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Abstract. In this work we apply singularity theory and global bifurcation theory to
the problem of the axisymmetric buckling of circular plates. We show that a certain
shear parameter can be used as an unfolding parameter and we get detailed local and
global structure of the solution set. We get conditions for a singular point to be of
codimension one.

1. Introduction. Usually the problems arising in the physical sciences and engi-
neering involve several additional parameters that characterize certain properties of
the system. The study of parameter-dependent problems has a long history which we
shall not attempt to describe here. We mention however the very important works of
Leray and Schauder [13], Crandall and Rabinowitz [7], and Rabinowitz [18] for one-
parameter problems. More recently these results have been generalized to problems
depending on any finite number of parameters by Alexander and Antman [1] and
to the case of infinite-dimensional parameter problems by Alexander and Antman
[2], All of these works give global results and with additional conditions one can get
detailed local results.

Quite often symmetries in the physical system induce corresponding symmetries
in the equilibrium equations. These can be used to get further qualitative informa-
tion on the solutions via singularity theory or by a group-theoretic approach. (See
Sattinger [19] and Golubitsky and Schaeffer [8], See also Healey [9, 10] for a survey
and a general framework in which symmetry is used in elastostatics.) Although the
usual results in singularity theory are local they can be made global by combining
them with global bifurcation theory (see Antman and Pierce [4]). In this work we
apply singularity theory and global bifurcation theory to the problem of axisymmet-
ric buckling of circular plates. Our results are similar in spirit to those of [4] but the
actual development is considerably more difficult due to anisotropy and the singular
behavior of the equations at the center of the plate.

In Sec. 2 we introduce the fifth-order system of ordinary differential equations
describing the axisymmetric buckling of circular plates. In Sec. 3 we summarize the
results concerning the existence of trivial (unbuckled) states of the plate. Section 4
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is devoted to the analysis of the linearization of the equilibrium equations of Sec.
2 about the trivial state of Sec. 3. We give conditions under which the linearized
equations can be transformed into a regular boundary value problem (thus making
the singularity at the center of the plate not so severe). In Sec. 5 we show that a
certain monotonicity condition (cf. (2.10c)) allows for the use of the implicit function
theorem to reduce our fifth-order system to a second-order boundary value problem.
By generalizing the development of Sec. 4, we transform this singular second-order
equation to one which is regular. Then in Sec. 6 we emply a shooting method to
reduce the question of the existence of solutions of the second-order boundary value
problem to that of finding the roots of a scalar equation. We then show that certain
shear parameter can be used as an unfolding parameter and we get detailed local and
global structure of the solution set. In particular, we get conditions for a singular
point to be of codimension one. The physical interpretation of this is that if the plate
is subjected to a gradually increasing pressure on its edge, its diameter will shorten
but the plate does not lose it straightness by buckling because there are no nearby
equilibrium states. However, if the thrust is large enough, then a large transverse
force can move the compressed straight plate to a stable large buckled configuration
where it will remain after the transverse force is removed. In Sec. 7 we give two
examples of this sort of phenomena for certain classes of materials.

Notation. R denotes the set of real numbers. We denote by ||-; X|| the norm of
the normed linear space X . For any function u: [0, 1] —> R , we denote by u k' its
Arth derivative. We let

C^[0, 1] = {u: [0, 1] —> R | u(j' is continuous in [0, 1], 0 < j < k],

||«;CA[0, 1]|| = max max |uij\x)\.
0<j<k0<x<1

We use the notation
f(s) ~ g(s) as 5 —> 0+,

which means that f(s)/g(s) —> 1 as s —► 0+ . We shall denote the end of a proof,
theorem, definition, etc. by the symbol. □

2. Formulation of the governing equations. We introduce here the equations which
describe the deformations of nonlinearly elastic plates. For a full derivation we refer
to Antman [3] and Negron-Marrero and Antman [17],

We consider an axisymmetric deformation of a circular plate of radius one in its
reference configuration. The strains for this problem are given by

w{s) = (t(s), n(s), h(s), z{s), m{s)). (2.1)

(Here the variable 5, which belongs to [0,1], measures distance to the center of
the plate in the reference configuration.) The strains t(s) and«(s) measure the
elongation of circumferential and radial fibers respectively, while z(s) and m{s)
measure their bendings, and h(s) is a measure of shear. The requirement that an
infinitesimal volume in the reference configuration cannot be reduced to a point
during the deformation leads to the inequalities (see [3])

t(s) > c|z(s)|, n(s) > c|m(s)|, (2.2)
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for some positive constant c. We denote by W the set of all w's satisfying (2.2).
W is convex. If we define a(s) by

a'(s) = m(s), (2.3)

then one gets (see [3])

(.st(s))' = n(s) cos a(s) - h(s) sin a(s), (2.4a)
z(s) = (sina(s))/s, (2.4b)

where the prime denotes differentiation with respect to 5 . The stresses corresponding
to (2.1) are

(T*(s), N*(s), H*(s), Z*(s), M*(s)). (2.5)
If the plate is subjected to a normal pressure of q units of force (per reference length)
on the edge J = 1, then the equilibrium equations for the plate are given by

(sN*(s))' = sH*(s)m(s) + T*(s) cosa(s), (2.6a)

= - sN*(s)m(s)-T*(s) sin a(s), (2.6b)
(sM*(s))' = s(N*(s)h(s) - H*(s)n(s)) (2.6c)

+ Z*(s) cosa(s), 0<s<l,

with boundary conditions

fl(0) = 0 = fl(l), (2.7a,b)
s*(s)|,=0+ = (2-7c)

H*( 0) = 0, N*(l) = -q. (2.7d,e)
Constitutive equations. We assume that the material of the plate is homogeneously

elastic by requiring that there exist thrice continuously differentiable functions

T, N, H, Z , M: W - R, (2.8)

such that
T*(s) = T{w(s)), etc. (cf. (2.1)). (2.9)

The strong ellipticity condition from three-dimensional elasticity implies that the
functions (2.8) satisfy the following monotonicity conditions:

Nn Nh Nm
Hn Hh H,n
K Mh MmJ

T, Tz
Z, ZZ

are positive-definite (2.10a,b)

(see [3]). We assume also that

*n Nh
Hn Hh H,
Tn Th Tt j

is positive-definite. (2.1 Oc)

This condition, which is not a consequence of the strong ellipticity condition, avoids
certain kinds of necking instabilities that could occur if part of the plate is in suffi-
ciently large tension (cf. Negron-Marrero [16]).
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We require that the functions (2.8) satisfy the following symmetry conditions
which ensure that deformed states come in mirror images:

T,N,Z,M are even in h, (2.11a)
H is odd in h , (2.1 lb)

T(t,n,h,-z, -m) = T(t, n, h, z, m), (2.12a)
N(t, n , h , -z, -m) = N(t, n, h, z, m), (2.12b)
H(t, n, h , -z, -m) = H(t, n , h , z, m), (2.12c)

Z(t, n, h, -z, -m) = - Z(t, n, h , z, m), (2.13a)
M(t, n , h, -z, -m) = - M(t, n, h, z, m). (2.13b)

We impose the following growth conditions:

T —> -oo as t - c\z\ —> 0+ , (2.14a)
T —+ oo as t —» oc, (2.14b)

N —> -oo as n - c\m\ —► 0+ , (2.15a)
N —> oo as « —»oc, (2.15b)
H—> ±oo as h —> ±oo, (2.16)
Z —► ±oc asz—>±oc, (2.17)
M —► ±oo asm—>±oo. (2.18)

For simplicity we assume that the reference configuration is stress-free so that

tf(l, 1, 0, 0, 0) = 0= 7X1, 1, 0, 0, 0). (2.19)
Equations (2.3)-(2.7) define a fifth-order system of differential equations for the

variables (t, n , h , a), which we call our boundary value problem. We seek solutions
that satisfy the strict inequalities (2.2).

3. Trivial solutions. The trivial solutions of our problem correspond to the un-
buckled states of the plate. These are defined by the relations

h = 0 = a. (3.1)
In this case, with r(s) = st(s), our boundary value problem reduces to

(sN(r(s)/s,r'(s)))' = T(r(s)/s,r'(s)), 0<s<\, (3.2a)
r(0) = 0, N(r(\), r'(l)) = —q, (3.2b,c)
r{s)/s, r'(s)> 0, 0 < s < 1, (3.3a,b)

where for simplicity we write T(t,n) instead of T(t, n , 0, 0, 0), etc. We say that
the material of the plate is azimuthally reinforced at t if

Nn{t,t) + Nl{t,t)<Tn(t,t) + Tt(t,t). (3.4)

From the results of Antman and Negron-Marrero [5, 17 (Sec. 3, Theorem 2)] we
get the following result concerning the existence of solutions of the boundary value
problem (3.2), (3.3).
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Theorem (3.1). Let (3.4) hold and let the function N satisfy

Nn(t, n) + Nt(t, n) > 0 forallf.n, (3.5)

and

N(t, n) —» -oo as t —► 0+ or n —► 0+

and t2 + n2 < K2, (3.6)

for each fixed constant K. Hence for each q > 0 the boundary value problem (3.2),
(3.3) has a solution r in C'[0, 1] that satisfies (3.3) with r'(0) = 1 . If, in addition,
N and T satisfy

"n Nt
Tn TtJ

is positive-definite (3.7)

(which follows from (2.10c)), then the solution is unique. If we strengthen condition
(3.4) to

k(Nn(t, t) + N,(t, t)) <kTn(t, t) + Tt(t, t), (3.8)
k >2, then r is Ck[0, 1] and

rU)(0) = 0, 2 <j<k. (3.9)

D
To emphasize the dependence of r on q we sometimes will write r(s, q).

4. The linearized equations. Let

wQ(s, q) = (r(s, q)/s, r'(s, q), 0,0,0). (4.1)

For any constitutive function or its partial derivatives we write

N°{s, q) = N(w0{s, q)), etc. (4.2)

Hence the linearization of the boundary value problem of Sec. 2 about the trivial
solution (4.1) is given by (see [17])

, q)p\s) + M°z{s, q)p(s))'

= sN°(s, q)[r\s, q) - N°(s, q)/H°(s, q)]p(s)

+ Zz°(s, q)p{s)/s + Z°(s, q)p'(s), (4.3a)

/j(0) = 0 = p(l), (4.3b,c)
where p corresponds to variations in the function a . The existence of solutions of
this boundary value problem has been established by Negron-Marrero and Antman
[17] by comparison methods. However we proceed here differently by transforming
the singular operator in (4.3a) into a regular one. This, apart from automatically
giving results on the existence of eigenvalues and eigenfunctions for (4.3), will provide
us with a more natural approach (from the point of view of singularity theory) to
deal with the nonlinear boundary value problem of Sec. 2. The essential hypothesis
in this analysis will be condition (3.8).
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If we expand the derivatives in the left side of (4.3a), then we get the equivalent
equation

p"{s) + R(s, q)p(s)/s + Q(s, q)p(s)/s2 = 0, (4.4)
where

R(s, q) = [(sM°Js , q))' + M°z(s, q) - Z°Js, q)]/M°Js, q), (4.5a)
Q(s, q) = [iMz°(j, q)' -s2N°(s, q){r(s, q) (4.5b)

- N\s, q)/H%(s, q)) - Z°:(s, q)]/M°Js, q).
The transformation

p(s) = svu(s), (4.6)
takes equation (4.4) into

u"(s) + [Iv + R{s, q)]u\s)/s + C(s, q)u(s)/s~ = 0, (4.7a)
C(s, q) = v(R(s, q) - R{0, q)) + Q(s, q) - Q(0, q), (4.7b)

provided v satisfies

v{v - 1) + vR(0, q) + 0(0, q) = 0. (4.8)
Furthermore with

3>(.s, q) - exp

we get that

J[(2v + R{s, q))/s]ds (4.9)

(0(5, ^)m'(5))' + 0(5, q)C(s, q)u/s2 = 0. (4.10)
Define now

f(s, «?)=!+/ (!/«»(/, q))dt, (4.11a)

Q(s, q) = q)f2(s, q), (4.11b)
c(s, q) = -C(s, q)f2(s, q)<J>(s, q)/s2 . (4.11c)

We now can prove the following:

Theorem (4.1). The eigenvalues of the BVP (4.3) coincide with those of

-(0(5, q)U'(s))' + c(s, q)U(s) = 0, 0<5<1, (4.12a)
C/(0) = 0=£/(1). (4.12b,c)

If U(s, q*) is an eigenfunction of (4.12) with corresponding eigenvalue q*, then

p{s, q*) = s'fis, q*)U{s, q*) (4.13)
is an eigenfunction of (4.3) with corresponding eigenvalue q*, where y is the positive
root of (4.8). Moreover if (3.8) holds with k > 2, then the BVP (4.12) is regular
provided

b2 + 4T?(0,q)/N°n(0,q)<(k-l)2, (4.14a)

b = (N°(0, q) - 7>, q))/N°n(0, q). (4.14b)
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Proof. The statement about the equivalence of the boundary value problems (4.3)
and (4.12), and relation (4.13) follow from (4.11) and the results in Kaper, Kwong,
and Zettl [12],

From the definitions (4.5) and Theorem (3.1) with k > 2 , we get that

R(0,q)=l+(M°z(0,q)-Z°m(0,q))/M0J0,q), (4.15a)
<2(0, q) = -Z>, q)/M°J0, q). (4.15b)

(Note that since r'(0, q) = 1 by Theorem (3.1), then y as defined by (4.8) is inde-
pendent of q as well as b in (4.14).) The results in [3, Sec. 10, Eqs. (10.52) and
(10.53)] show that there exists a positive function d0(s) such that

(ZzV, q),Z°Js, q),M°z(s, q), M°Js, q)) (4.15c)
= d0(s)(lf(s , q), T°n(s, q), N°(s, q), N°n(s, q)).

Using (4.15c) in (4.15a,b) we get that

*(0,0) = 1+6,

Thus, from (4.8) we get that

R(0,q) = l+b, Q(0,q) = -T?(0,q)/N°n(0,q). (4.15d,e)

y = (-b + (b2 + 4T?(0, q)/N°n(0, q))l/2)/2. (4.15f)

Let
P = 2y+ 1 +b

= l + (b2 + 4T?(0,q)/N°n(0,q))112. (4.15g)
Then clearly y? > 1 and by (3.8) y > k . We now show that

0(s, q) ~ dxs^ as 5 -> 0+ (4.16a)

for some positive constant dx . Note that (4.9) with v — y can be written as

<J>(s, q) = s exp J(R(s, q) - R{0, q))/sds^j ,

where we used (4.15d,g). Now using (3.9) one can easily check that the function
(R(s, q) - R(0, q))/s is continuous in [0, 1], Thus the result (4.16a) follows. Sim-
ilarly one can show that

C(s, q) ~ d2sk~x as5-^0+, (4.16b)

f(s,q)~disl~13 as5-+0+, (4.16c)

0(5, q) ~ d4s2~fi as5-+0+, (4.16d)

c{s, q) ~ d/-*"1 as 5 -> 0+ , (4.16e)

where the d's are constants and k is as in (3.8). From (4.16d) and /? > 1 it follows
that 1/0(5, q) belongs to L'(0, 1). Also (4.16e) and (4.14a) imply that c(s, q)
belongs to Z.1 (0, 1) and thus the assertion about the regularity of (4.12) follows. □
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The material of the plate is called hyperelastic if there exists a twice continuously
differentiable function W(t, n , h , z, m) such that

T=Wt, N=Wn, H=Wh, Z = Wz, M=Wm. (4.17)
Consequently

Tn = Nt, Zm = Mz. (4.18)
In this case (3.8) and (4.14) are equivalent to

k < Tr°(0, q)/N°n(0, q) < {k — l)2/4. (4.19)
Thus conditions (3.8) and (4.14) are consistent for k sufficiently large when (4.17)
holds.

5. An equivalent formulation. Equations (2.6a,b) are equivalent to

H*(s)cosa(s) = -N*(s) sina(s), (5.1a)

(sN*(s)/cosa(s))' = T*(s). (5.1b)

Conditions (2.10a), (2.15), and (2.16) and a global implicit function theorem imply
that

(n, h) —► (N(t, n, h, z, m), H(t, n, h, z, m)) (5.2)
has a thrice continuously differentiable inverse

(N, H) - (nA{t, N, H, z, m), hA(t, N, H, z, m)). (5.3)

Define

K(s) = N*(s)/cosa(s), (5.4a)

n#(t(s), K(s), a(s)) — nA(t(s), K(s) cosa(s), (5.4b)
- K(s) sin a{s), z(s), m(s)), etc.,

w#(s) = (t{s), n*{t{s) ,K(s), a(s)), (5.4c)

h#(t{s), K{s), a{s)), z(s), m(s)),

T#(t(s), K(s), a(s)) = T(w#(s)), etc. (5.4d)

Hence the BVP of Sec. 2 is equivalent to

(.sK(s))' = T*, (5.5a)

(st(s))' = n# cosa(s) - h# sina(s), (5.5b)

(.sM#)' = s[h# cosa(s) + n* sina(s)]A'(j') (5.5c)

+ Z cosa(s), 0 < s < 1,
a(0) = 0 = a(l), (5.6a,b)

K{\) = -q, ^?(5)|J=0+= 0, (5.6c,d)

where the arguments of n*, T , etc. are (t(s), K(s), a(s)). We now show that
(5.5, 5.6) can be reduced to a second-order boundary value problem for the function
a(s).
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Theorem (5.1). Let condition (2.10c) and (3.8) with k >2 hold. Hence there exist
continuously differentiable functions

KA, tA: c'[0, 1] x [0, oo) - c'[0, 1], (5.7)

such that for any given (a,q) in C'[0, l]x[0,oo) with a satisfying (5.6a,b), then

(.K\a,q)(s),t\a,q)(s)) (5.8a)
is the unique solution of (5.5a,b), (5.6c,d), and

KA(a,q)( 0) = 0, t\a,q){ 0) = 1 . (5.8b)
Proof. Define

F: c'[0, l]3 x [0, oc) —> C[0, 1] (5.9a)
by

F(t, K, a, q) = {(sK)' - T*, (st)' - n# cos a + h* sin a). (5.9b)
An analysis similar to the one in [3, Sec. 6] based on condition (2.10c) shows that
the Frechet derivative of F with respect to (t, K) is one-to-one and onto. An
application now of the implicit function theorem gives the existence of the functions
(5.8a).

To get (5.8b) we expand the derivatives in (5.5a,b) and set 5 = 0 to get that

r(0) = n(t{0), K{0), a(0)) = «(0), (5.9c)
K(0) = N*(0) = T{w*(0)). (5.9d)

This together with (2.9) imply that

N(t(0),t(0),0, 0, 0) = T(t(0), t(0), 0, 0, 0). (5.9e)
Hence by (2.19) and (3.8) we must have t(0) = 1 and K{0) = 0. □

From this theorem we get that (5.5, 5.6) is equivalent to (5.5c), (5.6a,b), where
the arguments of M#, h#, etc. are now

(tA(a, q){s), KA{a, q)(s), a{s)). (5.10)

The linearization of this equation about the trivial solution a = 0 is given by (4.3).
This motivates us to write (5.5c), (5.6a,b) as

L(q)a = F(a, q), a(0) = 0 = a(l), (5.11)
where

L(q)a = (sM°(s, q)a'(s) + M°(s, q)a(s))'

- sN°(s, g)[r'(s, q) - N°(s, q)/H°h(s, q)]a(s)h '

-z°(j, q)a(s)/s - z°m(s, q)a'{s), (5.12a)

F{a, q) - L(q)a - [(sM#)' - s(h# cos a{s) + n sin a(s))K(s) - Z# cosa(5)]. (5.12b)
We now proceed exactly as in Sec. 4 to transform the singular operator L(q) into a
regular one. Hence using the definitions (4.11), we can make the change of variables

a(s) = syf{s, q)U{s) (5.13)
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to get that (5.11) is equivalent to

-(@(s, q)U\s))' + c(s,q)U(s) = FA(U,q), 0<s<\, (5.14a)
t/(0) = 0 = C/(l), (5.14b,c)

where
F\U(s),q) = °(5'q)/{S'q)F(syf(s, q)U(s), q). (5.15)

s'sMm{s, q)
In Sec. 6 we shall establish the existence of nontrivial solutions of (5.14), and hence
for (5.5, 5.6), by using a shooting method. For this one needs the existence of
solutions of (5.14a) subject to some appropriate initial conditions. Since the operator
to the left of (5.14a) is regular under the hypotheses of Theorem (4.1), one gets the
existence of such solutions by means of a fixed point theorem. Note however that
this result does not follow from the usual existence theory (see Naimark [15]) because
of the functional dependence of (5.12b) on (a, q) through (5.8).

6. The existence of buckled states. Let g be a given real number and consider the
initial value problem:

q)U\s))'+ c{s, q)U(s) = FA{U, q), 0 < s < 1, (6.1a)
£7(0) = 0, Q(s,q)U\s)\s=0+=g. (6.1b,c)

From (4.16) and (5.13) we get that

a\s) = 0(s, q)[cl(s, q)U(s)/s + c2(s, q)U'(s)], (6.2a)
a(s)/s = c3(s, q)Q(s, q)U(s)/s, (6.2b)

where cj(s, q) is continuous in [0, 1] and

Cj(s, q)~d/~l as 5 —> 0+ , / = 1,2, 3 . (6.2c)

Since by (3.8) we get y > k , hence from (6.2) we get that for some constants C and
D depending on q the following hold:

||a';C[0, 1]|| < C[||0(-, q)U/s; C[0, 1]|| + ||©(-, q)U'; C[0, 1]||], (6.3a)
||fl/j;C[0, 1]|| < Z)||0(-, 0)C//j ; C[0, 1]||. (6.3b)

We define

G{q , g)U = J* {g + j\c(t , q)U(t') - FA(U(t'), q)} dt'} /@(t ,q)dt, (6.4a)

G'(q,g)U = (d/ds)[G(q,g)U]. (6.4b)
It follows now that U is a solution of (6.1) if and only if

U = G(q,g)U. (6.5)
Let 1) be the space of absolutely continuous functions on (0, 1). Mo-

tivated by the inequalities (6.3) we define the normed linear space

X = {U in WiA(0, 1): &{s, q)U' belongs to C[0, 1], £/(0) = 0}, (6.6)
\\U-X\\ = \\U-C[0, 1]|| + ||©(-, q)U' \ C[0, 1]|| + ||0(-, q)U/s\ C[0, 1]||. (6.7)
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Lemma (6.1). X is a Banach space.
Proof. Let {wk} be a Cauchy sequence in X. Then the sequences

{wk}, {@(-,q)w'k}, {©(•, q)wk/s} (6.8a)

are Cauchy sequences in C[0, 1 ]. Hence there exist continuous functions v , w ,
and z such that

wk —> v uniformly, (6.8b)
0(-, g)w'k -+ w uniformly, (6.8c)

Q(-,q)wk/s^z uniformly. (6.8d)

Let uk = 0(-, q)w'k so that

w'k = ' Uk->w uniformly. (6.8e)

Hence ^ ^
w.(s)=f w'k(t)dt = f uk{t)/Q(t,q)dt. (6.8f)

Jo Jo
Thus for fixed 5 ,

wk(s)~ [ w(t)/@(t, q)dt = I [uk(t)-w(t)]/@(t, q)(
Jo Jo

)dt

[ dt/@(t, q)
Jo

< \\uk -w\C[0, 1]|| / dt/@(t,q)-> 0 (6.8g)

as k -» oo, by (6.8e) and because l/0(-, q) is integrable. But wk(s) —► v(s) as
k —* oo . Hence

v(s) = [ w(t)/Q(t, q) dt for all s. (6.8h)
Jo

Thus v belongs to X and w = ©(■, q)v'. In a similar way one proves that z =
0(-, q)v/s . □

From (4.16) and (5.15) we get that for some continuous function c4(s, q) we have
that

Fa{U(s), q) = c4(s, q)s~yF(srf(s, q)U(s), q). (6.9)

Lemma (6.2). Let condition (3.8) hold with k > 2. Hence there exist continuous
functions P and Q of (w(s), w0(s)) (cf. (2.1), (4.1)) such that

F(a, q) = 5[P(u;(5), wQ(s))a(s)/s + Q(w(s), w0(s))a'(s)]. (6.10)

Proof. From (2.7a), (2.7d), and (5.8b) it follows that w{0) = w0(0). Hence, since
w and wQ belong to c'[0, 1] for k > 2, by Taylor's Theorem

w(s) - w0(s) - sd(s), (6.11a)

for some continuous (vector-valued) function of 5 . If we expand about w0(s) the
functions of w(s) appearing in F as defined by (5.12b), then one gets that F is a
sum of terms of the form:

(continuous function of (w(s), w0(s))) (6.1 lb)
x (quadratic in the components of w(s) - wQ(s)).
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Now using (2.11), (2.12), and (2.13) one can show that each term of (6.1 lb) can be
written as

(continuous function of (w(s), wJs)))
, (6.11c)

x (a component of w(s) - wQ(s)) x (a(s)/s or a (5))

(see [3] or [17]). Combining (6.1 la) with (6.1 lc) we get (6.10). □
If we now combine (6.2), (6.9), and (6.10) we get that

FA(i7, q) = c5(s, q)Q(s, q)[P*{w(s), wQ{s))U{s)/s + Q*(w(s), wQ(s))U'(s)],
(6.12)

where c5, P*, and Q* are continuous functions. This result and the definitions
(6.4) show that

G(q, g): X —> X, (6.13)
and that there exists a constant K depending on q such that

\\G(q , g)U ■ X\\ <tf(|s| + ||£/; *||). (6.14)
Lemma (6.3). The operator G is continuous and compact from X into itself.

Proof. Let {Uk} be a bounded sequence in X. Hence combining (6.3), (6.4),
(6.12), and (6.14) we get that the sequences

{G(q,g)Uk}, {@(-,q)G'(q,g)Uk}, {s'1 ©(•, q)G(q, g)Uk} (6.15a)
are uniformly bounded and equicontinuous on [0,1]. The Arzela-Ascoli Theorem
implies now that for some continuous functions v , w , and z

G(q, g)Uk -+ v uniformly, (6.15b)
©(■, q)G'(q, g)Uk —> w uniformly, (6.15c)

5_10(-, q)G(q , g)Uk —<• z uniformly, (6.15d)

for some subsequences. The argument now is similar to Lemma (6.1) and one con-
cludes that w = ©(-, q)v', z = ©(-, q)v/s, and hence that G is compact. Now
the inequalities (6.3) and the continuity of the functions (5.8a) on a imply that the
functions P* and Q* in (6.12) are continuous functions of U in the norm of X.
The continuity of G now can be obtained from (6.4) and (6.12). □

Lemma (6.4). If g = 0, then U = 0 is the only solution of (6.1).
Proof. We know that a solution of (6.1) with g = 0 must satisfy

U = G(q,0)U. (6.16a)

We shall denote by Xs the space defined by (6.6), (6.7) using the interval [0, 5]
instead of [0, 1]. An analysis similar to the one leading to (6.14) shows that (6.16a)
implies that for s' sufficiently small there exists a constant C, 0 < C < 1 , such that

\\U;XS,\\ < C\\U; Xs.\\. (6.16b)

Hence (7 = 0 on [0, s'] and now by the usual existence and uniqueness theorem we
can conclude that U = 0 on [0, 1]. □
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We now have:

Theorem (6.5). For a given q > 0, the initial value problem (6.1) has connected
sets C+ and C~ of solution pairs (U, g) which are unbounded respectively on
I x [0, oo) and X x (-00, 0], and contain (U = 0, g = 0).

Proof. The result follows from Lemmas (6.3), (6.4) and from Theorem (3.2) of
Rabinowitz [18]. □

We let the function (4.5b) depend also on a positive parameter d which will be
a measure of the shear at the center of the plate. Hence we will have the function
(4.11c) depending on d also (not (4.11b)). Now Theorem (6.5) still holds for any
given d > 0. We shall denote a solution of (6.1) for a given triple (q, g, d) by
U*(s, q, g, d). Using the Implicit Function Theorem one can show that this solu-
tion is smooth in (q, g, d) in a neighborhood of any {q', 0, d'). Henceforth we
shall assume this property. Now the BVP (5.14) is equivalent to

U*{\, q, g, d) — 0. (6.17)
Note that the symmetry conditions (2.11), (2.12), and (2.13) imply that

U*{\,q,-g,d) = -U*(\,q,g,d). (6.18)
We now study the behavior of the solution set of (6.17) in a neighborhood of certain
singular points.

Note that by Lemma (6.4)

U*(s, q, 0, d) = 0. (6.19)
Since the linearization of (6.1a) about U = 0 is given by (4.12a), it follows from
(6.1) that U*(s, q, 0, d) is a solution of the initial value problem

-(©(5, q)U'(s))' + c(s,q,d)U{s) = 0, (6.20a)
£7(0) = 0, 0(5, g)£/'(j)|J=0+ - 1. (6.20b,c)

Hence the equation
U*(l,q,0,d) = 0 (6.21)

is the characteristic equation defining the eigenpairs (q*, d*) of Theorem (4.1). Thus
if (q*, d*) is a solution of (6.21) and we further assume that

U*gg(l,q\0,d*) = 0, (6.22a)
Umgd(l,q\0,d*)^0, (6.22b)
U*9q(l,q\0,d*)^0, (6.22c)

then the symmetry condition (6.18) allows us to invoke the theory in Golubitsky and
Schaeffer [8] to get:

Theorem (6.6). Let (q*, d*) satisfy conditions (6.21) and (6.22). Then (q, g, d) —►
U*(\,q,g,d) is a Z2-universal unfolding of (q, g) -» U*{\, q, g, d*). For
(q, g, d) near (q*, 0, d*) the bifurcation diagram of (6.17) is strongly equivalent
to x3 - e2x + fx = 0 , where (x , e, f) corresponds to (g, q - q*, d - d*). □
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7. Numerical examples. In this section we present two numerical examples for
which the conditions of Theorem (6.6) are satisfied. First we shall consider a circular
plate made up of an isotropic material. In this case it can be shown that (see [3])

N(t, n, 0, z, m) = T(n, t, 0, m, z), (7.1a)
M(t, n, 0 , z, m) = Z(n , t, 0, m, z), (7.1b)

and thus (setting t = n , z — m — 0) that (3.4) holds with equality. It follows that
the solution of (3.2), (3.3) is given by r(s) = t(q)s , where t(q) is the unique solution
of

N(t, t, 0, 0, 0) + q = 0. (7.2)

The results of Sees. 4, 5, and 6 do not directly apply in this case. However because of
the special form of r(s) and by using (7.1) one can explicitly construct the mappings
appearing in (6.21) and (6.22) and check the conditions in the theorem.

We assume that the function H is linear in h and independent of (t, n, z, m),
i.e.,

H{t, n, h, z, m) = dh, (7.3)

form some constant d > 0. Note that (7.3) is compatible with (2.10a,c), (2.11b),
(2.12c), and (2.16). We emply the notation

G°(q) = G(t(q),t(q), 0,0,0), (7.4)

for any constitutive function N, T, Nt, etc. It follows now from (7.1) that (4.3)
simplifies to

M°Jq)(sp'(s))' = sN°(q)[t(q) - N°(q)/d]p(s) + Z°(q)p(s)/s, (7.5a)
p(0) = 0 = p(l). (7.5b,c)

From [20] or [11] we get that (7.5) has nontrivial solutions provided

f(q*,d*) = j2k, k> 0, (7.6a)

f(q , d) = N°(q)[N°(q)/d - t(q)]/M°Jq), (7.6b)
where the {jk} are the positive roots of (the Bessel function of the first kind of
order one). Thus (7.6a) is the equation corresponding to (6.21). It follows now that
(6.22) is equivalent to

fg(q*,d*) = 0, fd{q* > d*) / 0, fqq{q*,d*)t 0. (7.7)
This implies that the curve of eigenpairs (7.6a) has a turning point in the variable d
on the (q, J)-plane.

For a particular example we take

N(t, n) = -n~" + 1, T(t, n) = N(n , t), (7.8a,b)

M°Jq) = nN°n(q) (cf. (4.15c)), (7.8c)
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for some positive constants a and p.. (Henceforth we assume that d0(s) in (4.15c)
is constant. For conditions that ensure this see [3]). In this case one easily finds that
the solution of (7.2) is given by

t(q) = (1 + q)~l/a ■ (7.9)

Thus (7.6) reduces to

(iq/pa)(q/d + (1 + <?r'/o)( 1 + q)~{a+l),a - j\ = 0. (7.10)

Note that the second condition in (7.7) clearly holds. The first condition in (7.7) is
equivalent to

2 q - ((a + l)/a)<?2/(l + q) = d{{ 1 + 2/a)(q/(l + q)) - 1)(1 + qfl/a . (7.11)

By studying the graphs of the functions on both sides of this equation one finds that
(i) if a < 1 , then for a given d > 0 Eq. (7.11) always has a solution q > 0;

(ii) if a > 1 and d > 0 is sufficiently large, then (7.11) has a solution q > 0.
If we let (q*, d*) denote the solution of (7.11) for a given a, then Eq. (7.10) is
satisfied by choosing p appropriately. Physically one can interpret the case a < 1 as
that of a soft material (in the radial direction) and a > 1 as a hard or strong material
(in the radial direction). Thus the results above, for the family of isotropic materials
(7.8), show that nonbifurcating buckled states of the plate exist for soft materials
with appropriate bending moments and for hard materials with appropriate bending
moments and shear response.

We now construct an example of an anisotropic material. We assume that (7.3)
holds and that

N{t,n)--n~a, T(t, n) - -Bt~a, (7.12a,b)

M°m{s, q) = iiN°n{s, q), (7.12c)

where B, /i > 0 and a > 1 . One can show now that the solution of (3.2), (3.3) is
given by

r(s) = Kss, (7.13)

where K and 5 satisfy

1 -a(S - 1) = B5a , K = (Sql/a)~'. (7.14a,b)

(Equation (7.14a) has a solution which is unique for any B > 0 and a > 1.) It
follows now that (4.4) reduces to

p"(s) + (BS" + 1 - d)p'(s)/s
+ [q~{/"sS(q~l/nsS + (q/d)si~a{S~l))/an - BSa+l]p{s)/s2 = 0, (7.15)

subject to (4.3b,c). Although we are not able to solve this equation explicitly in terms
of any special function, we show that (q, d, p.) can be chosen such that (6.21), (6.22)
hold.
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When (7.12) holds, we get that (4.9) and (4.11) reduce to

®(j) = /+1, e = BSa + S, (7.16a)

f(s) = 1 + {s~e - l)/e, &(s) = /+1 f2(s), (7.16b,c)
c(s, q,d, n) = q~1,asS+e~lf2{s)(g~[/asS + (q/d)sl~a{d~l))/an. (7.16d)

If we let U(s, q, d, n) be the solution of (6.20) corresponding to (7.16c,d)» then
(6.21) is equivalent to

U(l,q,d,fi) = 0, (7.17)
and (6.22) becomes

I
s:

1 2
cq(s, q, d, n)U (s,q,d,n)ds = 0, (7.18a)

c/s, q, d, fi)U2(s, q,d, n)ds ^ 0. (7.18b)

From (7.16d) one easily checks (7.18b). To get (7.18a) we assume that

\\U(-, q, d, fi)\ C[0, 1]|| < D, (7.19)
where D is independent of (q, d, n). (See Naimark [15, Part I] for a discussion on
the asymptotic behavior of eigenfunctions in which (7.19) holds under mild condi-
tions.) Since a > 1 , one can see from (7.16d) that c alternates signs on [0, 1] and
one can control these sign changes by varying (q, d). It follows from this and (7.19)
that in principle one can adjust (q, d) such that (7.18a) holds. Once (q, d) have
been chosen in this way, with them fixed one can treat n in (7.17) like an eigenvalue
parameter and get conditions for the existence of /z's satisfying (7.17). Although
this construction of (q, d, fi) satisfying (7.17), (7.18) is not explicit, it shows that
under reasonable constitutive assumptions one can except (6.21), (6.22) to hold for
anisotropic materials with appropriate shear and bending moments.

8. Conclusions. The results of Theorem (6.6) show that a certain shear parameter
can be used to construct a universal unfolding of the solution set of the boundary
value problem of Sec. 2 near singular points satisfying conditions (6.21), (6.22). In
a sense this captures all possible perturbations of the bifurcating set in a neighbor-
hood of these points. The key idea here was the reduction of the original boundary
value problem to the scalar equation (6.21). This is essentially the Liapunov-Schmidt
reduction method. When conditions (6.22) are not easily verifiable, one can check
them numerically by constructing the solution curve (6.21) using path following tech-
niques. (See Cliffe and Spence [6] for an application of this method to the Taylor
problem in fluid mechanics.) One can in principle use this method to study the effects
of variations in other constitutive parameters on the solution set.

One can also get corresponding global results by employing the multi-parameter
global bifurcation results of Alexander and Antman [1], In fact, the results of Negron-
Marrero and Antman [17] show that the boundary value problem of Sec. 2 can be
recast in the form

u = L{q, d)u + K(q, d, u), (8.1)
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where L(q, d) is a linear and compact operator on some appropriate Banach space,
K{q, d, •) is compact and continuous, and K(q, d, u) = o(||m||) as ||u|| -> 0 uni-
formly for {q, d) in compact subsets of R2. Conditions (6.21), (6.22) imply that
d* is a simple eigenvalue (in the sense of Magnus [14]) of L(q*, d) and thus Corol-
lary (2.50) of Alexander and Antman [1] can be applied to get the global existence
of a connected set of nontrivial solutions bifurcating from (q*, d*, 0) and having
topological dimension greater than two at each point. See Antman and Pierce [4] for
the details of this argument in the case the structure is a rod.
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