A3 depend only on the value of A2; they are given explicitly by

Aj y + A2/2)2 + , A3 ~2 ~ ]J^ • (5-5)

It is clear that the role of Aj and A2 may be exchanged, if desired.

The graph of the extreme compressive stretch A! as a function (5.5){ of the extreme

extensional stretch is shown in Fig. 2. It is evident that the motion is asymmetric to the

undeformed state; otherwise, the curve would have to coincide with the line whose slope is

-1, which is appropriate here for infinitesimal oscillations only. Moreover, the relations

(5.5) hold universally for every neo-Hookean spring, regardless of its design parameters.

It follows from (3.4) and (4.6), or (3.7) and (4.12), that the lambda function in (4.10), or

(4.15), depends only on the value of A2. Consequently, the ratio of the period (or the

frequency) of the finite amplitude motion to the constant period (or frequency) of the small

amplitude oscillations of the same neo-Hookean oscillator is universal; it varies only with the

amplitude. Hence, the bounds in (5.2) or (5.3) are universal too.
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The amplitude a0 of the asymmetric motion may be defined in an obvious way by

2a0 = L(\2 - Aj). Then, as indicated in Fig. 2, the normalized finite amplitude a = a0/L

is determined by (5.5)!:

«-T-\/(X=/4,! + i' l5-">

Some numerical values are provided in Fig. 2. We thus reach the interesting result that, for

any initial data equivalent to assignment of (A0, v0) = (A 2,0), the normalized finite ampli-

tude of the asymmetric, horizontal oscillation of the load is the same for every neo-Hookean

rubber spring, independently of its shear modulus G or of its design parameters A and L.

Typical graphs of the periodic, horizontal motion and velocity of the load as functions

of the time are provided in Figs. 3 and 4 for the initial data (A0, v0) = (2,0) and various

neo-Hookean springs.1 The corresponding phase plane diagram is shown in Fig. 5. The

invariant amplitude and the asymmetry of the motion are evident in Figs. 3 and 5. The

steepening of the velocity curves in the compression phase of the oscillation suggests that

as the spring stiffness increases, pounding or shock-like behavior may occur at sufficiently

severe deformation.

It is useful to recall that the rectilinear motion x(t) of a linear spring oscillator may be

expressed by x = asm{pt + <#>) where a is the constant amplitude and <f> is the constant

phase of the oscillation having a constant circular frequency p. Hence, for each fixed value

of p, the phase plane graph of the oscillator velocity v = x versus x is characterized by a

family of concentric ellipses having corresponding semi-axes of length v = ap and

x = a- ^Xq +{v0/p)2 with tan$ = xQ -r (v0/p), depending upon the assigned initial

data x0 = x(0) and v0 = v(0). Thus, for fixed initial data, a family of ellipses with the

same semi-axis x = a may be generated for linear springs of different stiffness, i.e., for

different p. We see in Fig. 5 that our nonlinear neo-Hookean oscillator exhibits unusually

similar response. Moreover, it is evident for the linear oscillator that the normalized phase

plane chart of v* = v/p versus jc reduces every elliptical trajectory, that is, the energy

curves for every linear oscillator, to a single circle of radius a which depends only on the

initial data; hence, for various assigned data, the normalized phase plane graph is a family

of concentric circles. It is seen from (2.5) that for the constant energy V = V(X0, v0) =

K(A2,0), depending upon the initial data, the normalized velocity v*(\) = v(\)/p* is

independent of the neo-Hookean spring stiffness or its design parameters. Indeed, the

entire family of concentric energy curves shown in Fig. 5 reduces to a single trajectory for

the initial data (A0, v0) = (2,0), as shown in the normalized phase plane diagram in Fig.

6. The family of constant energy curves created by different values of the initial data also

'The stiffness ratio k = AC/2Mg introduced in related papers [1.2] is retained here for convenience and

comparison purposes. It represents the ratio of the spring resilience AG/2 to the weight Mg of the load, and is

clearly proportional to the squared frequency p*2 in (2.6). Hence, increasing values of k correspond to

increasing values of the basic parameter p*.
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The total displacement 2a for every
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Fig. 3: Periodic horizontal motion of a mass on different
neo-Hookean springs (various k) for the same
initial data (Xq, vo) = (2,0). Note the invariable
amplitude for every spring regardless of its
stiffness or its design parameters. Motion is
asymmetric about the static state at \= 1.
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Fig.4". Periodic horizontal velocity of a mass
on different neo-Hookean rubber springs
(various k) for the same initial data
(X0, v0) = (2,0). Note the rapid change
of velocity during the compression phase,
as the stiffness ratio k increases.
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Fig. 5: Phase plane graph of the finite amplitude,
horizontal periodic motion of a mass on
different neo_Hookean springs (various k)
and the same initial data (Xq, vq) = (2,0).
Note the invariable amplitude for every
spring regardless of its stiffness or its
design parameters.
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is shown there. In this sense, our neo-Hookean oscillator again exhibits behavior similar to

the familiar linear spring oscillator. The trajectories in Fig. 6 are applicable to every

neo-Hookean spring regardless of its stiffness or its design.

6. The slingshot effect. The foregoing results have excluded buckling of the spring.

However, the solution for a slender spring in the form of a rubber cord having a zero

critical load in compression may be readily derived. Since the system is conservative, the

horizontal, rectilinear motion of the mass M, with position vector x(M, t) = x(t)i, will be

symmetric about the point of support at the fixed end of the string. It is evident that

without sacrifice of generality, to start the motion, we may suppose that the string is

stretched from its natural state of length L by an amount A2, where the mass is released

from rest. The solution provided in (4.9) holds for A(t) = x(t)/L e [1, A2]. In view of the

zero buckling load of the cord, whose mass and stiffness are ignored, the load will

overshoot the natural state at A = 1 and move uniformly with constant speed vc = jc(r)|x_2

in its free-flight phase for = x{t)/L e [-1,1], which is linear in the time t. We find by

(2.5) the relation that fixes vc:

(vc/p*)2 = V(\0, v0) — 3 = ^~(A32 + 2) — 3. (6.1)
2

In particular, for A2 = 2, say, vc/p* = /2 yields the constant free-flight speed. Finally, at

Af= -1, the mass, moving with speed vc given by (6.1), must again stretch the string in

accordance with (4.8) for A(/) = -x(t)/L e [1, A2], as before. At A = A2, the process is

reversed to restore the load to its primary place. It is evident, therefore, that all the

diagrams provided for the previous problem may be used to construct those which include

the slingshot effect. For example, a schematic of the invariable, normalized phase plane

trajectories for the finite amplitude oscillations of a mass attached to an arbitrary

neo-Hookean rubber cord is shown in Fig. 7. The easy derivation of the period of the

motion is left for the reader.

7. Closure. The free vibrations problem studied here, and the case of a loaded string

that cannot sustain compressions and executes a period of free flight between stretched

states, also may be solved exactly for the class of Mooney-Rivlin materials [4], The

analysis, however, is more tedious and the physical conclusions are more difficult to

extract. These results will be presented elsewhere [5].

Acknowledgment: This work was supported by a grant from the National Science

Foundation. I thank Mr. Alan Chow for his assistance in constructing the computer

graphics used here. This work was completed while I was on leave during 1984-1985 as a

Senior Fellow supported by the University of Minnesota, Institute for Mathematics and

its Applications. I gratefully acknowledge this award.



VIBRATIONS OF A NEO-HOOKEAN OSCILLATOR 33

*
CL

>

jll

s<

*
>

O
_o
<u

>

•o
d>
Nl

o
6
o

-0.5

-1.0

1.0 2.0
Stretch, X(t )

Fig.6: Normalized phase plane graph of the finite amplitude
horizontal periodic motion of a mass on an arbitrary
neo-Hookean spring for various initial data showing the
family of invariable trajectories valid for every neo-
Hookean spring, independently of the modulus or the
design.
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1.0 0 1.0
Motion, z( t) = x( t )/L

Fig. 7". Universal, normalized phase plane trajectories
for the finite amplitude, horizontal motion of
a mass on a neo~Hookean rubber cord. Compare
the path segments ABC and A'B'C' with the
identical segment in Fig. 6.
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