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1. Introduction. We describe two methods, relevant to the study of Saint-Venant’s
principle, for the derivation of decay estimates in a linear isotropic homogeneous
elastic nonprismatic cylinder loaded by prescribed end displacements and with fixed
curved lateral surface. The results and associated calculations are expressed in terms
of integrals taken over plane cross sections of the cylinder rather than averages over
partial volumes as in many previous discussions. (See, for example, Toupin [25],
Oleinik and Yosifian [23], and Fichera [6, 7]; other references to this and related is-
sues may be found in the comprehensive survey by Horgan and Knowles [15].) A no-
table exception is the investigation by Biollay [1] who examines the three-dimensional
semi-infinite prismatic beam with lateral sides held fixed and data specified over the
base of the cylinder. (We also mention in this respect the study by Knowles [19] of
the semi-infinite plane strip with lateral sides stress-free.) An exponentially decreas-
ing decay rate is obtained which, of course, is a common feature of most studies of
Saint-Venant’s principle and whose underlying explanation is contained in the papers
by Kirchgissner and Scheurle [17] and by Ladeveze [20].

The estimate, however, of Biollay also involves an amplitude function whose mag-
nitude is related to the decay factor. The methods presented here do not suffer this
defect and indeed the straightforward calculations together with the applicability to
nonprismatic cylinders are seen as some of the advantages. The first method re-
duces the problem to a nonautonomous second-order differential inequality for the
mean-square cross-sectional integral of the displacement and proves in part that this
measure is a convex function of axial distance. (A similar technique has been used
by Flavin and Knops [9, 10] in related two-dimensional problems.) Immediate crit-
icisms of the method are that it is valid only for a restricted range of the elastic
moduli and near the upper limit of this range produces a decay rate inferior to that
given by Biollay. These deficiencies are absent from the second approach which relies
upon a first-order differential inequality for a cross-sectional integral involving the
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displacement and its gradient. Both methods described yield estimates of decaying
exponential type although more precisely when the cylinder is of semi-infinite length,
the results state that either the measure grows faster than some function of axial
distance, typically a growing exponential, or it decays faster than another function
of axial distance, typically a decaying exponential.

In Sec. 2, we set down the basic equations and boundary conditions governing the
solution to the problem under consideration. Section 3 contains the derivation and
discussion of the second-order differential inequality which is valid for a cylinder of
both finite and semi-infinite length. Since the comparison theorem reduces the analy-
sis to the study of the associated differential equation whose theory is well known, we
content ourselves with a brief indication of possible results, particularly emphasizing
those yielding decay estimates. For the semi-infinite cylinder, such estimates are valid
under various conditions on the asymptotic behaviour, including those imposed by
Knops and Payne [18] and Galdi, Knops, and Rionero [11] in their discussions of
the analogous nonlinear problem for the prismatic cylinder by means of weighted-
energy arguments. These authors also derived mean-square cross-sectional estimates
of exponentially decaying type.

Section 4 is devoted to the treatment of the first-order differential inequality for the
cross-sectional measure involving the displacement and its gradient. This measure
forms part of the work done by the external forces acting over the ends of the cylinder
and the estimates obtained are again valid for the finite and semi-infinite cylinder. We
also show how the estimate may be utilized to yield a second bound for the measure
introduced in Sec. 3, which accordingly is not subject to either of the criticisms
already noted. Finally, in this section, we briefly indicate how the method may be
extended to a corresponding problem in linear elastodynamics.

In the concluding section, we discuss the axisymmetric problem and introduce
a third mean-square measure, involving displacement gradients, which is shown to
satisfy a second-order differential inequality similar to that already considered in Sec.
3. However, the advantage of this third measure is that it may be further employed
to derive pointwise decay estimates for the displacement components which are valid
up to the boundary.

Throughout the paper we adopt the comma notation for partial differentiation and
also the summation convention with Latin symbols ranging over the values 1, 2, 3,
while Greek symbols take the values 1, 2.

2. Notation, basic equations, and assumptions. We consider a nonprismatic cylin-
der B with plane ends and select a rectangular system of coordinates such that one
end of the cylinder lies in the (x|, x;)-coordinate plane and contains the origin. We
suppose that the length of the cylinder is L and that D(x3) C R? represents the
bounded cross section at distance x; from the plane end. We distinguish between fi-
nite and infinite values of L and thus separately discuss cylinders that are respectively
of finite and semi-infinite length. The boundary d D of each cross section is assumed
sufficiently smooth to admit application of the divergence theorem in the plane of
the cross section. The cylinder is occupied by a homogeneous isotropic compressible
linear elastic material maintained in equilibrium by specified displacements over the
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plane ends with the lateral sides of the cylinder held fixed at zero displacement. No
body-force acts.

We assume the existence of a sufficiently smooth displacement vector u(x) satis-
fying the following well-known conditions of our problem:

uijj +au;;i =0, X €B, (2.1)
ui(x) =0, x €0D(x3), x3€][0,L], (2.2)
ui(x) = gi(x), x€ D), (2.3)
ui(x) = hi(x), x € D(L). (2.4)

Here, u;(x) are the components of the displacement with respect to the given cartesian
axes, g;(xy,x7) and A;(x;, x;) are specified functions, and « is a constant which in
terms of the Lamé constants A and u is given by

a=(A+u)/p. (2.5)

For a positive-definite strain-energy, a lies in the range 1/3 < a < co. However, we
suppose only that the Lamé constants are such that

a> 0. (2.6)

Let us also recall the following subsidiary result required in the subsequent calcu-
lations. Let A(x3;) denote the first eigenvalue in the two-dimensional clamped mem-
brane problem for the cross section D(x3). That is, A is the first eigenvalue corre-
sponding to the boundary value problem for the function v(x,, x;):

vggt+Aiv =0, X € D(x3), (2.7)

v =0, x€ 0D(x3). (2.8)

We require the variational characterization of A contained in the well-known inequal-
ity

i) [ pramans [

D(x3) D(x3
where ¢(x,x,) is an arbitrary Dirichlet integrable function vanishing on 6D. A
lower bound for A(x3;) is provided by the Faber-Krahn estimate

A(x3) 2 mjg/A(x3), (2.10)

where A(x3) is the area of D(x3) and jj is the smallest positive zero of the Bessel
function Jy(y). Frequently we assume that

0<Am <A(x3), Vxs, (2.11)

where A,, is constant, although in several instances we are able to relax this condition.

) @ p9.pdx dx;, (2.9)

3. A second-order differential inequality and related estimates. In this section we
discuss decay estimates for the displacement vector measured by an L,-norm over a
plane cross section of the cylinder. As already mentioned in the Introduction, the
method employed restricts the range of elastic moduli, but for those values of the
moduli in the range of validity, the method leads to especially simple estimates with a
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natural form for the amplitude. We first derive a second-order differential inequality
and then after integration derive several estimates and related properties. We deal
with cylinders of both finite and semi-infinite length, the distinction appearing, of
course, only in the integration of the differential inequality and not in its derivation.
The next section describes an alternative approach valid for all physically acceptable
elastic moduli, but which is comparatively less direct.

3a. The differential inequality. Let us consider the function F(x3) defined by

F(x;) = /D( )(u,;u,;+au§)dxl dx,, (3.1)

where a is a positive constant to be chosen later. We wish to establish a differential
inequality of the form

F"(x3) > k*(x3)F (x3) (3.2)
whose integration will lead to the desired estimates for F (x3). Here, and throughout,
differentiation with respect to the variable x3 is denoted by a superposed prime. Obvi-
ously, (3.2) implies that F(x3) is convex on the interval of validity, and this property
enables several elementary conclusions to be established regarding the evolutionary
behaviour of F. (See Sec. 3b.)

Successive differentiation of (3.1) yields

F'(x3) = 2/m )(uﬁu/m + ausuz 3)dx, dx;, (3.3)
X3

and
F"(x3) = 2/ (g 3up3 +au§,3)dx, dx2+2/ (Upug 33+ ausus 33) dx, dx;.
2(xy) D(x3)
(3.4)
The differential equation (2.1) is used to replace the second derivatives appearing in
the second integral of (3.4), and then an integration by parts leads to

a a
K x3)=2/ [u Up s+ Tty pUp 3 + 3 U ] dx;dx;
( L) B3UB3 (1 +a) BYUB, (1 +a) 3. 8U3 .8 1

+ 2/0( ) [augj + aug gus 3 + au,;,,;uy,,,] dx; dx; (3.5)
X3

+2/ upgup ., dx;dx;.
D

An equality of type (3.2) is clearly violated whenever F’'(x3) fails to be positive-
definite. However, as can be readily seen from (3.5), the positive-definiteness of the
quadratic integrand on the right imposes a restriction on the choice of the coefficients
a and a. Indeed, the last integral in (3.5) may be replaced using the relations

/ Upup .y dX] dX2 > / Upg U, p dx, dX2 :/ Ug gty » dxl dX2, (36)
D(xy) D(x3)

D(xy)
and then standard conditions show that for positive-definiteness to hold it is necessary
and sufficient for a and « to satisfy

2
@ 41 + «
<ac< u

41 +a) — a? (3.7)
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which in turn restricts « to satisfy

o < 4(1+a) (3.8)
or, equivalently,
0<a<2(l+V2) =4828. (3.9)
In terms of Poisson’s ratio, v, condition (3.9) becomes
v < 0.396. (3.10)

In order to establish inequality (3.2) subject to (3.7), we apply the arithmetic-
geometric mean inequality to the second and fifth terms on the right of (3.5) to

obtain:
adac)

F"(x3) > 2——/ Ugsug3dx dx
(x3) ( (l+a)) o g3lUp3dx dx;

a a
+ — 2——)/ Uz gz pdx; dx
(1+0¢)( €1/ Jp(xy) LTSS SR

+(2a - acz)/ u} 3 dx; dx; (3.11)
D(ix;)

|

+ {a (2 - —) +C3}/ ug pity , dx; dx;
(%) D(x3)

+(2- C3)/ ug yug,dx dx;,
D(x3)

where ¢}, ¢, and ¢3 are positive constants and the relations (3.6) have been used. We
now set

¢ =2(1+a)/aa, ¢ =2a/a, 3= —a (2—%) <2 (3.12)
2

With this choice, which implies ¢; < 1 and is consistent with (3.7), the inequality
(3.11) becomes

F"(x3) > 0+ )2[4(1+a)—a a]/ us pus pdx, dx;

+ =5 [4(1 +a) - —] / ug yugy dx, dx; (3.13)
2 a D(x3)
> m? / i ity 5 dx, s, (3.14)
D(x3)
where
m? = min ;[4(1+ ) — a’a 1 4(1 + )—a—z}) (3.15)
- 2(1 + a)? ) Y~a]) ‘

Alternatively, we may equate the coefficients of the integrals in (3.13), so that

2_ 1

m = sy )2[4(l+a)—aa] (3.16)
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where a is given by

a_—(“L—")ﬂ[\/[Haz/{z 2+a)2]-1]|. (3.17)

«

In either case, a must satisfy (3.8).
An appeal to inequality (2.9) then leads at once to

F"(x3) 2 m*A(x;)F (x3), (3.18)

which is clearly of the desired form (3.2).

We note that the eigenvalue A(x3) may be replaced by the lower bound given by the
Faber-Krahn inequality (2.10). In particular, when the cross sections of the cylinder
possess the same area but not necessarily the same shape or orientation, the coefficient
of F(x3) in the resultant inequality reduces to a constant. Let us further observe that
the coefficients of the integrals in (3.13), and therefore the respective values of m in
(3.14), tend to zero as the modulus a tends to the maximum permitted by the range
of validity (3.7) or (3.8).

3b. Behaviour of F(x3). Decay estimates. This subsection discusses the integration
of the differential inequality (3.18) with the aim of establishing upper and lower
bounds on the function F(x3) leading to a description of its evolutionary behaviour.
Such properties, of course, may be derived from the standard comparison theorem
(see, for example, [24]) combined with the well-known theory for the corresponding
equation obtained from (3.18) when the inequality is replaced by equality. (See,
for example, [5], [13], [14].) Nevertheless, we prefer to present what is perhaps a
more direct treatment yielding estimates that are either apparently new or not readily
available in the literature. We begin, however, by listing properties of F(x3;) that
easily follow from its convexity with respect to the variable x3 inherent in inequality
(3.18).

ProposITION 3.1. The function F(x3) satisfying (3.18) on the finite interval (0, L)
possesses the following properties:
(i) F(x3) cannot achieve a maximum on (0, L);
(i1) F(x3) is nonoscillatory on [0, L];
(ii1) F(0) = F(L) = 0 implies that F(x3) =0, x3 € [0, L];
(iv) F’(0) = 0 implies either (a) F(x3) = F(0), x3 € [0, L], or (b) F'(x3) > 0,
X3 € (0, L];
(v) F'(0) > 0 implies F'(x3) > 0, x3 € [0, L];
(vi) F(L) < F(0) implies F'(0) <0, x5 € [0, L],
(vii) the function F(x3) has at most one extremum on [0, L] or is identically
constant.

Similar properties hold on (0, 00) provided suitable asymptotic behaviour is im-
posed on F(x3) for large values of its argument.

Further evolutionary properties depend upon consideration of a second inequality
derived from (3.18) according to the following lemma.

LEMMA 3.1. Let 6(x3) be a differentiable function, satisfying the inequality

mA(x3)(1 = 62(x3)) + (8(x3)V/A(x3)) 2 0. (3.19)
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Then F(x3) satisfies

'dix3 {exp (—2m /Ox3 ﬂ(n)dﬂ> c—i‘jc—g (F(xg.)exp (m /OXJ ﬁ(’?)d’?))} >0, (3.20)

where
B(x3) = 0/ A(x3); (3.21)

on introducing the new variable

o(x3) = /OX3 (exp <2m /OT ﬂ(n)dn)) dr, (3.22)

inequality (3.20) becomes

dd_z:Z (F(a)exp (m /OXJ ﬂ(?])dﬂ)) >0. (3.23)

Proof. 1t is easily shown from (3.18) and (3.19) that F(x3) satisfies the inequality

(75 - mowe) Vi ) (255 + moceyviGeT) 20, (324

which on rewriting leads immediately to (3.20) and hence (3.23).

Lemma 3.1, which is valid for the cylinder of either finite or semi-infinite length,
shows that the exponentially weighted function F(x3;) is convex with respect to the
variable ¢. We obtain our results by variously exploiting this property for selected
values of the function @(x3). The reader will be able to establish further conclusions
by means of the same general approach. We discuss in detail the case of the cylin-
der of finite length to illustrate the method, and then briefly indicate modifications
required for the extension to the semi-infinite case. We conclude the subsection with
some additional results.

Our first set of results on (0, L) is based on the inequality

F(xs)Sexp( / Bnd ){f (exp (2m [ B( n)dn)) } .
0

(exp (2m [y B(n)dn)) d

L X3 1
+ exp (m/ /3(’1) d']) { OL (exp (2m f(: )dﬂ)) }F(L), (325)
"3 (fo (exp (2m fy B(n)dn)) d )
which follows immediately from the convexity of F(x3;) as given by (3.23). Note

that (3.25) is exact at both x3 = 0, x3 = L. Furthermore, when the displacement is
specified zero on x3 = L, inequality (3.25) may be simplified to yield

F(x3) < F(0)exp ( / B(n) dn) x3€[0,L]. (3.26)

In order to render either (3.25) or (3.26) precise, special choices depending on the
behaviour of A(x3) must be taken for #(x3) and hence B(x3;). For example, we may
establish the following properties.
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ProrosITION 3.2. Let
0<Am= {gig}l()@). (3.27)

Then, for x3 € [0, L],
F(x3) < [F(0)sinh m\/_(L x3)+ F(L) smhx3m\/_]/smhLm\/_ (3.28)
Proof. Set 6(x3) = \/Am/A(Xx3) in (3.25).

Assumption (3.27) includes the case of monotonically increasing (decreasing) A(x3)
with A(0) > 0 (resp. A(L) > 0). The last condition is removed in the next result.

PropPosITION 3.3. Let A'(x3) > 0 ('(x3) < 0). Then F(x3) on [0, L] satisfies (3.25)

with B(x3) = /A(x3)(—v/A(x3)).

Proof.. Set 6(x3) = 1(-1).

It is possible to derive an estimate when A(x3) violates assumption (3.27) and is
not monotonic. We have

PROPOSITION 3.4. Let
I
» = min A'(x3)
[0,L] 2A3/2(x3)"

Then F(x3) on [0, L] satisfies (3.25) with 0(x3) = (y + Vy% + 4m?)/(2m).

When F(L) = 0, the inequalities contained in Proposmon (3.2)-(3.4) simplify to
(3.26) with the respective values of f(x3).

We next integrate (3.23), first over (0, x3) and then over (x3, L), to obtain

L
F(x3) < F(L)exp (m / ﬂ(n)dn) —[F"(0) + mB(0)F(0)]

<exp (-m [ ponan) [ L exp (2m [ pndn) de

We immediately conclude from (3.29) that when F’(0) > 0 then

Fixs) 2 (F(0) + mpOFOlexp (~m [~ pyan) [ exo (2m [ ponyan) a.

(3.30)
On the other hand, when F(L) = 0 we must have F’(0) < 0, as already noted in
Proposition 3.1(vi). In these circumstances, we may establish

(3.29)

ProrosITION 3.5. Suppose that A(x3) is nonincreasing so that A'(x3) <0, x3 € [0, L].
Then with F(L) = 0 there holds

F(x3) < [m\A0)F(0) — F'(0)](L - x3) exp( / VAn) dn) (3.31)

Proof. Set 6(x3) = —1, so that f(x3) = —y/A(x3) in (3.29).

Clearly, similar upper bounds may be derived from (3.29) using the choices of
6(x3) corresponding to the different conditions on A(x3) stated in Propositions (3.2)-
(3.4).

We now turn our attention to the semi-infinite interval and first derive a necessary
condition for the function F(x3) to become unbounded for large values of x;.
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ProposITION 3.6. Suppose that

X3
X3=00 B(x3)
Then
lim F(x3)=0 (3.33)
X3— 00

unless

F'(0) + mB(0)F(0) <O. (3.34)
Proof. By a Taylor series expansion, we obtain from (3.23) the inequality
F(x3) > exp< / B(n d'l)

(3.35)

< [FO)(F'(0) + mBOFO) [ 7 (exp 2m /0 t ﬂ(n)dn> dr

from which the result follows on application of I’'Hopital’s theorem.

By imposing conditions on the asymptotic behaviour of F(x3;) we may prove that
F(x3;) must actually decay. These results are analogues of Propositions 3.2-3.4, and
hence are easily derived. We therefore content ourselves with the statement and
proof of only one such result which, it will be noticed, is akin to a Phragmén-
Lindelof principle, reminiscent of several results previously obtained in the study of
Saint-Venant’s principle. Maz'ya and Plamenevskii [22] establish a similar result for
solutions that are separable obtaining the decay rate ,,/(a + 1)!/2 which is faster
than that given by (3.38). However, our result holds for all solutions and not only
for those in the class considered in [22].

PropPosITION 3.7. Let

0< A, = inf A(x3) (3.36)
[0,00]
and
Jim_F(x3) exp(—m\/Amx3) = 0. (3.37)
Then
F(x3) < F(0)exp(-m\/Amx3),  x3€[0,00). (3.38)

Proof. We use inequality (3.25) together with 6(x3) = \/(Am/A(Xx3)).
By imposing conditions on the asymptotic behaviour of both F(x3) and its deriva-
tive it is possible to obtain additional decay estimates based on the following inequal-

ity:
F(x3) < F(0) exp( / Bln dn>+[F’( )+ mB(L)F(L)]

X exp (—m ~/X3 B(n)dn) /(: exp (2m/0 /?(n)dn) dr,

which is a consequence of integrating (3.23) first over (x3, L) and then over (0, x3).
As an example of results of this type, we have the next two propositions.

(3.39)
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PROPOSITION 3.8. Suppose A(x3) is nondecreasing so that A'(x3) > 0 on [0, 00) and
X3
lim [F'(x3) + my/A(x3)F(x3)] exp (—m/ A(n)dr;) =0, (3.40)
X3—00 0
F(x3) < F(0)exp (—m / N/ dn) . (3.41)
0

Proof. Set 6(x3) =1 and use (3.29).

ProProsITION 3.9. Suppose that A(x3;) satisfies the condition

. 2(x3) Mxs) P
l<y< x;el[%,fom [——4’”13/2(%) + \Rl + {—4m/13/2(x3)} )} , (3.42)

“

where y is constant, and let F(x3) possess the asymptotic behaviour

Jim [F(xo)+ /I Gelexp (-my [ VEmdn) =0 (343
Then .
F(x3) < F(0)exp (-ym /0 \/l(n)dn> . (3.44)

Proof. Set 6(x3) = y and use (3.39).

We conclude this section with some remarks.

REMARK 3.1. Inequality (3.18) clearly also holds on cylinders of infinite length,
which immediately enables us to establish an analogue of Liouville’s theorem.

ProprosiTiON 3.10. Assume that (3.18) holds on (—oo, 00). Then either the displace-
ment as measured by F(x3) is unbounded as x3 — +oo or x3 — —oo, or the displace-
ment is identically zero.

The proof of the Proposition, included here for completeness, is an easy applica-
tion of the properties of a convex function. The same approach has been employed
in a more general context by, for example, Brezis and Goldstein [4], Levine [21], and
Goldstein and Lubin [12].

Proof. We suppose that F'(x3) # 0 at some fixed point x3 = ¢. Then, by (3.18),
F"(x3) 2 0, x3 € (—00,00), and hence F(x3) is a nonnegative, nonconstant convex
function on (—o0,00) and is therefore unbounded. On the other hand, when F(x3)
is everywhere bounded, we must have F’(x;) = 0, for all x3. Thus, F"(x;) = 0, for
all x3 and so by (3.18), we have F(x3) = 0 on (—00, 00). The proposition is therefore
proved.

A similar result involving the strain (u; ; +u, ;) has been discussed by Kinderlehrer
[16].

REMARK 3.2. It is possible to derive a modification of inequality (3.18) which
produces improved rates of decay. We return to (3.11) and set

c=Q2-0)1+a)/(aa), c=Q2-d8ala, ¢=-a <2 - é) <2,
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where 0 < § < 2. Then instead of (3.18) we obtain

F'(x3) > 6 / (Uastia s + aild 3) dx doxy + MPA(x3)F(x3),  (3.45)
D(x3)
where
a? L g A2 =0)
0+ a)(2-0) %
and

m2 = min (ml—l—W[Z(z - 5)(1 + a) - aaz], [2(1 + a) - az/(a(2 —5))])

or, alternatively, on equating the coefficients of the last two integrals in (3.13),

m2 = mn& - 5)(1 + a) - aaz]

where a is now given by

_2-9)(1+a)(2+a) a 2
T [\/”{m}“]'

An application of Schwarz’s inequality (3.67) then yields

FF" - fj-(F')2 > m?A(x;)F?
which, on setting P(x3) = Fé(x3),e=1-0/4>0, as d < 2, leads to
P"(x3) > em?A(x3)P(x3).

We thus recover an inequality of the same form as (3.18) and all the previous argu-
ments are immediately applicable. For example, the analogue of (3.38) becomes

F(x3) < F(0)exp(=x3m\/(Am/€)), X3 €[0,00),

which, since ¢ < 1, represents an improved decay rate. Note that now, however, the
range of « is determined additionally by choice of J and is always included in that
for 6 = 0.

REMARK 3.3. While the basic inequality (3.18) has been established only for a
limited range of elastic moduli, nevertheless the various estimates that have been
derived are valid for a/l x; > 0. The decay estimates hold arbitrarily close to the
base load region and are not invalidated within some boundary layer.

REMARK 3.4. It is also worth emphasizing that the rate of decay in most other
available estimates deteriorates as the incompressibility limit is approached. This
may thus be a further factor contributing to the limitation on the moduli apparently
essential to the present approach.

REMARK 3.5. The Faber-Krahn inequality (2.10) may be used to replace i(x3)
by A=!(x3) in the basic inequality (3.18). Then Propositions (3.2)-(3.9) continue to
hold but with conditions on A(x3) replaced by appropriate conditions on A(x3).
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4. A first-order differential inequality and related estimates. We now describe a
second method for discussing the behaviour of the solution to the boundary value
problem (2.1)-(2.4). Unlike the approach considered in the previous section, the
arguments used, while in passing involve volume integrals, do not restrict the elastic
moduli. Nor is it essential to require any a priori asymptotic decay assumption of
the solution in the case of a semi-infinite cylinder. Our method yields an alternative
theorem of Phragmen-Lindelof type.

Thus, let us introduce the function

H(x;3) = / (uju; 3+ aujjus)dx; dx;, (4.1)
D(x3)
which may be rewritten as
X3+h
H(X3 + h) = H(X3) +/ /D )(uiJuiJ + aui,,-uj,,-) dX| d)Q dﬂ (4.2)
X3 n

for 0 < h < L — x3. Hence, in particular, when

Ui(xe,L)=0, or u;3+au;jd;3=0 at x3=1L, (4.3)
we have H(x3;) < 0, but in general H(x3) is nondecreasing and its (nonnegative)
derivative is given explicitly by

H/(X:;) = / (uiJuiJ + aui,iujJ)dxl dx,. (44)
D(x3)

Let us note the relationship between the function H(x3) and the corresponding
integral for the work done by external forces across the cross section D(x3), defined
by

Vix;3) = / o 3u; dx, dx;.
D(x3)

This immediately yields
X3+h
V(x;+h) =V(x;) +/ / ojuijdx; dx;dn.
X3 D(n)

But we have

/1_) iU d.X| de = HI(X3) + ﬂ/ (u,-J-u,-’i - uj\,uk,k)dxl dX2
(m)

D(x3)

= #HI(X:,') + u/D (uiJuiJ - 2(0,‘1‘(0,‘] - uj‘,-uk‘k) dx dx;
(x3)

< 2uH'(x3),
where
wi; = $(uij — u).
Hence, it follows that
V'(x3) < 2uH'(x3),

and
V(xa+h) = V(x3) < 2u[H(x3 + h) — H(x3)].
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Furthermore, condition (4.3), implies that on X3 = L the stress satisfies
Oa, (L) = uu3,a(L),
033(L) = - .uua,a(L)’

and these stress components hence vanish only when u;(x,, L) is constant.
We now wish to compute a bound of the form

|H (x3)] < n(x3)H'(x3). (4.5)
Once (4.5) is established, it leads immediately to the inequalities
H(x3) < n(x3)H'(x3) (4.6)
and
—H(x3) < n(x3)H'(x3), (4.7)

which, on integration, yield the desired information on the behaviour of the solution
as measured by H(x3). Let us first derive (4.5).
By means of Schwarz’s inequality combined with inequality (2.9) we obtain

1/2
|H(x3)| < (/ uiu;dx, a’x2/ ui3u;3dx dxz)
D(x3) D(x3)

1/2
+ (/ uiu; dx; de/ Ui iUjj dx d)Q) (4.8)
D(x3) D(x3)

1/2
< [A(x))~12 [/D( )ui,ﬂui,t? dx, dxz]
X3

1/2 1/2
X (/ Ui3U3 dx1 de) + (/ Uj il j dx. d)C2) (4.9)
D(x3) D(x3)

1 _
< 5[A(x3)] 172 (03+6‘4)/ uipuipdx dx;

D(x3)
1

+ — U;3u;3 dx,dx;
€3 JD(xy)
a2

+ — Ui il dxl dX2 s (4.10)
€4 Jp(x;)

where in the last line we have used the arithmetic-geometric mean inequality with

positive constants c3,cs. On setting
¢ =acy=a(l +a)_l/2,

we find that (4.10) becomes

|H(x3)| < %[/1()@)]"/2(1 +a)2H'(x3), (4.11)
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which is of the required form (4.5) with
1
n(x;) = 5[(1+ ) [A(x3)]'/2. (4.12)

We have already seen that under the end-conditions (4.3), we must have H(x3) < 0,
for x3 € [0, L], and in view of the nonnegativeness of H'(x3), it follows that inequality
(4.7) holds. Integration of (4.7) leads to

_H(x) < — H(O)exp (— / h K"(rz)dn)

= —H(O)exp( /XSAI/Z( )dn) (4.13)
< - H(0) exp( / A~V3( d'?) (4.14)

where
‘ k=2(1+a)""2,  w=21+a)" " jr!/? (4.15)

and we have used (4.12) together with the Faber—Krahn inequality (2.10) for A(x3).
Since H(L) = 0, inequality (4.14) may be rewritten as

E(x3) < E(0) exp (—w / K A-'”(n)dn) (4.16)

where from (4.2),

L
E(X3) =/ /D( )(u,JuiJ+aui,iu,~,,~)dxdr]. (4.17)
n

We next turn to the case of a cylinder of semi-infinite length and impose no as-
sumption on the asymptotic behaviour of the solution as x; — oo. It follows as
before that whenever H(x3) becomes positive at some point ¢, € [0, 00), then H(x3)
is a positive increasing function for x3 > ¢,. Indeed, in these circumstances, it follows
from integration of (4.6) that

X3
HOx) 2 Hityexo (x [ 242y d) (4.13)
n
which, on using (4.2), becomes
X3
e x2) 2 H() [exp (i [ 4200 d) - Ik (4.19)
0y
where 5
I(t),x3) =/ / (u,-J-u,J+au,‘,u,J)dx| d)Qd?]. (4.20)
t D(1n)
We now suppose that
X3
lim AM2(mydn = 0o (4.21)
X3—00

1
so that the left side of (4.18) becomes unbounded as x3 — oco. More precisely, by
means of ’Hopital’s theorem, we obtain from (4.19) the inequality

Jim Kixnyexp (< [ 420 dn) 2 e (n) (422)
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where
K(x;3) = i"/z(x3)/ [ui,juiJ + aui,iujJ]dxl dx,.
D(x3)

Hence, on imposing the asymptotic condition
X3
lim_ K(x3)exp( / ll/z(n)dn) =0, (4.23)
3—00 0

we see that with (4.21) we are led to a contradiction and accordingly (4.23) and (4.21)
imply that

H(x;) <0, x3 € [0,00). (4.24)
Finally, on appealing to (4.7), we obtain the estimate
—H(x;) < — H(0) exp ( / AV2(n dn) (4.25)
or
E(x3) < E(0) exp( / A2 n)dry) (4.26)

where now, in the definition (4.17) of E(x3), the upper limit extends to infinity. Let
us note that (4.21) and (4.25) imply the boundedness of E(0), which therefore does
not require separate postulation.

We have thus proved the following:

ProrosITION 4.1. For the semi-infinite cylinder, whose cross sections give rise to
(4.21), the solution measured by H(x3) either violates the asymptotic behaviour in-
dicated by (4.23) or is bounded above by a decaying exponential function of x3 given
by (4.25).

Of course, in each of the previous inequalities, A(x3) may be replaced by its lower
bound (2.10).

In the special case of constant cross-sectional area, we observe that the Propo-
sition shows that H(x;) either grows at least exponentially in x; or it possesses at
most exponential decay. When the cylinder is a frustrum of a cone so that A(x3) =
no(x3 + )2, where o,y are positive constants, then H(x;) either grows at least like
|(x3 + 7)/7|"/V™ or decays at most like [y/(x3 + y)]°/V7®.

Proposition 4.1 is analogous to a Phragmén-Lindel6f principle for the present
problem and yields decay estimates similar to those obtained by Maz'ya and
Plamenevskii [22] who, however, use entirely different arguments and adopt a differ-
ent measure for the solution.

The estimate (4.25) is not of practical use until the quantity E£(0) is bounded in
terms of the prescribed data u;(x,,0). For simplicity, we assume the cylinder is
prismatic, and observe that by Dirichlet’s principle, we have

E(0) < E(0), (4.27)
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where E(0) is obtained from E(0) by replacing each derivative of the displacement
ui(x,,Xx3) by the respective derivatives of the harmonic function 4;(x,, x3) satisfying
hi(Xa,0) = ui(xq,0),
hi(Xa,x3) =0, x €0D x[0,00),
lim A;(x,,x3) =0, x € D.

X3—00
But o
E(0) < (1 + 3a) / / hijhi; dxy dxy dn (4.28)
0 JD(nm)
and, on using Dirichlet’s principle again, we obtain
[e ¢] [e o]
/ h,‘Jh,‘JdX| dXZdﬂS/ / 'lU,'J’LU,‘JXm d.X2d)7 (429)
0 D(n) 0 D(n)

where w;(x,, x3) is any sufficiently smooth function with the same boundary values
as h;. In particular, let us set

Wi(Xa, X3) = Uj(Xs,0)e™7, (4.30)

for some positive constant y to be chosen. On inserting (4.30) into (4.29) we find
that

E(0) < (1 + 3a) {ly/ Uy 5 (X, O)its g(Xa, 0) dxy dixz

(4.31)
2/ xcn xaao)dxl de}
so on selecting the optimal value for y we conclude that
E0) <(1+3a) [(/ uip(Xa,0)u; g(xa,0)dx, dxz)
b (4.32)

12
X ( / (X, 0)iti(Xa, 0) dx1 dxz)] ,
D

which is the desired estimate involving the data.

A result similar to (4.32) may be established for more general regions by means
of methods presented, for example, by Bramble and Payne [3].

We employ Proposition 4.1 to obtain under appropriate conditions an estimate on
the behaviour of the displacement as measured by the function F(x3;) introduced in
Sec. 3. We have

PROPOSITION 4.2. Let the cylinder be of semi-infinite length and let the eigenvalue
A(x3) satisfy
0 < An = inf A(x3). (4.33)
[0,00)

We suppose the solution possesses the asymptotic behaviour (4.23). Then the func-
tion F(x3;) defined by (3.1) with a = 1 satisfies the inequality

F(x3) < ; (l;_a)l/zE(O)exp (—x/oxl \/,de) (4.34)
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or, in terms of A(x3) and w defined by (4.15),

F(x;) <4 (1;’;") l/215(0) exp (—w/:’ A"/z(n)dn) . (4.35)

Proof. We first show that F(x3) is bounded above by H’(x3). Thus, with F(x3)
defined by

F(x;) =/ uuidx; dxy, (4.36)
D(x;)
it follows from (2.9) that

F(x3) < 47" (xs) / i oths o dX1 ds

D(x;)

< A1 (X3)/ (uiJuiJ + au,',iuj,,') dx. dX2 (4.37)
D(x3)

<A7Hxs)(1 + ) H' (x3) (4.38)

where the last two inequalities rely upon the positivity of @ and H’(x3) is given by
(4.4).
We next relate F(x3) with H(x3;). Now, we conclude from (4.1) that

H(.X3) = lF'()Cg,)+a/ ujJu3dx| de,
2 D(xs)

so that by Schwarz’s inequality and (2.9) we have

1/2 1/2
H(x3) < lF’(XJ) +al_l/2(X3)(/ Uil dx, dxz) (/ U3 o U3 dx dxz)
2 D(xy) _ D(xy)

1 2

<3P0+ 27 P00 | T [ waydnida+ S [ wsusidxidx]
2 2¢ Jpxa) 2 Jp(xy)

where the arithmetic-geometric mean inequality has been employed with ¢ > 0. On

taking ¢ = a(1 + a)~!/2, it then follows that

H(x) < 3F'(xs) + 347 2(x)

a(l + a)l/Z/ Ui iUjj dx dXz
D(xy)

+afl +a)_l/2ﬁ/

Ui jUjj dx, dXz] (439)
D(x3)

< 3 F/(03) 4 51+ )22 03) ' (x).

where again we have appealed to the positivity of a.
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With the help of (4.38), we may express (4.39) as

4314 @) 27 ) H (x3) = 201 + @)™ AP () H(xs)), (440)

since by hypothesis H(x3) is negative and we already know from (4.4) that H'(x3) is
nonnegative. Finally, on recalling (4.33), we may write (4.40) in the form

0< [exp (—2(1 +a)7!/? /OX3 \/de) F(x;)]/
+4(14a)' 22,2 [exp (-2(1 +a)"12 /j \/A_(rﬁdq) H(x;;)]/ ,

and then integrate the last inequality over [x3,00) to obtain
F(x3) < —4(1 4 a)' 52 H(x3), (4.41)

where the terms at infinity vanish by virtue of (4.36), (4.23), (4.25). The result now
follows on using (4.26).
We observe that replacement of the asymptotic condition (4.23) by the stronger
requirement that
lim F(x3)=0,

X3— 00

enables a shorter proof to be given of Proposition 4.2. Thus, on using (4.17), we
have

F(x3)<2

// uiu;3dx;dx;dn
x3 JD(n)

o0 oo oo
< 22,7 [/ / U ol o dX) d; dn/ / u; su;3dx, dx; dn
x3 JD(n) x3  JD(n)

< 247'2E(x3),

1/2

and the result again follows from (4.26).

It is possible to derive decay estimates for F(x3) without requiring A(x3) to satisfy
condition (4.33). However, A(x3) must have restricted asymptotic behaviour and be
monotonically decreasing. When A(x3) is monotonically increasing, the argument of
Proposition 4.2 remains applicable provided A(0) > 0, since in this case we have
A(0) < A(x3).

The proof of the decay estimate is based on the following lemmas, the first of
which does not require monotonicity.
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LEMMA 4.3. Let us suppose that (4.21) and (4.23) hold together with

X@m{ “12(x;) exp( / APy dn>} (4.42)

Then, as x3 — oo,

(i) H'(x3) =0 (/1‘/2 X3) €Xp ( / A (n )) (4.43)
(i) F(x3) = (A'/z X3) €Xp ( / AV )dn)) (4.44)
(iii) x}ilnoo F(x3)=0, (4.45)

where H'(x3) and F(x3;) are given by (4.4) and (4.36) respectively.
Proof. We have seen that (4.21) and (4.23) imply inequality (4.26) which by
I’Hopital’s theorem in turn implies

lim {x-'r'”(xs)H'(xs)exp (== [ 1‘/2(n)d'7)} < E(0),

X3—00

and hence (4.43) is established. The relation (4.44) now follows on appeal to (4.37),
and then (4.45) is immediate on noting (4.42).

LEMMA 4.4. Let us suppose that (4.21), (4.23), and (4.42) hold and that additionally
A(x3) satisfies

(i) A'(x3) for x3 > Z > 0, where Z is constant, (4.46)
X3

(i) lim_ { 1+¢ exp <—K‘/ l'/z(n)dn> =0foranye>0. (4.47)

3—00 0

Then the function P(x3), defined by
Pery= [ [ amRaHmdn, (4.48)

D(n)
satisfies the inequality
P(x3) < kE(0) / exp (—x / A'/z(n)dn) dt (4.49)
X3 0

for x3 > Z, and consequently decays for sufficiently large x;.
Proof. Inequality (4.25), which is valid by virtue of (4.21) and (4.23), implies that
H(x3) — 0 as x3 — oo. Hence, an integration by parts in (4.48) enables us to write

Pl =27 P)H() - [ [ oM dxdxdn,  (450)
D(n)
from which (4.49) follows on using (4.26) and a further integration by parts. Con-

dition (4.47) is sufficient to guarantee decay of P(x3).
A decay estimate for F(x3) may now be easily established. We have
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PRroPOSITION 4.5. Under the conditions of Lemma 4.4 it follows that
o o) T
F(x3) < 2xE(O)/ exp (—K/ l'/z(n)dr]> dr, x3> Z. (4.51)
X3 0
Proof. We have from (4.45) and Schwarz’s inequality that

oo
F(x;3) = —2/ /D( )uiui_,,dxl dx,dn
X3 n

0o 00
< 2 [/ / l"/zui,,,ui,,,dxl dXZd?]/ / A'/zuiuidxl d)Qd?’]
x3 JD(n) x3 4 D(n)

< P(x3),
where the last inequality follows on using (2.9). On combining with (4.49) we arrive
at (4.51).
As a simple illustration of these results, we consider the circular cone given by
(x? + x3)"/2 = Bx;, where B is a positive constant. Then A(x3) = jZ28~2x;? and so
(4.21) is satisfied while (4.42) and (4.47) require f < jox. Then (4.51) reduces to

F(x3) < 2kE(0)B[xjo — B~ xs—(xjoﬂ)ﬂ—n ’

12

valid for x; > 0.

REMARK 4.1. The previous analysis can be easily modified to treat an analogous
dynamical problem in which the plane end x; = 0 of the cylinder is subjected to a
displacement of the form g;(x,)e’¥ where Q is real and ¢ denotes time.

The steady state displacement field u;(x,,x3), apart from the exponential time
factor e/’ is easily seen to satisfy the system

wijj + ajji+ (pQ/u)u; =0,  x€B, (4.52)

with
ui(xtno) = gi(xu)’ Xo € D(O): (453)
ui(xy,x3) =0, x € (0D(x3), x3€(0,L))uD(L), (4.54)

where p is the constant density and u the rigidity modulus. A more detailed discus-
sion of such a dynamical system, including damping effects, is given by Flavin and
Knops [8].

On defining H(x3;) as in (4.1) it can easily be shown that

X3
Hxa) = HOV+ [ty + oy = (09wl dxi dxydn. - (4.55)
(n)
We suppose that the excitation frequency Q satisfies

I = pQ*(uA(x3))~" 20, (4.56)

or
1= pQ*(udm)~" 20, (4.57)

and then, on noting from (2.9) that

/ uiu;dx,dx; < /1_]()(3)/ (uiJu,J + aui‘iuj‘j)dxl dx,, (4.58)
D(x3) D(x3)
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we see that the second term on the left in (4.55) is positive-definite. Furthermore,
provided (4.56) holds, it follows that

X3
/ / (ui‘,u,J+au,~‘,-u,~J)dx1 dedﬂ
0 JD(n)

x3
<1 - pQ¥(uAm)~ "1 / / (uigtij + owi sy — pQLu~ wiuy) dxy dxy dn.
0 /o (4.59)

A repetition of the previous analysis, utilizing (4.52) and subject to (4.56) or (4.57),
then leads to the estimate

X 2
E(x3) < E(0)exp {—w/ 3 [1 - p—Qiz(’—Q] A"/z(n)dn} (4.60)
0 jy
where the Faber-Krahn inequality (2.10) has been used and once again E(x3) =
—H(x3). The estimate (4.60) continues to be valid for a semi-infinite cylinder pro-
vided that the condition stipulating the vanishing of u;(x,, x3) at x3 = L is replaced
by an asymptotic condition corresponding to (4.23)
It is clear that the upper bound for Q implied by (4.56) is a lower bound for
the “cut-off” frequency. Explicit upper bounds for E(0) may be derived along lines
already discussed using a modified version of Dirichlet’s principle.

5. The axisymmetric problem. In this final section, we consider the axisymmetric
form of the boundary value problem discussed in Secs. 3 and 4 and obtain decay
estimates for a different cross-sectional mean-square measure involving only deriva-
tives of the displacements. The reason for restricting attention to axisymmetry is that
the appropriate Sobolev embedding inequalities enable pointwise estimates to be de-
rived for the displacement which are valid up to the boundary. A similar approach
has been adopted by Flavin and Knops [9] for the corresponding two-dimensional
problem.

We consider a homogeneous isotropic compressible elastic material occupying a
region of revolution R. It is assumed that R is either hollow or solid and that it
has plane annular circular ends Sy and S;, separated by a distance L. We introduce
cylindrical polar coordinates (r, 8, z) with origin 0 in the end Sy and such that the
z-axis coincides with the axis of symmetry of the body. We suppose that R is given
by

R={(r,0,z):r(z)<r<r(z), 0<6<2n,0<z<L},
so that when R is hollow we have r;(z) > 0, while when R is solid we put r(z) =
0. The functions r,(z), y = 1,2, describing the shape of the curved boundary are
assumed to be twice continuously differentiable. Further restrictions are imposed
later.

We suppose, as before, that the body is deformed by specified displacements on
the plane ends Sy, S;, and that on the lateral surfaces the displacement is zero. On
denoting the radial and axial components of the displacement by u(r, z) and w(r, z)
respectively, we further suppose that, for the solid body, we have

u(r,z) = O(r), w,(r,z)=0(r) asr—0 (5.1)
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where a subscript indicates partial differentiation.
We recall that the axisymmetric forms of the equilibrium equations (2.1) when
expressed in cylindrical polar coordinates become
(1+a)[r='(ru),]r + uzz + aw,, = 0, (5.2)
ar~Y(ru),. + r ' (rw,), + (1 + @)w;; =0, (5.3)
where a, given by (2.5), is assumed positive. We are again neglecting body-force and

assuming the existence of a classical solution.
We now mention a lemma which plays a central role in the analysis.

LEMMA 5.1. Let p(r,z) € C3(R) and let p(r, z) vanish on the lateral surface of R.
Then the function P(z), defined by

r(z)
P(z)= / rptdr, (5.4)
r(z)
where the integral is over the straight line in a semi-meridianal cross section, satisfies
r(z)
P'(z) = 2/ rp.p.dr + [rzp,zr’]:fé;, (5.5)
r
Ifz(Z) 2(2)

Pz)=2 (o= (rp)ep") dr = P2 = PI2). (5.6)

r(z)

Here, a superposed prime indicates partial differentiation with respect to the
variable z.
The proof of the lemma follows immediately from the elementary identities:

d 0 0 y

—g(r(z) 2)= 5o 2) + or,
d riy(z (57)
4" i 2ydr = [ #rzdr o ar @)
dz Jnz n(z)

We now consider the behaviour of the function Q(z) defined by
ra(z)
Q(z) = / (r~'[(ru),)* + brw})dr, (5.8)
rn(z)

where b is a positive constant to be chosen later. An application of Lemma 5.1
together with some easy manipulations yields

Q'(2)=2 / {r= " Lrw) 1 = [ rw) Jerd” + blrw;? = (rw),w" 1} dr = [A(r, 2)12)

r(z)
(5.9)
where
A(r,z) = ud(rr" +r'2) + bwk(rr'" — r'?), (5.10)
and henceforth the limits of integration are implied.
An appeal to (5.2), (5.3), then reduces (5.9) to

0"(z)=2 / ) R dr + (1 + a)r(r (ru), 1)

+ ar[r~(ru),w! + brw!? (5.11)
+(1+a) ™ br= ([(rw,) P + a(rw,) (ru),) } dr = [A(r, 2)I7(5).
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Successive use of the arithmetic-geometric mean inequality then gives
Q"(z) > (2-ba(l + a)"c;‘)/r"[(ru)j]z dr+(2b - ozcgl)/rw;2 dr
+Q2(1+a)- acﬁ)/r([r"(ru),],)2 dr (5.12)
n(z)

+(1+a)"'(2 - acs)b / [(rw,) P dr — [A(r, D)]2)

for arbitrary positive constants cs,c¢. Let us set

_1 -1 _ o
C5—§ab(l+a) s C6—2b. (5.13)
Then the right side of (5.12) is positive-definite in the integral terms provided
a? 41 +a)
a0 7a) <b< 2 (5.14)
and hence
0<a<2(l+V2), (5.15)

which is the restriction previously derived in (3.23).

As in Sec. 3, we wish to show that Q(z) satisfies a differential inequality of the
type (3.2), but to achieve this we must first dispose of the term A(r, z) appearing in
(5.12). Accordingly, we suppose that the lateral surfaces are such that for the solid
body

(21" <0, (5.16)
while for the hollow body
[r(2)])" <0, [logr (z))" > 0. (5.17)

Restrictions on the shape of the lateral surface are to be expected since portions
resembling re-entrant angles must be excluded. At such angles, the displacement
gradients are likely to be singular. These last two conditions, together with (5.1) and
(5.14), then show that

Q'(z)>0. (5.18)
Hence, Q(z) is convex and so we may note in passing the bound,
Q(z) £ Q(0) +[Q(L) — Q(0)]z/L. (5.19)

However, to derive a stronger differential inequality of type (3.2), we require the
following two inequalities which are immediate consequences of the standard varia-
tional inequalities.

LEMMA 5.2. The displacement components u(r, z), w(r, z) satisfy

b [rewRar < [t ey, (5.20)

b [ rezdr< [ o) par, (5.21)
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where in (5.20) 4,(z) is the lowest positive root of the equation which in the hollow
region is given by
LAV (2)Y1 (AP (2)) = T2 Pra(2))Y(AY2r(2)) = 0 (5.22)
and in the solid region is
Ji(A2ry(2)) = 0; (5.23)

while in (5.21), 2,(z) is the lowest positive root of the equation which for the hollow
region is given by

Jo(A'2r1(2)) Yo(A!2ra(2)) = Jo(A'2ra(2)) Yo(A'?ri(2)) = O (5.24)
and in the solid region is given by
Jo(A'2ry(z)) = 0. (5.25)

Here, J,, Y, denote the nth-order Bessel functions of the first and second kind.
We then have

ProPoOsITION 5.1. The function Q(z), defined by (5.8) on the smooth solution to the
boundary value problem (5.2), (5.3) subject to (5.1), zero lateral displacement, elastic
moduli in the range (5.15), and the region whose lateral boundaries are governed by
(5.16), (5.17), satisfies the inequality

Q"(z) 2 m*A(2)Q(z) (5.26)
where m? is given by either (3.15) or (3.16), with b defined by (3.17), and
A(z) = min(4,(2),42(2)). (5.27)

Proof. Inequality (5.26) easily follows from (5.12) on using Lemma 5.2, with

=20 Lo
ST 21 +a)’ 87 2b°

The choice (5.28) reduces the right side of (5.12) to a quadratic form similar to that
on the right side of (3.13) which immediately leads to the stated values of m?.

We may now discuss (5.26) along the lines of Sec. 3(b) and obtain decay estimates
similar to those derived before. Thus, for example, when the displacement at z = L
is specified to be zero, we recover an estimate analogous to (3.26). However, the
principal aim of this section is to derive pointwise estimates for the displacement
components. We require the inequalities contained in the next lemma (cf. [2]).

(5.28)

LEMMA 5.3. (i) Suppose f(r) € Cg(n ,r2), where ry, r, are constants satisfying 0 <

ry < ry. Then
log(¢/r))log(ra /&) (= (df\’
re < G (&) o

and

(r3 =& —rd) (| rdfr\?
13&) < 22(r§—r|2)¢2| /,I [r(E> +r 'le dr,
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where r; < ¢ < r, and ¢ is independent of r.
(ii) Suppose f € C'(0,r,), where f(r,) = 0. Then for ¢ independent of r, we have

14&) < log (%) /: r (%)2 dr, (5.29)

A8 < % (1 - %) / [r (%)2 + r-'fZ] dr,

where 0 < ¢ < r,.

Pointwise bounds for u,w which reflect position and which are valid up to the
boundary for both the hollow and solid region, follow upon using Lemma 5.3 in
conjunction with, say, the estimate analogous to (3.26), and the readily verifiable
inequalities

and

/(ruf +r'u?)dr < Q(2),

b/rwfdr < Q(z).

In the case of the solid cylinder, however, the relevant bound for w degenerates on
the axis of symmetry in accordance with (5.29).
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