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Abstract. The hyperbolic heat transfer model is obtained by replacing the classical
Fourier's law with the relaxation relation iq; + q = -kVT. The conditions are de-
rived for the local existence and uniqueness of classical solutions for a 3-dimensional
Stefan problem of hyperbolic heat transfer model where the temperature may sustain
a jump across the phase change interface.

1. Introduction. In this paper, we shall consider the phase-change model proposed
by J. Greenberg in [4] for the hyperbolic heat transfer model (see also [15]). The
new feature of the model is that instead of the usual assumption on the continuity of
the temperature across the phase-change interface, it is assumed that the relaxation
relation between the temperature gradient VT and the heat flux q be interpreted as
a conservation law that should also be satisfied across the interface. Based upon this
assumption, a hyperbolic Stefan problem in one-dimensional space was discussed in
[4], In this paper, the 3-dimensional case will be considered by applying the theory
of energy estimate for multi-dimensional hyperbolic boundary value problems.

The classical mathematical model for heat transfer and diffusion phenomena is of
parabolic type, based upon Fourier's law

q =-kVT. (1.1)
Here q = {qx , q2, q3) is the heat flux vector, T the temperature, and k the thermal
conductivity. However, in a number of situations, this model is unsatisfactory, espe-
cially because it might imply an infinite speed of propagation. Various modifications
to this model have been suggested (see [5] for a recent survey). One of the most
popular choices to modify this model is to assume that the heat flux q responds to
temperature gradient VT not instantly but over a period of time (see, e.g., [13]):

rOO

q = -/ a{s)VT(t - s)ds. (1.2)
Jo

In particular, for a(s) = (k/t) exp(-s/r), (1.2) becomes
Td(q + q = -kVT, (1.3)
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where the relaxation time t reflects the length of the relaxation period. The hy-
perbolic heat transfer model is obtained by replacing the Fourier's law (1.1) with
the relaxation relation (1.3). In addition to (1.3), we have the conservation of heat
energy

dte + V • q = 0, (1.4)
where the internal energy e is determined by

cT, T < 0,
(1.5)L + cT, T> 0,

with c being the specific heat and L the latent heat.
The Stefan free boundary problem discussed here for the hyperbolic system (1.3),

(1.4) is different from the usual Stefan type problems in [7, 13, 14] in that (1.3), (1.4)
will be understood as conservation laws. Consequently, the free boundary conditions
imposed upon the phase change interface should be the Rankine-Hugoniot condi-
tions, usually imposed in the discussion of free boundary problems for conservation
laws.

Assume the phase-change interface be described locally by

x3 = (j>(x',t), x={x{,x2). (1.6)

Then the free boundary conditions on (1.6) corresponding to (1.3), (1.4) are

[rq^ + lkT]^ =0,
[rq2](j>l + [kT](t>X2=0,

[rqi]<t>l-[kT] = 0,
[(L + cT)](f>t 4- [<?,]</>Xi + [q2](t>X2 - [q3] = 0,

or briefly denoted as
<0(q, T,<f>) = 0. (1.7)

Here, [/] denotes, as usual, the jump difference of / across the interface (1.6). In
particular, the adoption of (1.7) implies that discontinuous temperature across the
phase change interface would be acceptable, as in gas dynamics.

Since the energy function (1.5) is nonconvex, one cannot expect the two-phase
problem to be well-posed even in the 1-dimensional case [4], Hence we will restrict
ourselves in the following to the discussion of the one-phase problem.

Now, for the hyperbolic system (1.3), (1.4), we have the discontinuous initial data
r(x,0) = 0,l

in x3 > (j>Q{x') = <t>(x , 0),

(1.8)
in x3 < <j>Q(x) = <j>{x , 0).

q(x, 0) = 0, J
T(x, 0) = T0(x) > 0,

q(x, 0) = q0(x),

Denoting u = (q^ , q2, q3, T)', we can write (1.3), (1.4) as the hyperbolic system

3
Jtfu = dtu + Y^Ajdx u + Bu = 0, (1.9)

j=i
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where

A 3 =

A2

B =

/ 0 0 0 k/x\
0 0 0 0
0 0 0 0

Vl/C 0 0 0 J
[ 0 0 0 0 \

0 0 0 0
0 0 0 k/x

Vo 0 1 /c 0 J
We notice here that the eigenvalues of XA -Wj are A, = k2 - 0, A3, 24 = ±a\<x>

1l U,l2 —

(0 0 0 0 A
0 0 0 k/x
0 0 0 0

Vo i/c o o 7
fl/r 0 0 0^

0 1/t 0 0
0 0 1/t 0

v 0 0 0 oj

with the propagation speed a= \Jtc and | to | = • 1° particular, we remark
that the 2-dimensional version of the problem is strictly hyperbolic system and the
3-dimensional system (1.9) satisfies the block structure assumption in [10, 11].

In order to obtain classical solutions to the problem (1.7)—(1.9), certain compat-
ibility conditions are necessary. These are conditions imposed upon the traces of
the initial data 7"0, q at x3 = 4>0{x'). They could be explicitly obtained by com-
paring the two values of ut{x, 0) at x3 = <t>0(x'), one computed from the interior
equations (1.9) and another from the free boundary condition (1.7). Higher-order
compatibility conditions can be formulated similarly. We will omit the details here,
the interested reader could refer to, e.g., [11, 12].

An equivalent way to state the compatibility condition is the following: The initial
data in (1.7)—(1.9) are said to satisfy /cth order compatibility conditions if there exist
approximate solutions (w, </>) G C°° of (1.7)—(1.9) such that

ii(x, 0) = U0(x), <j>{x , 0) = 4>0{x),
J2?U = 0(tk), (1.10)
^{U, $) = 0{tk).

Now the main result of this paper can be stated in the following

Theorem 1.1. In the one-phase hyperbolic Stefan problem (1.7)—(1.9), assuming that

1. m0(x) , <t>0(x') G C°° ;
2. A:th order compatibility conditions (1.10) are satisfied with k > 4 ;
3. the following stability condition is satisfied:

4>t{x' , 0) < Q , (1.11)

there is t0 > 0 such that in [0, t0), (1.7)—(1.9) has a unique classical solution
(u, <p) 6 Hk{{0, (0) x R3) x Hk+l((0, t0) x R2).

Remark 1.1. The stability condition (1.11) is a natural requirement, because of
the fact that a is the propagation speed. Therefore, (1.11) simply means that the
initial data should be such that the initial speed of the moving free boundary should
be smaller than the propagation speed.

Remark 1.2. The problem (1.7)—(1.9) discussed here is in fact a little different
from the 1-dimensional problem considered in [4], In [4], the problem is proposed
with temperature T given to be constant on a fixed boundary and without initial data
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since the initial position of the free boundary coincides with the fixed boundary. The
exact 3-dimensional counterpart of the problem in [4] can also be treated by blowing
up the corner domain and assuming higher-order compatibility conditions. The proof
proceeds as in this paper and employing the technique in [2], We will not go into the
details here.

Remark 1.3. The general ^-dimensional case can be discussed exactly the same
way. One needs only to replace the condition k > 4 in Theorem 1.1 by k >
(n + l)/2 + 2.

2. Transformation.
2.1. Fix free boundary. First of all, we introduce the new coordinates (5, y),

depending upon the unknown interface of phase change, such that in the new coor-
dinates, the original free boundary becomes the fixed boundary y3 = 0. Let

t = s, x =y , x3 - (j>{x , t) = y3. (2.1)

Then in the new coordinates, if denoted again by (t, x), Eq. (1.9) becomes

Jz^(0)w = 0 inx3<0, (2.2)

where

•*;<« = », + E -4A, + K -- E a*, + B-

The boundary condition (1.7) remains the same:

' rqx(j)t + kT(j)x^ =0,
z q2(/) + kT 4> = 0,

2 ' on x, = 0. (2.3)
rq^,-kT = 0, 3
(L + cTty + q^ +<?A2-<73 = 0,

Without loss of generality, we may assume in (1.8) that

0o(O) = O, V0O( 0) = 0.
Because of the discontinuous temperature assumption T > 0 and (j>t > 0 on the
phase change interface, at t = 0, x' = 0 we deduce from (2.3) that

0,(0, 0)>0, <7,(0, 0) = q2(0, 0) = 0. (2.4)

Consequently, from (2.3), at t = 0, x' = 0 the initial data satisfy

? kT ■>
qt = {L + cT) = a cT(L + cT). (2.5)J T

2.2. Homogeneous initial data. From the compatibility assumption (1.10), we
introduce new unknown variables (v, y/) to reduce the initial data in (1.8) to be
zeros. Let

u = u + v, (fr = <j)+y/. (2.6)
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Substituting the value (u, (j)) in (2.6) into (2.2), (2.3), we obtain for the new unknown
variables (v, y/) the following boundary value problem with homogeneous initial
data:

5?2{v, (//) = ^(0 + y/)(u + v) -&x(4)(u)

= &$+yf)v-dxU{dt + '^iAj{Bx))y/ = f, inx3>0, 2'?^
7=1

&2(v , ij/)(v , y) = &{u + v, 4>+y/)~&{ii, (j>) = g. (2.8)
Here, (/, g) are smooth functions which have zero traces at t - 0 up to order k .

Obviously, the solution of the problem (1.7)—(1.9) is equivalent to the solution of
(2.7)-(2.8). Therefore, in order to prove our main theorem, we need only to prove
the corresponding result of existence and uniqueness for (2.7), (2.8). This will be
done by discussing the well-posed condition for the linearized problem of (2.7), (2.8)
and by linear iteration.

3. Linearized problem. In this section, we linearize the problem (2.7), (2.8) and
discuss the well-posedness of the linearized problem. The linearization about (m , 4>)
to be used in the next section is the following:

3
dtv + J]Ajdxv + Bv + Cdv = f, (3.1)—' 7 j

7=1

b(dt,dx,)v + Pv = g. (3.2)
In particular, at (0, 0) the coefficients in (3.1), (3.2) become

A j = A j, 7=1,2, A3 = -ill + A 3, (3.3)

with n = </>f(0, 0) and
{ kTdx \X i

kTr)
b{dt,dx,)= K1°*i , (3.4)t<73<9,

\{L + cT)dt J
(xpL 0 0 0 \

0 r/i 0 0
0 Or fx -k

V 0 0 -1 c/u J
To discuss the linear problem (3.1), (3.2), we introduce the usual hyperbolic tj-

weighted interior norm

P = (3.5)

e '' m)| dxdt,
|q|<5

and the boundary norm

= E [3Kx'(e ""tfdx'dt.
i i J R|or|<s
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The corresponding inner products will be denoted by (■, -)s and (•, -)s , respec-
tively.

As in [ 10], the linear boundary value problem for (v , y/) is called uniformly stable
if the solution (v , y/) satisfies the estimate

+ + + (3-6)

The main result of this section is the following

Theorem 3.1. Under the assumption of Theorem 1.1 upon the initial data, smooth
solutions of the linearized problem (3.1), (3.2) satisfy the estimate (3.6) near (0,0).

Proof. Since T > 0 on x3 < 0, so |6(s, i£)| > 0 by (3.4) for all |.s|2 + |£|2 = 1
with s - rj + ix .

Now define the projector 11(5, i£) in C4 as in [10]:

Yl(x, i£)w = b(s, lO - {b^; lQ'W2]b{s, lO . (3.7)
\b{s, '£)l

Applying the pseudo-differential operator Yl(i]+dt, dxi) to the boundary condition
(3.2) and omitting the lower-order terms, we obtain

U(rj + dt, dx.)Pv = -(n b){r] + dt,dx,)y/ + n (rj + dt, dx,)g = gl. (3.8)
Rewrite (3.1) as

dxv + A~l ^, + E ^idxi + & j v + A~1 Cd yj = A~ 7. (3.9)

Let

M(s, it,) = A~l fs + iAfij

then the proof of Theorem 3.1 can be derived from the following proposition.

Proposition 3.1. Under the assumption of Theorem 3.1, there exists a symmetric
matrix 31 (s , /£) such that

1. Re(&M)(s, /£) > St] on |s|2 + |£|2 = 1 , Res = r) > 0;
2. &{s, io + s;\np)*(np)(s, i%) >sj,

where constants S , St depend only upon the C° norms of the coefficients, or by the
imbedding theorem, depend only upon the local H3 norms of the coefficients.

We postpone the proof of Proposition 3.1 to Sec. 5. Now, assuming Proposition
3.1, we can prove Theorem 3.1 as follows.

Applying the operator + dt, dx,) to (3.9) and taking the inner product with
v in the ^-weighted space L2(R+ x R}), we have

(■v , + d, ,dx,)v)0fl = -(v, &dxv)Qtll + (v , A~1 (Bv + Cd y - f))Q< r (3.10)

By Proposition 3.1, we can apply the sharp Garding's inequality to obtain

Re(v,&M(n + d,,dx.)v)0tn>^\\v\\20ill, (3.11)
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2with r) > rj0 » 1 . By the result on L -boundedness of pseudo-differential opera-
tors with Hs coefficients [1, 6], r]0 depends only upon the local H4 norms of the
coefficients.

Integrating by parts and noticing that 3t is symmetric (hence 31 - 31" is an
operator of order -1), and also employing the fact that the matrix A} is nonsingular,
we have

(v,3ldxv)0il? > (v,3?v)0^-C{\\v\\20>rj + \y/\lr]). (3.12)

Again, by Proposition 3.1 and the sharp Garding inequality we obtain

<» ■ 2 yl<, - Cinft-lJ,, > - CdjlJ,, + ty\J,„). (3.13)

2 2Since b(s, i£) / 0 on |s| + \£\ - 1, from the overdetermined system (3.2) we

Here, we have used the fact that the operator lib is of order zero. Again, the
constants in (3.13) depend only upon the local H4 norms of the coefficients.

Combining (3.10)—(3.13), we obtain

Xll<, + l<, < c (i(||/u2,, + l<„) + \S\i,) , (3.14)

with t] > % » 1 •
Sino

deduce

Theorem 3.1 follows readily from (3.14), (3.15).
Following a similar procedure as in the proof of Theorem 3.1, we can obtain the

high-order estimate for the problem (3.1), (3.2):

Theorem 3.2. Under the assumption of Theorem 1.1 upon the initial data, for any
positive integer k , smooth solutions of the linearized problem (3.1), (3.2) satisfy the
following estimate (3.16) near (0,0):

#<, + l<„ + ML.,<q(^imiL + l<,) foriaio, (3.16)

where the constant Ck depends only upon the local Hs norms of the coefficients,
with 5 = max{/c, 4}.

The theorem can be proved in a standard manner. First, take the tangential deriva-
tives of the problem (3.1), (3.2) and derive the high order tangential estimates for
(v , if/). Then make use of the noncharacteristic boundary to obtain high order nor-
mal derivatives. The dependency of the constant upon the coefficients is obtained by
employing the Nirenberg-Gagliardo inequality

\\uv\\k < CGIkIIjIIuII* + lluywllj).
Finally, since the formal adjoint of a boundary value problem satisfies the uni-

form Lopatinski condition if the original problem does, from the energy estimate
(3.16) and the standard dual argument and Riesz representation theorem, we have
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the following existence result:

Theorem 3.3. If the problem (3.1), (3.2) is uniformly stable, then for any k > 0
there is a unique solution (v, y/) e H x Hk+X satisfying (3.16).

Here, the uniqueness comes readily from the energy estimate.

4. Nonlinear problem. In this section we shall use the iteration method to show the
existence of a unique classical solution (v , y/) of (2.7), (2.8) in the neighborhood of
(x, t) = (0, 0), or equivalently the existence of the unique classical solution (u, <f>)
of (1.7)—(1.9). Since in the estimate (3.16) for the linearized problem the estimate
of boundary function yj is one order higher than the estimate of v , we do not have
to employ the quadratic error in newtonian iteration. Therefore we can use classical
linear iteration to solve (2.7), (2.8).

For the nonlinear boundary value problem (2.7), (2.8) of (v , y/), renumbered as
f &2(v , y/)(v , y/) = / mXjCO,

\{v, y/)(v, yz) = g on x3 = 0,1
we have the following

Theorem 4.1. Suppose that in the problem (4.1), for k > 4,
1. (/, g) e Hk with zero traces at t = 0 up to the order k - 1 ;
2. at (v , y/) = (0, 0), the boundary value problem is uniformly stable, i.e., the

estimate (3.6) is satisfied.
Then there is t0 > 0 such that in (0, t0), problem (4.1) has a unique solution
(v, y/) E Hk x Hk+l . Moreover,

+ + s ck Qll/llt.,.*, + IstU,!,) for 1 2 Its- <4'2>
Here the norms II • II „ , , I • I. „ , denote, respectively, the restriction in [0, ?n] of

the norms \\-\\s„,
Proof. Let xr t>e a smooth cutoff function of the interval [0, r],

' 1 , 0 < t < r,
Xr{t) = smooth and monotone decreasing, r < t < 2r,

0, 2 r < t.

Denote <fir = xrj> + (1 -xr)t4>'(0), ur = xru + (1 - *r)fi(0), and (fr, gr) = xr{f, g) •
Then consider the cutoff problem of (4.1):

( ^fr{v, y/){v , y/) = r + v,<j>r + y/)-3\{<}>r){ur) = fr inx3<0,

\ &r(y , y/){v , y/) = &(ur + v , 4>r + y/) -&{ur, <j>r) = gr on x3 = 0.

Obviously, the proof of Theorem 4.1 is equivalent to proving the unique existence
of a Hk x Hk+X solution (v, y/) for (4.3).

Let (v0, y/0) - (0,0) and, for all j > 0, let (Vj, y/j) be the solution of the
following linearized boundary value problem:

in x3 < 0, j>0 (44)
I ^r{v, ,, y/._,)(u■ ,Vj) = gr onx3 = 0,
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We want to show that for small r, (4.4) is uniformly stable for all j > 0 and
hence solvable. Moreover, the solution sequence (v., tf/j) of (4.4) converges to a
solution of (4.3).

Noticing that the uniform stability of the linear boundary problem (4.4) depends
continuously upon the coefficients [6] and (4.4) is uniformly stable at (v._,, Vj-\) =
(0, 0), we see that (4.4) will be uniformly stable for all max (x, t)\+\y/j_x(x', 01
C 1. By the Sobolev imbedding theorem, we conclude that there is a constant e0
such that (4.4) is well-posed for all

HViI'm + K-ilL, + ^ eo' (4-5)
where k > 4. Moreover, from the dependency argument of the constant Ck in the
energy estimate (3.16), we see that Ck depends only upon e0. Therefore in order
to show the solvability of (4.4), we need only show that (4.5) is true for all j > 0.

By induction, let (4.5) be true for j - 1. Then from Theorems 3.2-3.3, (4.4) has
a unique solution (v., i//j) satisfying

'/ll»;llL + KlL + l»'yl»+i.,SCt (£wi*., + w».,) • <4-«
Because (/, g) has zero traces at t = 0 up to order k - 1, \\fr\\k „ + \gr\k n -* 0
as r —y 0. So for fixed rj and £0 (consequently fixed Ck), choosing r sufficiently
small, we can make the right side of (4.6) smaller than e0. Hence (4.5) is valid for
all j> 0.

It remains to show that the sequence (v-, y/j) converges strongly in the appropriate
norms. We have:

' > Vj)(vj+i - vj > vJ+1 - Vj)
= (-2,'Xvj-x, Vj-1) - ■S'riVj, Vj))(Vj, Vj) = Fj in x3 < 0,

®r(vj> Vj)(vj+y/j+l - Vj)
= Wvj-1' Vj-1) - &r(vj' Vj)){Vj , Vj) = Gj on x3 = 0.

k— 1We now estimate F, and Gj . Since H is an algebra, we have

ll^llL., + \Gj\l-ur, < ClWVjWl, + \Vj\ln + \Vj\l+iJ
■ {\\vj - viiiLi,, +1 vj - Viii-i,, + \Vj - Vj-xij

< Ce0{\\Vj - VjJk-i,„ + I Vj - Vj_x\\_Un + I Vj - Vj-X\l^} ■

(4.8)
Applying the estimate (3.16) and choosing e0 sufficiently small, we have

IIVi - vj\\l-ur, + K+1 - VA-I.n + ^M (4 9)
< HWvj ~ vj-i\\l-i,n + I vj - vj-i\l-i,n + I Vj~ Vj-■

This implies [v], y/j) converges in Hk~l x Hk to (v, y/). Since the norms of
(Vj, y/j) in Hk x Hk+{ are uniformly bounded, (v , y/) e Hk x Hk+] by the Banach-
Saks theorem.

(4.7)
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It is not difficult to check that (v, y/) is the unique solution of the problem,
following the same procedure leading to (4.9). Thus the proof of Theorem 4.1 is
complete.

5. Proof of Proposition 3.1. In this section we shall show that under the assumption
of Theorem 3.1, the matrix 31 {s, /£) in Proposition 3.1 exists. First of all, from
the microlocal structure of 31, we need only show the matrix 31 exists for a fixed
coefficient at (x, t) - (0,0). That is, we should consider the following problem
with the constant coefficient

j dxv + M{dt, dx> )v = f in x3 < 0,
| YIPv = g on x3 = 0,

with the matrix M(s, ic,) defined as

(5.1)

M(s, /£) = (—/j. + A,) l(s + iA.£.+iA2£2). (5.2)
2From (1.9) and noticing a = kjxc, we have

M(s, i£) —H k/i
1 /c — n J

( s
i£2k/r

s 0
\iZJc i£2/c 0 s )

^ 0 o zM \
P T/l

0 ^ o 'M-
1 ^ Xp

i£,a i£2a sp sk
a — p a' — p a — p z(a — p )

ijxP i£2M s

(5.3)

V c(a2 - p2) c{a2 - fi2) c{a2 - p2) a2 - p2 J
For the problem (5.1), it was shown in [6] that the existence of the symmetrizer

31 can be reduced to an algebraic criterion, namely, we have the following

Proposition 5.1. For Re5 = ?/ > 0, the eigenvalues of M(s, /£) have nonzero real
parts. Let H?+(s, i£) denote the generalized eigenspace spanned by all the general-
ized eigenvectors corresponding to the eigenvalues with positive real part. Then the
symmetrizer matrix 3f(s, i£) exists if

1. dim Jf+ = 3 ;
2. the matrix nP(.s, i£) is nonsingular on i?+(s, iq) , uniformly with respect

to r] > 0 .
Therefore, in order to prove Proposition 3.1, we need only check the two condi-

tions in Proposition 5.1. First, we compute the eigenvalues 2. of M(s, i£). Direct
calculation gives 'W2 = i,

(5.4)-ps±^/s2 + |£|2(a2-/T)
^3 ,4 - 2 2

a — p
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Under the assumption of Proposition 3.1, a2 - /T > 0. Therefore, it is readily
checked that ReA,, ReA2, ReA3 > 0, ReA4 < 0.

To check the second condition in Proposition 5.1, we write the Fourier-Laplace
transformation of (3.2) as

i^kTy/ + t [iv x = 0,
i£2kT y/ + x\xv2 = 0,
stq^y/ + t/uv3 - kv4 = 0,
s(L + cT)y/ -v3 + c^v4 = 0.

Here, by (2.3), (2.5), we have the relations between the parameters

tq3fi = kT, (L + cT)/u = q3.
2 2We should, for each point (s, /'£) on |s| + |£| =1 and Res = rj > 0,

1. eliminate the unknown function y/ from (5.5),
2. apply the resulting operator for v to the three eigenvectors (or generalized

eigenvectors) consisting of a base of f + .
Then the second condition in Proposition 5.1 is valid if we end up with three linearly
independent vectors. In order to obtain the uniform independence of the vectors, we
need to check the limit case as —» 0.

First we notice that A, = X2 = A3 if and only if s = n\£\, here |£|2 = £2 + £2 . We
shall consider three cases.

Case I: 5 / and |£| ^ 0. In this case, we have for the eigenvalues A, = X2
two independent eigenvectors

t,")

/ £2 A
-f.
0

V 0 J
And for A3 we have the eigenvector

(2)V

(
^2

->m2
v 0 j

(5.6)

z/3)

( i^{ca(a2 - jU2)
2 2i£2ca(a - /u )

(5.7)ca(a\Js2 + |£|2(a2 - /J2) - Sju)

V H\Js2 + |£|2(a2 - ju2)-sa )
Eliminating (// from (5.5), we obtain

%2Vl ~ZlV2 = °>

sr(^v{ + £2v2) - i\£\2(znv} - kv4) = 0, (5.8)

2vv3 - c(a2 + ju2)v4 = 0.
Applying the matrix on the left side of (5.8) to the three eigenvectors (5.6), (5.7), we
have the matrix

[\£\2 0 0 \
0 t|£|V-//2|£|2)  
0 0 c(a2 - n2) + n\J's2 + |£|2(c*2 - j

(5.9)
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Since 5 / /u\£\, \£\ ^ 0, and a - y2 > 0, it follows that

s2-n21^|2/0, as + ^s2 + \^\2(a2-n2)^0.

Therefore, the matrix (5.9) is nonsingular.
Case II: s ± n\^\ and |£| = 0. In this case, we have for the eigenvalues 2.1 = X2

and A3 three independent eigenvectors

W(1) =

/1A
0
0

Vo J
(2)V =

(0\
1
0

Vo;
(3)V =

/ 0 \
0

ca
V-i J

(5.10)

Eliminating y/ from (5.5), we have

v\ = o»
^2 = 0, (5.11)

. 2vv3 - c{a2 + /i2)v4 = 0.

Applying the matrix on the left side of (5.11) to the three eigenvectors (5.10), we
have the matrix

(10 0 \
0 1 0 , (5.12)

v0 0 c(a2 + fi2) J
which is obviously nonsingular.

Case III: 5 = ju\£\. In this case, we have two eigenvectors v(1), t>(2) for the eigen-
(3)value A, = A2 = and one generalized eigenvector v :

( S2 A

o
V o J

(2)V

( i, ^
*=2

-mV o J
v{3)

/OA
0

-k
J

(5.13)

Eliminating y/ from (5.5), we have

Z2vl -Zxv2 = 0,
+Z2V2) - /|£|2(t/^3 - kv4) = 0, (5.14)

2 22vvi - c(a + fi")vA = 0.

Applying the matrix on the left side of (5.14) to the three vectors (5.13), we have the
matrix

Kl2 0 0 \
0 0 -2in\S\ , (5.15)
0 i\£\2Tiik 2picx(2a + f.i2) )

which is also obviously nonsingular.
This completes the proof of Proposition 3.1.
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