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Abstract. The complex variable approach is used to obtain closed-form solutions to

elastodynamic crack problems in a strip of anisotropic elastic medium, with one plane of

symmetry, under antiplane shear stress. The two problems examined involve a finite-length

crack propagating in an infinitely long strip of finite width when the edges are subjected

either to constant displacements or shearing stresses. The special cases corresponding to

either an orthotropic medium or an isotropic medium are recovered.

1. Introduction. In recent papers [1, 2], the complex variable approach has been used to

obtain closed-form solutions to elastodynamic crack problems in a homogeneous and

isotropic elastic strip under antiplane shear stress.

The problems analyzed are the classical ones of a finite-length crack moving at constant

velocity in an infinitely long strip of finite width with the lateral boundaries subjected to

either displacements or shearing stresses. Both problems have been reduced to half-plane

boundary value problems, solved by the Keldysh-Sedov method as explained in [3]. This

kind of problem has also been studied in [4] by an integral transform technique and

recently extended in [5] to an orthotropic layer.

In this paper the elastodynamic crack problems mentioned above are solved for a strip

made of an anisotropic medium with one plane of symmetry. After transformation of the

basic equations, the complex variable approach is used to obtain closed-form expressions

for the stress field as well as the stress intensity factors at the crack tip. The results

obtained in [4, 5] are recovered as particular cases.

2. Basic equations and formulation of problems. Consider an infinitely long strip of

width 2 h of homogeneous anisotropic elastic material referred to a fixed Cartesian

coordinate system 0xlx2x3. The strip contains a crack of length 21 traveling with constant
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velocity c in the positive xrdirection. Supposing that the medium contains a twofold

rotation axis parallel to the x3-axis, the elastic constants are given in the following form

[6]:

Ql Cl2 £"13 0 0 C16

£^22 £*23 ® ® ^26

C33 0 0 c36

C44 Qs 0

c55 0

Qe

Assuming an an tip lane shear field, the elastic state is independent of x3 and the stress

components are

3 U-, „ 0M, . .

~ Q59^+ C»aV ( > )

_ r a. r
°23 ~ 3x2 Qs dXl ' { '

where u3 = u3(xly x2, t) is the only nonvanishing displacement component which satisfies

the following equation of motion:

02W3 32m3 32w3 3 2m3 , .
C55—— + 2Q53—5 1- £44 ~r—7 = P „ , > (2-4)

3x2 3*i3*2 3jc| 3t

p being the density of the material. Assuming w3 = — cr, x2) and introducing the

transformation

ATX = Xj — ct, X2 = jx2, t = t, (2-5)

where 52 = 1 — c2/c2, c2 = C55/p, Eq. (2.4) becomes

32w3 32m3 32m3 , .
3 + 2/J —^r + «-i = 0, (2.6)

3X2 3^3^ ax

where a = C44/Q5, /? = C45/sC55 (in what follows, it will be assumed that (1 > 0,

« > P2)-

By setting

k = X2-^Xx, ij = i/SX, (2.7)

where A = a - /?2, Eq. (2.6) reduces to the canonical form

^ ^ - 0. (2.8)
3£ 3 7?

At this step it will be convenient to apply the conformal transformation

w = u + iv = e'e(i] + /'£), (2.9)
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where 9 = tan""^/}/ ]fK), which maintains the harmonic feature of m3 in the (u, v) plane.

In view of (2.5), (2.7), and (2.9), the stress-strain Eqs. (2.2) and (2.3) become

C55P

13 &

"23 = s/aAC55^-. (2.11)

It is the purpose of this paper to present the solution for the following problems:

Problem I. The boundaries at X2 = ±hs are clamped and displaced in the opposite

^-directions by an amount u0 which allows antiplane crack motion in the positive

Xj-direction. The boundary value problem is formulated as follows:

u3(X1, ±hs) = ±u0, \Xt\ < oo,

3m, „ 3m,
a dX~2 + = °' ^ <l'X2 = °' (2-12)

u3(Xlt0) = 0, 1^1 >/,

where u3(Xv X2) is the solution of Eq. (2.6).

Problem II. The boundaries at X2= ±hs are sheared by a constant stress a0. The

problem consists of solving Eq. (2.6) together with the following boundary conditions:

3m, „ 3m, Or.

aJx~2 +Pjxl = ^<V '*i' < 00' z2= ±hs>

3m, „ 0M, .
«9^ + ^9^- = °, |*il </,*,- 0, (2.13)

m3(*i,0) = 0, \X,\ >/.

3. Solution of Problem I. The transformations (2.7) and (2.9) reduce Problem I to

finding the harmonic function m3(m, i>) satisfying the following boundary conditions:

m3(m, ±u0) = ±m0, \u\ < 00,

tf = 0, Im| < /1? v = 0, (3.1)

«3(m,0) = 0, |m| > /1;

where

v0 = hs-^A/a , /j = l4a . (3.2)

Applying the same method as in [1, 2], the problem (3.1) reduces to a half-plane boundary

value problem, solved by the Keldish-Sedov technique [3] in terms of the complex

function

$ (to) = —— In
vna

03 + 1

v'i - s2 + y«2 - $2

where a = ir/2v0, S = tSLnh(a/1), and u = tanh(aw).

(3.3)
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Regarding the derivatives of the displacement function, the following expressions hold:

^ = a Im[(l - w2)0'(w)],

a (3.4)
^ = ^ + aRe[(l -co2)<£'(<o)].
av v0 1 '

Hence, from (2.10) and (2.11) the stress components may be obtained. In particular, Eq.

(2.11) gives

_ a^55U0 r.

'23 ~ u

sinh(aw)

(sinh2(aw) - sinh2(a/1))
1/2

(3.5)

It is of interest in fracture mechanics to have the stress intensity factor at the tip (/, 0),

defined as

kx = lim p(X,- l)a23(Xl,0), (3.6)
AI+

which gives

K «C55u0 / tanh(ay/a/) ^ ^
1 ^ V

In the orthotopic case C45 = 0 and Eq. (3.7) is in agreement with the corresponding one

obtained in [5], In the isotropic case Q5 = C55 = n (shear modulus), C45 = 0, and the

result of [4] is recovered.

4. Solution of Problem II. The transformations (2.7) and (2.9) reduce Problem II to

finding the harmonic function u3(u,v) satisfying the following boundary conditions:

3m3 . .
"3^-(". ±"0) = Po> M < co'

^f(«-0) = 0, \u\ < ll3 (4.1)

u3(u,0) = 0, \u\ > lu

where p0 = o0/{sCss{aA).

Proceeding again as in [1, 2, 3] the solution of problem (4.1) is obtained in terms of the

complex function

Jp!^pL=[n(T'.8)-K(<)]. (4.2)
7ry(w — l)(<o — S )

where K(8) is the complete elliptic integral of the first kind of modulus 5 and n(y2,5) is

the complete elliptic integral of the third kind of the same modulus and complex

parameter y2 = S2( 1 — co2)/(w2 — S2). The stress component (2.11) has the following

formal expression:

<>23 = ®o(l + \ (1 - fi2)Im
CO

^(to2 — l)(w2 — S2)

(n(y2,S) - K(8)) ■ (4.3)
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In particular, on / < X1 < oo,

( sinh(2a\/a X.)
023(^1.0) = °o 1     17^

\ wcosh(a\/a/)(sinh2(a\/aXj - sinh2(ayc^/))

• [n(y12,tanh(av/a/) - K(tanh(av/a/))] J, (4.4)

where y2 = sinh2(a\/a /)/((sinh2(a7«/) - sinh2(a\/a A^)), which implies the following

expression for the stress intensity factor at the tip (/, 0):

tanh(a^/) K(tanh(ai^/))_ (4 5)
w V aya

For an orthotropic material, Eqs. (4.4) and (4.5) are in agreement with those obtained in

[5], apart from the additional constant term in (4.4). This disagreement probably arises

from the fact that the superposition principle was not applied in [5], The isotropic case is

recovered as in [4] with the same comment.
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