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Abstract. In a recent paper W. A. Day proved a decay property for solutions to a linear

parabolic equation with nonlocal boundary conditions. Such boundary conditions arise in

thermoelasticity. We extend his result (a) from one to arbitrary space dimensions, (b) from

linear to nonlinear parabolic equations, and (c) from differential equations to differential

inequalities. Our tool is the classical maximum principle.

Let c R" (n > 1) be a bounded domain with smooth boundary 3fi, e.g., with

boundary of class C1. Let u: S2 xR + -> R be a classical solution to the differential

inequality

3 u
t) — Au(x, t) + c(x)f(u(x, /)) < 0 in Q X R+ (l)

under the nonlocal boundary condition

u(x,t)= f u(y,t)g(x, y) dy on3S2xR + . (2)
hi

Here A is an operator

n q 2 u n 0 u

Au= X aij(x, u, Du) dx £x + £ b,{x,u,Du)
i,j= 1 ' J i = 1 '

which satisfies the ellipticity assumption

n
2

a\p\ < E au(x, q,p)p,Pj
'■.7 = 1

for some uniform a > 0, every jc e S2, q e R, and p G R", and the symbol Du denotes

the spatial gradient of u. The function /: R -* R is monotone nondecreasing and satisfies

/(0) = 0 by assumption. Finally, the coefficients aIJ, />,, and c as well as / are assumed to
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be sufficiently regular, e.g., continuous in their arguments, and c(x) is supposed to be

nonnegative.

The weight function g: £2 Xfl -> R in boundary condition (2) is also assumed continu-

ous. Boundary conditions of this type arise in the theory of thermoelasticity. We refer to

the paper of W. A. Day for the physical background and to [1,3] for related problems.

Under the above assumptions we shall prove the following

Theorem 1. Let w > 0 be a classical solution to problem (1), (2) and suppose

\g(x,y)\dy <\. (3)f.
Then the function h(t):— supxeau(x,t) is a nonincreasing function of / for t > 0. An

immediate consequence is formulated as

Corollary 2. Let u be a classical solution of the differential equation

~ — Au + cf(u) = 0 in £2 X R+ (1')

under boundary condition (2) and suppose that (3) holds. Then e(t):= supA.eS2|«(.x, ?)| is

a nonincreasing function of t for / > 0.

Let us now prove the theorem under the additional assumption that strict inequality

holds in (1). The extension of the proof to weak inequality is then standard; for instance,

see the classical book of Protter and Weinberger [4]. If h is not nonincreasing then there

exists a positive time T and a point jc e such that a positive maximum of u over

fi X[0,T] is attained in x, T. We distinguish two cases. If * e S2, then (3w/9r)(jc, T) ^ 0

and Du(x, T) = 0. Furthermore, the Hessian matrix of u is negative semidefinite, so that

the strict version of (1) cannot hold. If x e 3£2 then condition (2), the maximality of u in

jc, and (3) yield the contradiction

u(x,T) = ( g(x, y)u(y,T) dy < u(x,T) f \ g(x,y)\dy < u(x,T).

The proof of the corollary follows from looking at the function v = u2.
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