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Abstract. This work deals with a continuation method for computing solutions to
a self-similar two-component Stefan system in which the diffusion coefficients depend
on the concentrations. The procedure computes a one-parameter homotopy connect-
ing the known solution of a simplified problem (when the parameter is zero) to the
solution of the problem at hand (when the parameter is one). Local convergence of
the method and local existence and uniqueness of solutions for the original system
are proven. Also, several examples coming from precipitant-driven protein crystal
growth are discussed. The most interesting of these is a Stefan problem containing
a porous media equation that corresponds to the liquid phase being in a meta-stable
state near the spinodal region. The bifurcation code AUTO is used in the computa-
tions.

1. Introduction. For many years, computational methods have been developed to
handle moving boundary problems. The various methods (including finite difference,
finite element, enthalpy, lines, etc.) have been reviewed by Crank [6]. In this paper, a
rather different method is discussed: a continuation method for computing similarity
solutions for a self-similar Stefan system. The system under consideration, (2.1), is
a one-phase, one-dimensional, two-component system coming from protein crystal
growth. Here the first component is a protein concentration, while the second is
the concentration of a precipitating agent, often a salt. The system is nontrivial in
that each diffusivity is allowed to depend on the concentration of both constituents.
When both diffusivities do depend on both concentrations, this approach is more
easily formulated than the enthalpy method [8, p. 943]. While the presentation
given here is only with respect to (2.1), the method can in principle be used for other
related self-similar problems. For example, single component problems, systems with
cross-diffusion terms (where the flux of one component depends on the gradient of
the other), or "waiting time" problems such as those studied by Kath and Cohen
[19] could also be considered. Finally, although direct application of this method is
limited to a narrow class of problems, the results obtained have broader implications
since, as in the classical case, the solutions of many problems that are not themselves
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self-similar (e.g., when the initial conditions are not constant) would be expected to
tend asymptotically to similarity solutions [28, §11.2.3 and §11.2.6].

Briefly, the approach is to consider a nontrivial self-similar semi-infinite or infi-
nite moving boundary problem, insert a continuation parameter (or perhaps several
parameters), make an appropriate restriction of the problem to a finite interval, and
finally compute a homotopy of solutions leading from a known solution when the
continuation parameter is zero to the desired solution when the continuation param-
eter is, say, one. The restriction of the problem to a finite interval is accomplished
by adapting the work of Friedman and Doedel [16]. The analysis gives an existence
and uniqueness proof (local in the continuation parameter) for the system, as well as
a convergence proof for the numerical method. Similar truncation issues have been
addressed previously by, among others, de Hoog and Weiss [17] and Lentini and
Keller [21]. The homotopy of solutions is computed using the numerical package
AUTO, Doedel [10], Doedel and Kernevez [12].

The protein-precipitant system (2.1) is quite similar mathematically to a one-phase
alloy solidification problem (cf. [6, §1.3.7 and §6.2.7(ii)]. Similarity solutions for the
alloy solidification problem with constant diffusion coefficients have been discussed
by Rubinstein [28, 1.2.3]. It is well known that such similarity solutions are often un-
stable in the sense that a nonplanar (possibly dendritic) interface with an associated
mushy region may form when the liquid phase is supersaturated near the interface
(cf., e.g., [23, 29, 1]). Since protein crystals are grown from supersaturated solutions,
one should also be concerned about such issues here. Indeed the physics of organic
crystal growth is very complicated, depends strongly on which organic substance is
being prepared, and is not well understood (cf. Rosenberger [27] for a general discus-
sion and a review of the folklore). In practice, nonplanar interfaces sometimes occur,
though they are almost always undesirable. Flat interfaces can be achieved, however,
from supersaturated protein-precipitant solutions when the crystals are grown care-
fully, and such growth processes are generally described by one-dimensional models
[26, 27]. When the growth process is slow (protein crystals grow at rates of roughly a
millimeter per day), when the process is governed by diffusion rather than convection
(e.g., in a microgravity environment), and when the interface kinetics are instanta-
neous (i.e., the interface concentrations are at their equilibrium values), system (2.1)
is a fairly accurate, if simplistic, lowest-order model of the growth process [14],

As mentioned above, the one complication considered here is the dependence of
the diffusivities on concentration. Such dependencies for organic compounds and
precipitants (salts) have been measured, e.g., by Myerson and Senol [24] and Chang
and Myerson [4], Of particular interest is the physically observed rapid decrease in
diffusivity as a concentration approaches its spinodal value. This decrease is consis-
tent with thermodynamical considerations [13]: For a concentration u, let D(u) be
the diffusivity of u and let y/(u) be the Gibb's free energy. Then

D(u) = My/"(u), (1.1)
where the constant M is the mobility. The region where y/" < 0 is, by definition, the
spinodal interval. The region where the liquid phase is supersaturated but y/" > 0 is
often referred to as "meta-stable" (e.g., Fife [15]). It should be emphasized that here
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"stability" is in the sense of phase separation and coarsening rather than interface
stability and dendrite formation. A meta-stable liquid is stable in the sense that it
does not undergo the phase separation that occurs for concentrations lying in the
spinodal interval.

The second example of §5 deals with this sort of situation. There the protein
concentration is governed by a porous media equation, which becomes singular for
concentrations near the far-field value. This corresponds to growing a protein crys-
tal from a liquid phase whose initial concentrations lie in the meta-stable region
near the spinodal interval. Asymptotic methods lead to a description of the protein
concentration profile as the problem becomes singular (cf. Theorems 2, 3).

This paper is divided into four main parts: The first gives an overview of the
protein-precipitant system, and the second describes the continuation method. In the
third, existence, uniqueness, and convergence are proven locally for the homotopy,
i.e., when the continuation parameter is small. Finally the last section presents several
examples, including the meta-stable solution example mentioned above. The last two
sections can be read independently of each other.

2. Overview of the system. Consider the following system, which is a simple model
for precipitant-assisted protein crystal growth [14]:

(a) pt = [Dppx\x + vpx, x e (0, oo), t > 0,

(b) nt = [Dnnx\x + vnx, x e (0, oo), t > 0,

(c) v{ps- p) = Dppx, x = 0, t> 0,
(d) v(ns- n) = Dnnx, x = 0, t> 0, (2.1)
(e) f(p,n) = 0, x = 0, t> 0;
(*") P =Poo> X G (0, oo), t = 0,

(g) n = noo, x e (0, oo), t = 0.
The notation is as follows: x measures the distance from the solid-liquid interface,
p is the protein concentration, n is the precipitant (der Niederschlagende) concen-
tration, ps and ns are the constant, uniform concentrations in the solid, p^ and

are uniform initial concentrations, and v is the interface velocity (cf. Fig. 1 on
p. 408). The triple (p(x, t), n(x, t), v(t)) is called a solution if it satisfies system
(2.1).

Throughout this discussion, variables as subscripts denote partial derivatives ex-
cept for the diffusivities Dp and Dn . The diffusivities are assumed to depend on
the concentrations, viz. Dp = Dp(p, n) and Dn = Dn(p, n), and to be sufficiently
smooth and positive (though possibly small) for all values of the concentrations con-
sidered. Equations (2.1a, b) are then just diffusion equations in moving reference
frame, while (2.1c, d) are classical Stefan conditions representing mass conservation
at the interface. The third interface condition, / = 0, is a solubility relation, which
guarantees that the two liquid-phase constituents are in equilibrium at the interface.
It is this last condition that drives the motion of the interface. For v > 0, one needs
that the liquid phase be supersaturated. The specific requirements that supersatu-
ration places on p , ns, p^, n^, and f(p, n) will be discussed in more detail
below.
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Solid Phase

Liquid Phase

x = 0

Fig. 1. Schematic diagram of the protein crystal growth configura-
tion. The relative sizes of p and n are not to scale.

Note that system (2.1) is invariant under the well-known similarity transformation
(x, t) —► (/?jc, P2t). Hence define £ = x/{2\ft). In terms of £, system (2.1)
becomes

(a) 0 = (DpPi)t + 2(l + Z)P(,
(b) 0 = (Z)||/i{){ + 2(A + i)»{;

(c) 2 KPs~P) = Dppt, ^ = 0,
(d) 2 l(ns-n) = Dnn(, £ = 0, (2.2)
(e) f{p,n) = 0, £ = 0;
(f) P=Poc' = 00'

(g) " = "oo > £ = 00'

where X = v\f~t is constant.
When the diffusivities are constant, the p and n components of the solution of

(2.2a, b, f, g) can be given explicitly in terms of error functions. Finding a complete
solution of system (2.2) in the constant diffusivity case is then reduced to solving the
interface conditions at £ = 0. Specifically, one must find a triple (pQ, «0, A) that
satisfies

(a) xerfc (A

(b) xerfc

(c) f(p0,n0) = 0,

(2.3)

where xerfc(x) = \Jlixex erfc(x).
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Lemma 1. Suppose that p^ < ps and that ns < n^. Also suppose that / is
continuous in both its arguments and that fip^, n^) and

fQ noo - nsxerfc(\JDp/Dn xerfc~\pjps))

V ' 1 - xerfc(y/Dp/Dn xerfc~l(pjps))

have opposite signs. Then there exists at least one solution (p0, nQ, A) of (2.3) with
A > 0 and p0 e (0, p^).

Proof. First recall several basic facts about the function xerfc(x):
(a) xerfc(O) = 0,
(b) xerfc'(0) = 01,
(c) xerfc(x) is monotonically increasing,
(d) lim^^ xerfc(jc) = 1 .

So there exists xerfc-1: [0, 1) —♦ [0, oo). Since p^ < ps and ns < , one can
combine (2.3a) and (2.3b) to eliminate A and thereby define a function />(•) such
that nQ — P(p0). Note that the domain of P(-) includes [0, . By assumption
/(0, P(0)) and f(px, P(poo)) have opposite signs. Hence there is a p0 e (0, px)
and a A > 0 such that n0 - P(p0) and (pn , n0, A) is a solution of (2.3). □

Remarks. (1) Obviously the sign of /(•,•) is arbitrary. For definiteness, assume
that the liquid is supersaturated when fip^, «rx.) > 0. Physically not a lot is known
about the solubility relations for proteins; but the assumption that /(•, •) is contin-
uous is reasonable, and typically the equilibrium concentration of protein decreases
as the precipitant concentration increases [18], Given more information on /, one
could hope to show that the above triple is the unique solution.

(2) A similar argument for the existence of a solution to a different Stefan problem
is given in an appendix by Pego [25],

3. The continuation method. To set up the continuation procedure, a continuation
parameter a is inserted in each of the diffusion coefficients, viz., Dp = Dp(ap, an)
and Dn = Dn(ap, an). For a = 0 at least one error-function solution is given by
Lemma 1, provided that Dp = D°p and Dn = D°n are both positive and that ps,
ns' Poo ' "oo ' aiu* f(P' n) satisfy the assumptions of that lemma. We then wish to
compute to a = 1, which is of course the original problem.

Local justification of the continuation procedure depends on the asymptotic be-
havior of a solution of system (2.2) for large £ . This behavior is established in the
following lemma.

Lemma 2. Suppose that u(£) satisfies

(D(u)u')' + 2(A + Qu — 0,
u -» as £ -> oo,

where D(u) > 0 Vm and D(-) e C2 on some neighborhood of u = with =
D(UJ ± 0. Then as £ —♦ oo,

J = 0{e-^ID~)
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and hence also

\u-uJ = 0{e-^>D~).
Proof. Write Eq. (3.1) as (Du )' + [2(X + £,)/D](Du ) = 0. Direct integration then

yields for some constant A0 that

n/ \ ' - ff 2(n+X)/D{u)diD(u)u = A0e J(o

where <j;0 may be chosen to be as large as desired. Since £)(•) e C2, consider its
Taylor expansion about u^ . For some constant A, , it follows that

D(u)u = A{e ^D°° exp J ^^—-(«* - m00)(»7 + A) dt^J ,

where either u < u < u < or « < a < u < u. The proof is then— — — OO oo — — — 2 £ /complete provided that for some e > 0, |u - m^I = 0{£, ); but since D(u)u
and its derivative always have opposite sign, both terms in (3.1) must approach zero.
Hence D{u)u — o(^_1). Repeated differentiation of (3.1) (to the extent possible)
then yields that derivatives of D(u)u are also o(£-1). Upon substituting back into
(3.1), one finds that \u- uoo\ = o(<^~3), and the proof is complete. □

Written as a first-order system with the continuation parameter, system (2.2) is

(a) u\ = w3,

(b) u2 = u4,
, 2(£ + A)u3 + aVD -(u3, uA)u3

c »3 = FT7  \ '3 Dp(au 1, au2)

u, _ 2(4 + ^)u4 + aVDn-(u3, (3 2)
4 Dn(aul , au2)

(e) 2A(ps - «,) = Dp(aul, au2)u3, £ = 0,

(f) 2/1 (ns-u2) = Dn{au],au2)u4, <? = 0,

(g) f(ul,u2) = 0, <^ = 0,
(h) u(oo) = ux = (p^, nx, 0, 0),

where u = (p, n, , n^). Let <^R be the right computational endpoint. We now
follow the approach used to compute heteroclinic orbits for autonomous systems by
Doedel and Friedman [11]: we require that h(£r) lie tangent to the stable manifold
of the fixed point ^ of system (3.2). (Lemma 2 assures that u^ is indeed a
fixed point.) The major differences between the problem considered by Doedel and
Friedman and the present problem are that this system has an explicit continuation
parameter, a, and that it is nonautonomous. This latter difference means that the
integral "phase condition" required by Doedel and Friedman is no longer needed
because this problem is not translation invariant, but that the eigenvalue problem
for the stable manifold is more complicated. The "standard" linearization for an
autonomous system near a fixed point would have the form u = Au for some
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matrix A , but the asymptotic behavior of Eq. (3.1) leads one in this case to consider
u = £Au.

Specifically, system (3.2) is of the form

u =F{£, u,X, a) = F0(u, a) + ({ + k)Fx(u, a).

Lemma 2 implies that F(u, X, a, £) ~ (£ + k)F{(u, a) as ^ —► oo, and by direct
computation one finds that the matrix Flu(uoo , a) is diagonal with eigenvalues

~2 -1 0,0] (3.3)

\ pv oo oo' nv ^oo ' ooy /

and, hence, that the stable manifold at £, = oo is two dimensional [stable manifold
theorem using C =
by the equations

2theorem using C = +^-) /2]. Therefore to restrict to a finite interval, replace (3.2h)

(a) ^.("oo ,a)vi = /iivi, /' G {1, 2},
(b) u(iK) = u00 + clv1+c2v2,

where vy and v2 are the corresponding eigenvectors and c, and c2 are constants.
Equation (3.4b) is then back-substituted into system (3.2) and Eq. (3.4a) to elimi-
nate . This leaves four equations with seven side conditions. At least formally
then, one would expect three scalar parameters, which are to be computed in the
continuation process, viz. A, c,, c2. The computational right endpoint £R is fixed
throughout the continuation.

The actual computations are performed using the bifurcation tracking code AUTO,
moving from the error function solution at a = 0 to a similarity solution of system
(2.1) at a = 1 . AUTO computes the homotopy using a polynomial approximation
(collocation method). At each step in the continuation process, a discretized version
of the system is solved using Newton or Newton-Chord iterations. The computa-
tional details of this method are given by Doedel and Kernevez [12]. AUTO is much
more powerful than is demonstrated here. It handles many types of bifurcation prob-
lems and computes solutions using a pseudo-arclength continuation, which makes the
designation of an explicit continuation parameter unnecessary.

4. Existence, uniqueness, and convergence. The justification for the above process
parallels that presented by Friedman and Doedel [16] for heteroclinic orbits. The
goal is to show that an appropriate operator is Fredholm, and a simplified version of
the implicit function theorem of Descloux and Rappaz can be applied to establish
existence, uniqueness, and error estimates for the approximate problem. The collec-
tion of lemmas that follows establishes the hypotheses needed to apply this implicit
function theorem. Throughout what follows, let C denote generic positive constants.

Define the standard norms
1/2

Mlo= (Elicit)
and

Ml] = M2o + \\du/dt\\l + --- + \\dJu/dtJ\\l, j> 0.
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Finally let H ■ be the Hilbert space of vector-valued functions on {0 < <5 < oc} with
finite || • ||. norm. By Lemma 2, we are led to look for solutions of system (3.2) of
the form u(£) = w(£) + u^ where w e H{ . In this regard, consider the operator
<J>: //j x R2 —> H0 defined by

<!>(•, w, A, a) = w - F{-, w + u^, A, a). (4.1)

Let (wQ, A0, 0) e H{ x R2 be a solution of O = 0, and define the linearized operator
by

fvO _ ^ / ,0 d_

dH
where

K=*J->wo>* >0) = Z*-A(-),

A{-) = Fu(-, w0{-) + , 0).

Lemma 3. The operator 0°://,—» //0 is a Fredholm operator with

dimyT(0° ) = 2 and codim^(0° ) = 0.

Proof. Recalling the results of Lemma 2, define the matrix A = lim^^ ^A(£) =
Flu(uoo, 0), and consider the system

(O>)({) = w'(() - A(Z)w(0 = 0. (4.2)

By the definitions of A(g) and A , and noting that \FUJ is bounded for £ sufficiently
large, one finds

\A(O-({ + VA\<C\w0(t)\,
which implies that

f* OO
\A{Q-£ + k)A\d$<™fJo

since |w0(^)| decays super exponentially as |^| —> oo . By [5, Theorem 1, p. 88] [again
using C = (£4- A) /2], this last inequality assures that system (4.2) has a fundamental
system of solutions vj(£) satisfying

vt(£) ~ eM,{(U) /2vi as £ -» oo, 1 = 1,2,3,4,

where vt corresponds to A. Hence (O^,) = span{v;.(^), / = 1, 2} (the other
two are not in Hx).

Now consider ^(0° ). Let H } denote the dual space of Hj, with norm

IML, = sup \(u,v) i\.1 NI;=1

Also let (u, v) denote the duality pairing between these spaces, and let e* e H0 be
in f . Then

(<t>°w,e*) = 0 Vw;eC0°°(l"),
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which implies that (0° )*e* = 0 in the sense of distributions where (<D° )* is the
adjoint of <X>° . Since system (3.2) is a system of ordinary differential equations, e*
can be identified with a smooth function y/ satisfying

(<)> = v/+A^ = o.
Noting that the eigenvalues of -A{Q are nonnegative and that y/ e 770 \f/ e (L2)4 ,
one finds that = 770 . Therefore )"L is trivial, and

codim^O®) = 0.

Hence 0° is Fredholm and this completes the proof of Lemma 3. □
For there to be a unique solution, the interface conditions (2.1c-e) must be in-

cluded. Define the operator : 77, x I2 —► 770 x K3 as

*¥(■, w , A, a) = (0(-, w, X, a), I(w, A, a)),

where
' 2A{ps — m,) — Dp(au{, au2)u3 ,

I(w , A, a)= I 2A(ns-ul)-Dn(aul,au2)u4, (4.3)

. /("! , u2).
The following lemma extends the results of Lemma 3 to the operator .

Lemma 4. Define the operator *F'(-, w0, A0, 0): 77, x K —> 770 x m3 as
<D0 O;

W A

7° 7°w h J
.3This operator is Fredholm with index 1 and with £?(*¥') = 770

Proof. First note that : M —> 770 , /° : 77, -» R3, and 7°: K —> R3 are computed
from (4.1) and (4.3). The Bordering Lemma then gives the desired result.

Lemma 5 (Bordering Lemma). Let X, Y be Banach spaces, and consider the oper-
ator

Ac pj:Ixl''-iy xK9,

with bounded linear operators A : X —> Y , B: Rp -* Y , C: X —+ Rq , D:M.P -+ R9 .
If A is Fredholm of index N, then S is Fredholm of index N + p - q .

Proof of Lemma 5. Write S as the sum of diagonal and off-diagonal matrices.
Then S is seen to be the sum of a compact operator and a block diagonal opera-
tor having the indicated index (cf. [3, Lemma 2.5, Appendix A2; 20, IV, Theorem
5.26]). □

Since with regard to the Banach spaces of this lemma, index(0°) = 2, the Border-
ing Lemma implies that index(4//) = 1. The statement regarding the range follows
from Lemma 3 and the linear independence of the interface conditions. This con-
cludes the proof of Lemma 4. □

Now define an approximate (truncated) operator *FT with the appropriate asymp-
totic behavior as £ —> oo:

¥x(-, w,A,a) = (Ox(-, w , A, a), I(w , A, a)),
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where
A, a), £<£R,

Ox(£, w , X, a) =
w' ~(^ + X)Flu(uoo,a)w, £>£R-

The next lemma establishes a pointwise convergence condition for 4* and 4^ and
a convergence condition on the derivatives at the initial solution.

Lemma 6. For the operators defined above,

||VP(-, w, X, a) - *PT(-, w, A, a)|| < Ce^R'2 -» 0 as 00 ,

\\V(- ,wQ,X°, 0) - ^T(., W0, X°, 0)11 < Ce**'2 - 0 as £R * oo,

where n < 0 is an upper bound on the negative eigenvalues of Eq. (3.3), and C
does not depend on £R .

Proof. From the definitions of <t> and 4>x ,

||¥(.,u;,A,a)-«FT(.,w,A,a)||

= ||F(Z,w + uoo,X,a)-(£ + X)F{u(uoo , aMI^,«,) •

Now recall the result from Lemma 1 that w = u - exhibits super exponential
decay as £ —► oo. By the definitions of || • ||0 and again noting that \Fuu\ is bounded,
one finds

m-, w, X, a) — Tt(- ,w,X, a) || < C\\w\\2Ho[iR x) < Ce^'2 .

Similarly, recalling that \F-kuu\ is also bounded, one finds

IK^uX' ' ^0 ' ^°) - ' "^0 > ̂  ' 0))U||0
< C\\[Fl(Z, w0 + Uoo, x°, 0) - ({ + x°)f;u(Uoo, x°, 0)^11^^,

and

<Ce^'2 Hull, Vue//,

||0,(.,w0,A0,0)-^«I>t(.,«;0,A0,0)||0

< C\\Fi(i ,w0 + uoo,X°,0)-(Z + X0)F[k{Uoo, A°, OHH^ >oo)

- 11//„[£„ , oo) - Ce ■

Combining the above inequalities yields the second of the desired bounds. □
The above lemmas are sufficient to establish the hypotheses of a simplified version

of the implicit function theorem [9, Theorem 3.1, p. 326] (cf. also [16, Theorem
1]). The main result of this section follows from that theorem. Note that since the
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present continuation is with respect to an explicit parameter, the linear functional
needed for that theorem is trivially defined.

Theorem 1. Suppose (u;0,A0) satisfies *F(-, wQ, A°, 0) = 0. Then there exist
positive constants ^, a0, e, C and two unique C1 maps (w(a),X(a)) and
("!%(«), AT(a)) satisfying for |a| < a0 and i^R > ^ the following conditions:

¥(• ,w(a), A(a), a) = 0, ||(w(a), A(a)) - (wQ , A,,)^ xR < e,

^t(-' ' A-j-(a) , a) — 0, || (Wj(cn), Arp(a)) — , ^-q)II//, xr ®>

and
|A(a) - AT(a)| + ||u;(a) - u^a)^ < C\|w(a)||/^/2 .

5. Examples: Degenerate diffusion. Now let us consider several specific examples:
the first is an easy test case where both diffusivities are taken to be constant; in the
second, one of the diffusivities has a linear singularity; and the third is a more elab-
orate case where both of the diffusivities depend on both constituent concentrations.
Mathematically, the second example corresponds to a Stefan problem with the heat
equation replaced by the porous media equation. In each case, at least one of the
diffusion processes is degenerate at a = 1 .

For each of the examples, let p^ = 1.6 x 10~3, = 2.0 x 10~2 , ps = 3.2 x 10~3 ,
ns = 1.0 x 10-2 (all in mole fractions). Also let f(p, n) = lOOOp -l- 10n - 1. These
parameter values along with this linear solubility relation are taken from [14, 18],
They are typical for protein-precipitant systems, and they satisfy the assumptions of
Lemma 1 and the first remark following that lemma. In particular f{px, n^) > 0,
while in the first two examples /(0, P(0)) — -0.8 < 0 and in the third /(0, P(0)) =
-0.7 < 0. The very small values of the mole-fraction concentrations, particularly of
the protein in the crystal, are indicative of the size of the protein molecules (they are
huge) and of the amount of water that is trapped in the crystal (as much as 50% by
weight [22]).

Example 1. Let Dp = D°p{ 1 - a) and Dn = D°n (constant) with Dp = 1.0 x

10—7, D°n = 1.0 x 10~5 (cm2/sec). These values for Dp and D°n are also typical.
Since neither diffusivity depends on either constituent concentration, both concen-
tration profiles are error functions, and since Dp < D°n , a scaling analysis shows that
the precipitant profile satisfies

WO -nj = 0 {y/fyDP) (5.1)
[14], Since Dp is proportional to 1 - a, a scaling argument shows that A is propor-
tional to Vl - a ■ This proportionality is displayed in the continuation computation
of A in Fig. 2 on p. 416.

Example 2. Meta-Stable liquid phase. Let Dp = D°p( 1 - ap/poo) and Dn = D°n,
again with Dp = 1.0 x 10~7, D°n = 1.0 x 10~5 (cm2/sec). Then as a —► 1 , the
problem becomes singular for protein concentrations near px . Physically this does
not correspond to a particular protein. Rather it is what one might expect if one
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Fig. 2. Growth parameter for D = D°p( 1 - a) and Dn = D°n . The

variable X is dimensionless, i.e., here X = Vyjt/Dp . At the right
end, a 2= 0.999 .

Solubility
Equilibrium Stable Liquid

/(/?, n) < 0

Spinodal
Region

Fig. 3. Schematic of the solubility relation. For the solubility equilib-
rium curve (line), f(p, n) = 0 . For the meta-stable liquid, f(p , n) >
0 while Dp(p) > 0 . For the spinodal region, Dp(p) < 0 .

were to run an experiment with a typical protein and if the experiment were set up
so that the initial and far-field concentrations (, n ) are near the spinodal region
[recall Eq. (1.1)]. This arrangement is depicted in Fig. 3. The precipitant profile is
again relatively flat since Eq. (5.1) still must be satisfied. Diffusivities that decrease
sharply as concentrations approach spinodal values have been described by Myerson
and Senol [24] and Chang and Myerson [4]. Here a is proportional to -dDp/dp .
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Fig. 4. Growth parameter for Dp = D°p{ 1 - ap/p^) and Dn = D°n .

Again A is dimensionless: X = v^Jt/D® . At label 10, a — 0.994 .

The continuation computation for this system is presented in Figs. 4 and 5. Figure
4 is a plot of the growth parameter A versus a. Figure 5 on p. 418 shows the profiles
of p and p( for various labeled points on the /.-a curve. As a increases, the profile
of p( becomes linear for small d; with a rapid change at p = p^. Note that the
behavior of A is different from Fig. 2, where D is independent of concentration:
here X 0 as a —► 1 .

The accuracy of the computations for a near 1 is supported by the following
results. The first deals with the case a = 1, while the second considers the asymptotic
limit as a —► 1 . The second is based on the standard definitions in, say. Bender and
Orszag [2],

Theorem 2. Let Dp = D®{ 1 - p/p^), i.e., take a = 1 . Then for each value of
p(0) < p^ , there exists a unique weak solution of (2.2a) and (2.2f). Furthermore,
there is a ^ such that p{£) = p^ for £ > ^ and p{£) < px for £ < ^ . Finally

lim p (£) = 2(A + *g>°° . (5.2)

Proof. Set 4> = 1 -P/Poc and r] = (A + £)/yjl^. Equation (2.2a) is then

(#')' + 2#' = 0. (5.3)
The existence and uniqueness of the weak solution, the boundedness of <f>, and the
existence of ^ all follow from a shooting argument of Craven and Peletier [7],
The limiting value of p. as £ —► £ can be computed following the argument for
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Fig. 5. Protein concentration (in mole fractions) and similarity gra-
dient for several a values. Labels match those in Fig. 4. Note how
rapidly pi changes as a —» 1 . Again £, is dimensionless: here

{ = x/ 2 sJtD°p .

Theorem 3 of [7, p. 80]. Integration of Eq. (5.3) yields

u' + 2# = m'm + 2 [" 0 = -2 f00 <t>,
JO J r]

where rj^ = (A + / J~I^p • Dividing by <f> and noting that since 4> is decreasing

one finds that
lim 0' - —2. □

Theorem 3. Let Dp(ap) = D°p( 1 - ap/poo), let be the position of the corner
shock discussed in Theorem 2, and let p(£) satisfy (2.2a), (2.2c), and (2.2f) with
p(0) = p0. Then as a —► 1~ , the outer solution of (2.2a) for £ < ^ is

+^+0•
5aps ZapQ px Dpip^ - ap0)
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with

k = £>oo - ^o)3

2Poo(aPs -Pj(3aPs - 2aPo-Pj '

Moreover, let the inner scaling as a —► f be

x- ^oo
~ (l-a)y^'

Then for 1 - a < 1 , the lowest-order inner solution satisfies

+ as *--00 (5.4)

and
O/xrx /, 1-a -2(f +A)x/\/dH\ v ,, ->PinW ~^oo (1 - e v ') as X —► +oo. (5.5)

Finally as a —> 1~ , p(£) converges to the singular solution discussed in Theorem 2.
Proof. Write the derivative of p in the form p^) = + b + 0(^2). Then b is

given by (2.2c), m by evaluating (2.2a) at £ = 0, and A by requiring that (2.2a) be
satisfied to second order in £,.

To understand the inner asymptotics, let

P{X) = -——■— (1 P^1 - a V P*.
Then (2.2a) becomes

0=((l+P)P')' + 2(r,oo + (l-a)X)P',

where again tj^ = (A + £00)/\/d^- Dropping the higher-order (1 - a)-term and
integrating twice, one finds that

ln(P0) + P0 = -In^X + ln(P0(0)) + P0(0).

Let pin{X) = p(Q . The claim then follows by considering |X| large and writing the
result in terms of pm .

Finally, for the convergence result, let <j>a = a( 1 - p/prxj), and again let t] =

(A + ^)/y^D^. Then (2.2a) becomes

((l-a + ̂ »X)' + 2#l = 0. (5.6)
Writing (5.3) and (5.6) as first-order systems, one sees that for 4> > 0 by a regular
perturbation argument using Gronwall's inequality, <f>a —> 4> pointwise as a —> 1;
but from the proof of Lemma 2, we know that (f>a is monotonically decreasing to 0.
Since (j) = 0 for rj > nx, it follows that cf>a —> <j> uniformly. □

Remarks. (1) Written in terms of £, pm also converges to the singular solution.
Compare (5.4) with (5.2), and (5.5) with p = p
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Fig. 6. Schematic diagram of Dp(ap, an) for Example 3.

(2) One is tempted to try the following argument: To find an outer solution away
from the discontinuity in p(, assume that p(( is bounded and that D (p^) —» 0.
These assumptions imply that p( is a line, but the y-intercept for this line is inconsis-
tent with (2.2c), and both the slope and ^-intercept fail to match the computed values.
The problem is that the assumptions are inconsistent: p^ becomes unbounded in
the region where Dp(p) is small. There is also an exact quadratic solution of (2.2a)
that fails to satisfy the boundary conditions.

(3) The position of the corner shock is given to 0(£3) and lowest order in a
by solving P^,^) = Pa0 . So in terms of the original variables, x^it) = 2£oo\/7.
Thus for a near 1, the corner shock position is a second moving boundary for the
problem.

(4) Obviously the presence of the precipitant is not important for the last two
theorems. The same results also hold for one-component systems.

Example 3. For this final example, let

Dp = D°p( 1 - ae~({p~p<)/S)2){ 1 + Mae~((n~n<)IS)1)

and

Dn = D°n(l-ae ((" "<)/<5)2)(l +Mae ((p P<)/S)2).

These diffusivities are mirror images, with narrow ridges and troughs at critical con-
centrations pc and nc. Near nc and away from pc, the ^-concentration increases
from D°p to D°p( 1 + aM), while near pc and away from nc, it decreases to Dp{ 1 — a)
(cf. Fig. 6). The diffusivities do not correspond to typical protein-precipitant systems.
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Fig. 7. Growth parameter for Example 3. At label 8, a ~ 0.725 .
Dp = D°{ 1 - ae_((p""''c)^)J)(1 + Mae~{{n~n'),S]2), and

Dn = D°n( 1 - ae~a"~n^IS)2)(l + Mae~((p-p')IS]2) .

They are, however, indicative of the complicated profiles that would be expected
when, for example, something like hydrogen bonding occurs at critical concentra-
tions. This effect would cause molecules of one constituent to form chains or lat-
tices, inhibiting their movement while creating additional interstitial space for the
other constituent. Note that the relative positions of a and the concentrations in
this example differ from what they were in the analysis and the first two examples.
This requires a minor change in the code but does not present a serious difficulty.

Computations for this system are presented in Figs. 7, 8 (see p. 422). Again the
first figure is a plot of the growth parameter, but this time the second displays p and
n . In these computations, the critical concentrations are pc = 0.001 and nc = 0.021,
while M = 1000 and S2 = 10~7. Also for this example, D°p = D°n = 1 . These
parameter values lead to singular diffusivities in the middle of the concentration
ranges. There are two main observations in these figures: First, plateaux form in
each concentration at the ^-value corresponding to the critical value of the other
concentration. This results in an internal layer in the protein concentration, which
moves deeper into the liquid phase as a —► 1. The second observation is the "kink"
in the growth parameter for large values of a. As a increases, the diffusivities
become increasingly singular, and the growth parameter in particular becomes more
difficult to compute accurately.
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Fig. 8. p and n-values for Example 3 for several a values. Labels
match those in Fig. 7.
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