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Hoger and Carlson [1] have employed the Cayley-Hamilton theorem to derive explicit

expressions for U and U"1 which contain only positive integral powers of C, and the

principal invariants of U and C Here, C is the right Cauchy-Green strain tensor, and U

is the positive-definite symmetric right stretch tensor defined by

U2 = C.

An objective, stated in [1], is the elimination in the above-mentioned expressions of the

dependence on the invariants of U, so that only C and its invariants appear in them.

Attention will be given to the two- and three-dimensional cases.

For the two-dimensional case, with the principal invariants of U and C defined by

Iu = trU, II u = detU,

and

Ic - trC, IIc = detC,

Hoger and Carlson [1] show that the former invariants are unambiguously expressible in

terms of the latter by

I\j \Jlc + 2 \JlIc , II y — JUc •

It follows that U and U 1 can be expressed in terms of Ic, IIc, and C, upon using Eqns.

(3.3) and (4.1) of [1],

To consider the three-dimensional case, it is convenient to introduce the principal

stretches (extension ratios) X,(/ = 1,2,3), which may be regarded either as the roots of the
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cubic

A3 - I^X2 + IIuA - IIIV = 0, (1)

or as the positive roots of the sextic

A6 - IcA4 + IICA2 - IIIC = 0. (2)

The coefficients in (1) and (2) are the principal invariants of U and C, viz.,

I a = trU, //y = ^-{(trU)2 - trU2}, ///{y = detU, (3)

and

Ic= trC, IIC = ^ {(tr C)2 - trC2}, IIIC= detC. (4)

From (l)-(4), following [1], we note that

Ifj = A[ + A2 + A3, IIIV = A,A2 + A2A3 + AjA^ = A]A2Aj, (5)

and

I(- — A2 + A*~2 + A2, II£ = A2 + A"\ A'; 4- A"3A2, ///( = A - A^> A;. (6)

Hoger and Carlson [1] employ (5) and (6) directly to obtain

UIu = W

and

II = /c + 2//6,, //2 = //c + 2/777^/y, (7)
2
Uand they proceed by eliminating //^ from between the equations (7)a h. This yields the

quartic

- 2/c/2 - 8/7777/^ + (/2 - 4//c) = 0, (8)

a solution of which is given in Eqn. (5.5) of [1], under the assumption that a unique

positive value of Iv exists for arbitrary (allowable) values of Ic, IIC, IIIC.

Now, if the quantity (l£ - 4IIC) is nonpositive, the existence of a unique positive root

of (8) is apparent upon applying the rule of signs. The other case is covered by a

counterexample. For, suppose that Aj = 1, A2 = 2, A3 = 4. Then Ic = 21, IIc = 84,

IIIC = 64, (/,? — 4IIc) is positive, and

/£ - 2/c/2 - 8/TTT^ + (/2 - 4IIC) = (Ia- Vila - 1 )(/2 + 8/y + 15),

an expression that has two distinct positive zeroes, viz., Iu = 7,1. It follows from (5)a that

the correct value for Iv in this example is seven. Whence, the solution of (8), given in Eqn.

(5.5) of [1], requires further qualification and/or clarification, in general.

A different approach, already suggested in [1] for higher-dimensional cases, avoids the

ambiguity encountered in the above example. This is to gain a direct solution of (2), based

on the knowledge that this equation admits three (possibly repeated) positive values for

A2. Thus,

A2 = ^ / /c + 2\jlc - 3IIC cos j (</> - 2777) i = 1,2,3, (9)
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where

<f> = cos
_J 21}- - 9ICIIC + 21111 c

v 2(/<~ — 3//c)3/2 I

Then, upon taking A, = yA^", the calculation of Iv, IIv, Illy in terms of Ic, IIC, IIIC

flows directly from (9) and (5). Finally, the use of Eqns. (3.7) and (4.2) of [1] gives

expressions for U and U_1 containing only C, C2, and the principal invariants of C.
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