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1. Introduction. Motivated by the recent work of Rajagopal et al. [4], we investigate the

flow of an incompressible second-order fluid past a stretching sheet. As described in [4]

and [2], it is postulated that the constitutive equation for such a fluid is given by

T = -pi + jliAj + alX1 + a2A2[. (1)

Here T is the stress tensor; p the pressure, /a, ax, a2 material constants, < 0; and Alt

A 2 are defined by

A, = gradv +(gradv)r,

d\l . > r
A2 = + Aj • gradv + (gradv) ■ Av

In [4], Rajagopal et al. use a perturbation analysis suggested by Beard and Walters [1] for

boundary layer flows of non-Newtonian fluids. They consider a wall coinciding with the

plane y = 0 and with the flow confined to y > 0. Two equal and opposite forces are

applied along the jc-axis so that the wall is stretched while the origin remains fixed. The

steady two-dimensional boundary layer model which they develop consists of the system

3" dv „

Tx + Ty-«- W
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with boundary conditions

u = cx, c > 0; v = 0 at y = 0,

u -* 0 as y -s► oo. (5)

Here v = p./p is the kinematic viscosity and k = -ax/p. Rajagopal et al. [4] transform

Eqs. (3)-(5) via the similarity transformation tj = (c/v)1//2y, k1 = kc/v, u = cxf, v =

~(vc)1/2f into the problem

/'2 _//»=/»'_ ki [2- (/")2 _ //""], (6)

/'(0)=1, /(0) = 0, /'(00) = 0. (7)

Most authors assume that kx is small. Rajagopal et al. [4] follow this assumption and

expand the solutions in powers of kx to obtain numerical estimates on the behavior of the

solutions of Eqs. (6) and (7). We have found that (6) and (7) have at least one solution,

which is given by

/= (1 - k^d - (8)

This function is in exact agreement with the approximations found in [4],

We observe that if Arx = 0 then the function given above reduces to g(r;) = 1 — e~v,

which is a well-known solution of the problem

/'"+//"-/'2 = 0 (9)

with boundary conditions (7).

The main goal in this paper is to prove that g(rj) is the only solution of (9) which

satisfies (7). This same result has simultaneously been proved by McLeod and Rajagopal

[3). Their technique consists of a plane analysis. Our method of proof reduces (9) to a

first-order Ricatti equation followed by an appropriate analysis.

It remains an open problem to determine the uniqueness of the solution of the full

fourth-order problem of Eqs. (6) and (7) given in Eq. (8).

Uniqueness. Our goal is to prove the following:

Theorem. The function g(rj) = 1 — e~v is the only solution of (9) which satisfies (7).

Proof. We assume throughout that a second solution exists, which we denote by A

contradiction is obtained with the use of the following three technical lemmas:

Lemma 1. (/',/") cannot enter the set /' > 0, /" > 0 on [0, 00).

Proof. If there is an 7) ̂  0 for which /'(rj) > 0, /"(?)) > 0, then (7) implies there exists

a first rjl > 7] where /"(rj 1) = 0, hence f'"(Vi) < 0. However, from (9) we obtain

/'"(Vi) = (f'(vi))2 > 0, a contradiction.

Lemma 2. There are values r) > fj > 0 for which f'(rj) = 0, /"(rj) < 0, /"(?)) = 0, and

f" < 0 on (i), tj).
Proof. Suppose, first of all, that /' > 0 V rj ^ 0. From (9) and uniqueness of solutions it

follows that /" < 0 V17 > 0. Let h = g — f. Then h satisfies

h'" + gh" — (/' + g')h' + f"h = 0, (10)

h(0) = h'(0) = 0. (11)
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Lemma 1 implies that /"(0) < 0. If we assume that /"(0) > g"(0) then h"(0) < 0, hence

h < 0 and h' < 0 to the immediate right of 77 = 0. Since h -* 0 as rj -» oo there must be a

first t]j > 0 for which /!"(*h) = 0 and h'"(-q1) > 0. However, from (10) we find that

h"'(Vi) = (f'(Vi) + ^'(77i))^'(77i) ~/"(7?i)^(7)i) < 0, a contradiction. A similar con-

tradiction arises if we assume that /"(0) < g"(0). We conclude therefore that there is a

first f] > 0 with /'(r\) = 0 and /"(rj) < 0. Since / satisfies (7) there must be a first rj > r]

for which f"(r]) = 0 and our lemma is proved.

Lemma 3. There is an rj > rj with /'(rj) = 0 and /"(rj) > 0.

Proo/. Suppose that /' < 0 V17 > tj. From (9) it follows that /" > 0 V17 > r). Further, if

/ = 0 at some first tj1 > r), then / < OVrj > ^ and (9) implies that /"' > 0Vr) > t)1.

Then f"(r}) > /"(T?i) > hence /' = 0 for some first rj > r). We assume, therefore, that

0 < / < /(f/) V 17 > r/. Next, let r = /"//'. Then r satisfies

r' + r2 +/r -/' = 0, (12)

r(f>) = 0, r'(v) < 0. (13)

A differentiation of (12) leads to

r" +(2r +/)r' = 0. (14)

Integrating (14), we obtain

r'(rj) = r'(r1)e\pi-J1 (2r(s) +/(s))ds\. (15)

We let A = lim^^M r(7}) and /x = lim^^/(17). Suppose, first of all, that A < 0 is

finite. Since r' < 0 and r -* A as rj -> 00 we conclude that lim ^ r'(rj) = 0. Thus, from

(12) we obtain A + /x = 0, hence lim^^00(2r(rj) + /(77)) = A. From this and (15) it

follows that lim^^ r'(rj) = -00, a contradiction. Therefore, we conclude that

lim_ oo r(rj) = -00. Since 0 </< /(r))V y > 0, it follows from (12) that there is an

> rj such that r' < -r2/2 V rj > t]l. Integrating this inequality leads to r(-q) < -2/(17

- t)2), where < 17 < rj2 and rj2 = ri1 - 2/r(rj1). Thus lim1J_^ r(rj) = -00, a con-

tradiction since r = r"//' is bounded on each subinterval of (r), 00). Thus (/', /") cannot

remain in the region /' < 0, /" > 0 V17 > rj and there must be a first rj > 0 with

/'(v) = 0, /"(rj) > 0.
To complete the proof of our theorem we conclude from Lemmas 3 and 1 that /" > 0,

/' > 0 for all r) > rj, hence /' cannot satisfy (7), which implies that no second solution of

Eqs. (7)-(9) can exist.
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