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Abstract. A class of eigenvalue problems for linear bending of semi-infinite orthotropic

plates under the action of in-plane stress resultant in the finite direction has been

developed. The structure of the eigenvalues has been investigated analytically for the case

of simply supported plates and their physical basis underscored. It is shown that the

treatment results in a coupled eigenvalue problem of bending as well as bifurcation

buckling, thereby suggesting an alternate criterion for buckling.

1. Introduction. The elastostatic semi-infinite strip problem with homogeneous edge

conditions and arbitrary end loading can be studied by the eigenfunction approach,

wherein the eigenvalues denote the decay of the field quantities from the ends. Such a

study provides a quantitative picture of the Saint Venant's principle. Fadle [1] and

Papkovich [2,3] developed eigenfunctions for isotropic strips with in-plane stresses, which

were later studied by many investigators [4], A similar approach to the bending problem

has been studied by Morley [5] and Gaydon [6] for isotropic plates and by Ramachandra

Rao et al [7] for orthotropic plates. The emphasis in these works has been on the use of the

eigenfunction expansion for the solution of finite plates. The generalized orthogonality

relation due to Papkovich [2] may be used for determining the eigenseries expansion

coefficients for certain boundary conditions. Archer and Bandyopadhyay [8] have studied

the eigenfunctions in the context of thick plates based on the Reissner theory. The

problem of bending of thin plates with in-plane forces is of considerable theoretical and

practical interest. This paper considers the eigenfunction formulation of thin, elastic,

semi-infinite orthotropic plates with in-plane stress in the finite direction only. Such a

formulation integrates the eigenproblem of bending with that of linear bifurcation

buckling. The structure of the eigenproblem has been investigated in detail for the case of

a simply supported plate which is analytically tractable. The effect of the material
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parameters and the in-plane force is brought out by numerical examples. The integrated

eigenproblem suggests an alternate mathematical criterion for buckling which merits

further investigation in more general situations.

2. Solution of orthotropic plate equation. The linear bending of orthotropic plates with

in-plane forces is governed by the well-known equation [9]:

Dxn,xxxx + 2(2Dxy + Dx)w xxyy + Dvw yyvy

= a2(NxW.xx + NyW,yy + 2NxyW.xy)

where w is the nondimensional transverse deflection (w = w/a) in the (x, y) system

shown in Fig. 1, ( , ) denotes partial derivatives, Dx, Dv, D{, Dxv are the various bending

rigidities of the plate and the quantities Nx, Nv, and Nxv are the in-plane stress resultants.

Considering the in-plane force acting in the x-direction only, one has

K = Nxy = 0, Nx # 0. (2)

Thus (1) reduces to

Dxwvxxxx + 2(2Dxy + D,)w xxyy + Dyw yyyy - a2Nxw xx = 0. (3)

The solution of (3) is sought in the form

w(x, y) = X(x)e~Xy, (4)

using which, (3) reduces to an ordinary differential equation in X:

X™ + 2(c,A2 - T)X" + c2A4A-= 0 (5)

where

H = 2 Dxy + D, (6)

x (x)

IX = 1 . X r a

y (y)

x = - 1, x =- a

w = Deflection

w = w I a

Fig. 1. Plate region R .
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and

ci = H/Dx, c2 = Dy/Dx, T = a 2NX/ Dx. (7)

The solution to (5) is sought in the form

X(x) = eax, (8)

resulting in a characteristic equation

a4 4- pa2 + q = 0, (9)

where

p = 2cxA2 - T, q = c2A4. (10)

The roots of (9) are

a = ±r, ±s, (11)

where

(i2)

The solution of (5) can therefore be written, for r ¥= s, as

X(x) = Acoshrx + Bcoshsx (13)

or

X(x) = v4sinh/\x + ^sinhsx. (14)

The constants A and B can be evaluated using the edge conditions, where (13) holds good

for the symmetric and (14) for the antisymmetric edge conditions, respectively.

For r = s, the solution of (5) can be written as

X(x) = Acoshrx + sinh rjc (15)

for the symmetric edge condition, and

X( x) = A sinh rx + Bx cosh rx (16)

for the antisymmetric edge condition. When the edge conditions are homogeneous, the

above formulation leads to an eigenvalue problem which is investigated for different cases

in the following sections.

3. Eigensolution. Consider a semi-infinite orthotropic plate in the region R (see Fig. 1)

given by

R = (-1 < x < 1,0 < y < oo}. (17)

For simply supported edges,

w = w,xx = 0 at x = ±1, (18)

which, in view of (4), yields

x= X" = 0 at X = ±1. (19)
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Considering the symmetric solution (13), the use of the above results in

ylcoshr 4- Bcoshs = 0, (20a)

y4r2cosh r + Z^coshs = 0. (20b)

For the nontrivial solution of the above set of equations, the determinant of the associated

coefficient matrix should vanish and hence

(r2 — s2) cosh rcosh j = 0

or

F(X, T) = coshr = coshs = 0, r + s. (21)

For the antisymmetric solution (14), an analogous procedure results in

F(X, T) = sinhr = sinhs = 0, r ¥= s. (22)

For r = s, using (15) and (16), it can be easily shown that

F( A, T) = rcosh2r = 0, r = s, (23)

for the symmetric case and

F(X, T) = rsinh2r = 0, r = s, (24)

for the antisymmetric case.

For clamped edges,

w = w,x = 0 at x = ±1, (25)

which, in view of (4), yields

X= X' = 0 at x = +1. (26)

Adopting an analogous procedure as for the "simply supported edges, one obtains, for the

symmetric case

F(A, T) = r tanhr — s tanhs = 0, r s, (27)

F(X, T) = sinh2/- + 2r = 0, r = s, (28)

and for the antisymmetric case

F( A, T) — r tanhs — 5 tanhr = 0, r =£ s, (29)

F(A, T) = sinh 2r — 2r = 0, r = s. (30)

The roots of the transcendental equation F(X,T) = 0 for fixed values of T define the

eigenvalues A„ of the system, which are in general complex. It can be shown that -A„ and

+ A* are also the eigenvalues of the system. Corresponding to each A„, the solution (4)

represents an eigensolution of the form

wn{x, y) = Xn(x)e~x»y. (31)

Considering the case of a plate subjected to end loading at y = 0, the above solution

should decay from this end, i.e., the eigenvalues Xn should lie in the first and the fourth

quadrants of the complex plane.
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4. Plates without in-plane force. In the absence of in-plane force (7=0), the eigenvalue

problem takes the form F(X) = 0. In this case (10) reduces to

p = 2c±\2, q = c2X4. (32)

Thus from (12),

r = iXb2, s = i\b1, (33)

where

b\ = Ci +(c!2 - c2)1/2, b\ = cx~(cl - c2)W2. (34)

Noting that cosh(ix) = cosjc and sinh(/'x) = / sin* and in view of (33), equations (21),

(22), (27), and (29) reduce, for r # s (i.e., bx # b2), to

F(X) = cosXb1 = cos Ab2 = 0, (35)

F(X) = sinXbl - sin Ab2 = 0, (36)

for the symmetric and the antisymmetric cases of simply supported plates, respectively,

and to

F(A) = bx tan Xbx - b2 tan Xb2 = 0, (37)

F(X) = blta.nXb2 - b2tanXbl = 0, (38)

for the symmetric and the antisymmetric cases of clamped plates, respectively.

From (33) it is seen that for r = s (i.e., bx = b2), the condition is

c\ - c2 = 0,

or

H2 = DxDy, bl = b2 = c1/2.

In this case, (23) and (24) reduce to

F(X) = cos2Xbl = 0, (39)

F( A) = sin2A&1 = 0, (40)

for the symmetric and the antisymmetric cases of simply supported plates, respectively,

and (28) and (30) reduce to

F(A) = sin2A6j + 2Xbx = 0, (41)

F(X) = s'm2Xb1 - 2Xbx = 0, (42)

for the symmetric and the antisymmetric cases of clamped plates, respectively.

For the simply supported plates, the eigenvalues Xn are given by the roots of (35) and

(36) which are

A„ = {^(2« - l)f, j-^2n - 1)|}, n = 1,2  (43)
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for the symmetric case and

F'"7}' n = \,2,..., (44)

for the antisymmetric case. Such solutions are available in the literature.

5. Simply supported plates with in-plane force. It may be noted that the solution to

F(A, T) = 0 in Sec. 3 can be obtained analytically for the simply supported edge

condition. Such solutions lend themselves to analytical investigation into the structure of

the eigenvalues which is of considerable theoretical importance.

Consider

F(A, T) = coshr = cosh5 = 0. (21)

Taking only the first of the above and noting cosh r = cos(ir), one obtains

rn = ±i(2n - n = \,2,.... (45)

Upon substituting the above in (12), one obtains

A4 + 2(c1/c2)r2A2 +(1 /c2)r2(r2 - T) = 0. (46)

The roots of this equation are

A2 = -(cj/cj)/*2 +(l/c2){c12r4 - c2r2{r2 - T)}1/2, (47)

A = ±{-(ct/c2)r2 + (l/c2)(c12r4 - c2r2(r2 - T))1/2} . (48)

The eigenvalues A can be real, imaginary, or complex, for given material parameters,

depending upon the magnitude of the in-plane force parameter T.

For A to be real, one of the conditions is that A2 in (47) must be real, i.e.,

c2r4 - c2r2(r2 - T) > 0.

Noting that r2 < 0, the above reduces to

T < r2(1 - c2/c2). (49)

The other condition for A to be real follows from (48) which is

~(ci/c2)r2 > (1 /c2){cfr4 - c2r2(r2 - T)}1/1,

which reduces to

T>r2. (50)

Combining (49) and (50), the condition for A to be real is

r2 < T < r2( 1 - c\/c2). (51)

For A to be real (one pair) as well as imaginary (other pair), at least one value of A2 in

(47) must be negative, hence

-(ciA2)r2 < (lA2){c?r4 - c2r2(r2 - T)}1/1,
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which reduces to

T^r2. (52)

For all As to be complex, the condition from (47) is

cjr4 - c2r2{r2 - T) < 0,

which reduces to

T > r2(l - cl/c2). (53)

From the above discussion, it occurs that for given cx and c2, the nature of the eigenvalues

will be determined by the range (51), (52), or (53) in which T lies. The three ranges are

schematically shown in Fig. 2.

For the case r = s in (12), although the above treatment is valid, since the eigenfunction

has a different form from the case r # s, an independent discussion is of interest. From

(12) it is seen that for r = s, one has

p'-'i-o °' A!-2(c,±Vr <54)

Again, since r = (~p/2)l/1, it follows that

r2 = X2c\/2, (55)

which can be rewritten as

r=2(l ±Cl/cY2)r2. (56)

This indicates that when T takes the values specified by (56), the case r = s occurs. From

(55), it is readily seen that since r2 < 0, A can take only imaginary values.

The above results hold good for the antisymmetric case also except that one has to

consider

F(\, T) = sinhr = sinhs = 0. (22)

T (+vc)- T(-ve)

II III

ABC

Region I: All X complex (decaying solution with oscillation)

Region II: All A real (decaying solution without oscillation)

Region III: One pair of A real, one pair imaginary (pure oscillation), unstable

A: r = 0; B: T = r2(l -c]/c2); C: T = r2

Fig. 2. Nature of X„ in different ranges.
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Taking only the first of the above as before and noting that sinh/-= -;'sin(z>), one

obtains

rn — +inn, n = 1,2,  (57)

This form of rn must be considered in the previous results.

The illustrative numerical results for typical orthotropic parameters, as will be discussed

in Sec. 7, suggested certain behavior of the magnitudes of the eigenvalues A as a function

of the in-plane force parameter T. This behavior can be predicted analytically and is

recorded below.

Firstly, rewrite (53), the range where all As are complex, as

T> (1 - d)r2

or

r2 - T < dr2, d = c\/c2, (58)

and (51), the range where all As are real, as

r2 < (1 - d)r2

or

r2-T>dr2, (59)

and note that (52), the range where one pair of As is real and the other pair imaginary,

can be written as

r2-T> 0, (60)

thus essentially obeys (59) since dr2 is negative. Also rewrite (48), taking only the positive

value, as

A = [e ± f{g + h(r2 - T)}^~] ' (61a)

where

e = -(ci/c2)r2, f=l/c2, g = c\r\ h = -c2r2, (61b)

and clearly e, /, g, h are all positive. Now considering the value of A at the point

r2 — T = dr2, (62a)

one has

A = + /(g + /? i/r2)1/2 j , (62b)

where the roots A are repeated and real by virtue of the equality in (59). Then by (59), it is

evident that the multiplicand of / in (61a) is greater than that in (62) and therefore it

follows that

A(1) < A(1), A(2) > A(2>, (63)

where

A(1) < A(2), A(1) < A<2). (64)
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Hence, it can be concluded that (i) the lower root (A(1)) decreases monotonically from the

point (62) in the real range (i.e., with decreasing T) and (ii) the higher root (A<2)) increases

monotonically from the point (62) in the real range (i.e., with decreasing T). Again it is

easy to see that the limiting value of the lower root (A(1)) is zero and A(2) continues to

increase monotonically with decreasing T in the range (60).

Turning to the complex range (58), one has

g + h{r2 - T) < 0, r1 - T < 0,

and thus the imaginary part of A2 is given by

Im{A2} =f{g+h(r2- T)}1/2.

Clearly by (58) and (61a)

Im{A2} > Im{A2}, Re{A2} = Re{A2}.

Thus,

\'Re{A} > Re{A}, Im{A}>Im{A}. (65)

Hence, it can be concluded that the real as well as the imaginary part of A increases

monotonically from the point (62) in the complex range (i.e., with increasing T). This fact,

however, is obvious from physical reasoning as well.

The case of isotropic plate. For the isotropic plate the foregoing results can be readily

specialized by noting that cx = c2 = 1 and the definitions of r and s in (12) remain

unaltered with

p = 2A2 - T, q = A4. (66)

The ranges (51), (52), and (53) for the values of T reduce, respectively, to

r2<T< 0, T<r2, r>0. (67)

For r = s, (54) and (56) reduce, respectively, to

X2 = T/4, T=4r2, (68)

and as before A can take only imaginary values.

6. Behavior of eigenvalues of simply supported plates. When the eigenvalues (roots of

(46)) are all real, given by the range in (51), from the physical point of view, the end

loading will decay (from y = 0) depending upon the magnitude of the positive pair, and

the negative pair can be ignored. This can be taken to be a stable solution (see region II in

Fig. 2).

When the eigenvalues are all complex, given by the range in (53), from the physical

point of view, the end loading displays an oscillatory decay (from y = 0). The pair with

negative real parts can be ignored and the solution again is stable (see region I in Fig. 2).

When one pair of eigenvalues is real and the other pair imaginary, the negative real root

as well as the negative imaginary root can be ignored. The nature of such a solution

implies an unstable situation because the end loading has an oscillatory component

without decay (from y = 0) corresponding to the nonzero imaginary eigenvalue (see
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region III in Fig. 2). In the special case of T = r2, which is a critical point, it follows from

(46) that the four eigenvalues are

A = |0,0, ±(2n - l) — (c1/c2) j, n = 1,2,..., (69)

for the symmetric mode, and

A = {0,0, ±«77v/2(ci/c2)1/2}, n = 1,2,..., (70)

for the antisymmetric mode. In view of the zero roots above, the plate cannot sustain an

end loading, in other words, the bending is transmitted without decay from y = 0 to

y = oo. The critical values of T may be written as

Tm = -«!2172/4, m = 1,2,..., (71)

where the odd m represents the symmetric modes and the even m represents the

antisymmetric modes. The above equation may be rewritten in view of (7) as

Nm = -m2ir2Dx/Aa2 (72)

where Nm are the critical values, which are the well-known buckling values of a semi-in-

finite plate with only Nx acting. The index m represents the number of half waves of the

buckled mode of the plate in the x-direction. The in-plane load Nx can be conveniently

written as

Nx = PNcr = (73)

where Ncr is the first buckling load of the plate.

It is of interest to view the above analysis in conjunction with the dynamic formulation

of linear bifurcation (buckling) problem. In the latter case, the frequencies of vibration

turn out to be zero at the critical points, and hence this condition is taken as the dynamic

criterion of buckling. In the same manner, for the semi-infinite orthotropic plate problem

studied here, the critical points, corresponding to (71), denote zero eigenvalues which are

associated with the decay of bending due to end loading. Thus, this approach could be

used to provide an alternate criterion for the classical buckling problem, and it is of

interest to explore further the application of this approach to more general situations. The

present formulation evidently integrates the eigenvalue problems of bending and buckling

leading to a combined eigenvalue problem which can be written in general terms as

G(\) = F(Xp,rn,Tm) = 0, j = 1,2,3,4. (74)

As discussed in Sec. 5, the nature of eigenvalues depends upon the value of the in-plane

load parameter T. When T = Tm, the critical condition arises. When T lies between any

two successive critical loads, i.e.,

T^<T < T2_x, (75)

it can be easily shown that, for all n < m, of the four values of X„, one pair will be

imaginary and the other pair will be real, thus signifying an unstable situation. For all

n > m, the A„ may be all real or all complex depending upon the material parameters,

which signifies a stable situation.
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7. Numerical illustrations. In order to illustrate the effect of the material parameters

(cx, c2) on the eigenvalues, the case of simply supported plates with T = 0 has been

considered. The plots of \n (n = 1 to 5) against Cj( = c2) are presented in Figs. 3 and 4.

The range of values of cx is very wide where the lower values represent composite

laminates etc. and the higher values represent stiffened steel panels used in ship and

bridge structures. The eigenvalues for the clamped plate for a typical stiffened panel are

presented in Table 1. In order to illustrate the effect of the in-plane force parameter (T)

on the eigenvalues of the simply supported case, three different values of q( = c2) have

been considered. The plots of A, and A2 against ft are presented in Fig. 5.

It is observed from Figs. 3 and 4 that Re{ Xn} > Im{\n} (but only slightly) and A„ lies

on a straight line in the complex plane. The effect of edge conditions on A„ is obvious

from Table 1.

As indicated in (74), the eigenvalues occur in clusters of 4 for every n. Fig. 5 brings out

graphically the nature of roots in various ranges as discussed in Sec. 5. In general it is seen

that the lower value of \l increases with increasing T, the increase being more pro-

nounced for smaller cv In contrast, the corresponding increase in A, with T is signifi-

cantly less.

In Fig. 5 only the effect of on \1 up to fi = -1 (T = 7\) could be shown. A

qualitative picture of the behavior of higher eigenvalues (A2 and A3) versus (1 covering the

ranges T2 and T3 also is shown in Fig. 6. The unstable regions of the solution correspond-

ing to Aj, A2, and A3 are as indicated.

8. Conclusion. The eigenfunction formulation of a semi-infinite orthotropic plate with

in-plane force in the finite direction has been studied with particular reference to simply

supported edge condition. The eigenspectrum consists of clusters of values, with four in

Table 1. Eigenvalues for typical stiffened plate parameters

Simple Support

4.977171 + i 4.722799

14.93152 + /14.1684

24.88586 + ,23.61399

34.8402 + /33.0596

44.79454 + ,'42.50518

Clamped Support
~ 7.4094152 + i 7.198859

17.34127 + /16.612993

27.295599 + ,26.058526

37.24995 + /35.504131

47.204299 + /44.949737

Panel Data

Young's Modulus = 2.1 X 106kg.cm~2

Poisson's ratio = 0.3

Dx = 84.3972 X 106kg.cm,

Dr = 0.23184 X 106kg.cm,
D, = 0.069552 X 106kg. cm

Dvv = 0.081144 X 106kg.cm,
c, = c2 = 0.00274701.
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i i ! i i r

-3 '°Sioc,(Q — c2) -4

Fig. 3. Re{X„} at T = 0.



EIGENVALUE PROBLEMS OF ORTHOTROPIC PLATES 289

•2 -3 logjoQfC, = c2)

Fig. 4. Im{ X„} at T = 0
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each cluster. The eigensolutions essentially represent the decay of bending corresponding

to end loading. The magnitudes of the eigenvalues A„, especially \v indicate the strength

of decay. The characteristics of the eigenvalues in different ranges of T have been brought

out analytically for the simply supported edge condition. The treatment of the case of

clamped plates must be done numerically. However, the characteristics of the eigenvalues

will essentially be the same as in the simply supported case. It is seen that the present

formulation can identify certain regions of static instability on the basis of the nature of

the eigenvalues. Thus it integrates the eigenvalue problem of bending and that of linear

bifurcation buckling. The occurrence of eigenvalues indicating nondecaying solutions

denotes instability as discussed in the present paper which suggests an alternate criterion

for linear bifurcation buckling. In this context, it is of interest to recall the well-known

dynamic criterion of bifurcation instability. A more general investigation of this problem

will be of considerable interest.
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