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Abstract. A method is described for constructing general solutions of the steady

two-dimensional Navier-Stokes equations governing the motion of a viscous incom-

pressible liquid. The solution for the stream function is expressed in implicit para-

metric form containing two arbitrary complex functions or four arbitrary real func-

tions.

Introduction. To determine quantities of physical interest for the steady motion of

a viscous incompressible liquid such as force, torque, pressure, boundary vorticity,

or shear stress requires a solution for the fluid velocity satisfying the Navier-Stokes

equations. The flow equations though quasi-linear and autonomous contain sufficient

nonlinearity, through coupling of the fluid velocity and vorticity, in such a way that

solutions of generality can only be found implicitly defined through the use of para-

metric functions; see [2], However, these implicit representations for the solutions,

although not of the most desirable form, are not without interest and can be em-

ployed to investigate and simplify the boundary values of the basic flow quantities

and their derivatives.

The present paper addresses the problem of constructing general type solutions

that are implicitly defined in terms of parametric equations. The starting point is a

concise complex variable formulation; see [1] for the simplest nondegenerate form

of the Navier-Stokes equations; namely, the steady two-dimensional flow equations

governing the motion of viscous incompressible liquid. This complex equation con-

tains the stream function y/ and an auxiliary real function <\> as dependent variables

and has the advantages of being quasi-linear, autonomous, with the only indepen-

dent variable being ~z = x - iy . All three properties are used in the present analysis.

The method of solution is to parametrize y and <f> in terms of <f>2, <t>-, y/2, ,

and this is achieved by the introduction of complex stream functions which pro-

vide nonlinear equations of Riccati type and allow explicit integration. The complex

stream functions have no obvious physical significance and are used as an analytical

device to determine the real physical stream function (//. In general, neither the

real nor the imaginary parts of the complex stream functions are solutions of the
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real flow equations. By applying consistency or integrability conditions to the inte-

grated Riccati equations and the complex flow equation, a full parametric solution

to the Navier-Stokes equations, containing two arbitrary complex functions, is ob-

tained. The biharmonic solution for Stokes flow is determined in the limit kinematic

viscosity v —► oo.

The equations of motion. The equations describing the steady motion of a viscous

incompressible liquid are given by

2
-[q x curlq] = -grad5 + fV q, (1)

B = - + \[ q|2, div q = 0, (2)
P ^

where q is the fluid velocity, p the pressure, p the density, u the kinematic viscos-

ity, and B the Bernoulli function. Here part of the usual convection term (q • Vq)

has been absorbed into the Bernoulli function. For a two-dimensional flow there is

a stream function defined by

q = ui + v] = curl {-y/k) = -y/y'i + y/xj. (3)

There is a concise complex variable formulation of Eqs. (1) and (2) first given in [1]

and subsequently discovered by others and given by

1 2  
fizz + *>zz + = °' z = x + iy, z = x-iy, (4)

B — -i/V2(/> = —4i/0z— = ~ + 2|^zVj, (5)

where 4> is a real function of x, y playing an auxiliary role in defining the equations

and has no real physical significance. The complex conjugate equation is

fizz - i^zz + = °- (6)

Elimination of <j> by differentiation yields the usual vorticity equation

The only known general solution of Eq. (4) for the stream function if/ is provided

by

y, = k{x2 + y2) + (j)l(x, y), V20!=O, (8)

and k a real constant. The formal limit as v —► oo of the complex flow equations is

fi-z + i^Yz = 0' (9)

for which the solution is

<l>+iy/ = zf(z) + g{z), (10)

where f(z), g(z) are analytic in a suitable region of the fluid. This result will be

recovered later as a by-product limit of nonlinear analysis.
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It is observed that the complex flow equation (4) can also be expressed as a complex

Schrodinger equation in the form

r_ = —6— • r r = e¥/i2vi)
zz 2v zz '

but the nonlinearity is not circumvented since rr = 1 .

Method of solution. It is appropriate to define

L s (11)

+ + (12)

i2 = ^ + /%+iGi, (13)

where (f> = 4>(x, y), y/ = y/{x, y) are real functions of x ,y and F = F(z, z),

G = G(z, z) are complex functions of z,z. It will appear that F, G can be

interpreted as complex stream functions with no immediate physical significance

and are essentially used as analytic artifices in constructing the real physical stream

function y/.

The equation

r r • v)/(2f i) <9 , (F+i//)/(2vi), „ „ ,, ..L{ - L = le r,n Q=ie \Fj-y/z)} = Q (14)

is of Riccati type and implies

e!F.MW (F )=/(z). (rs)

In a similar way the equation

implies

L2-L = ie^G~^ i)d_{e(0+^i){G_ _ v_)} = Q (16)

e(G+V)l(2vi){G__ii/_) = g{zl (n)

Also from Eqs. (15) and (17)

nz)e<0-W){G__ ¥j) _ =0, (18)

which permits an integration of the form

f(z)eG,{2v,) - g{z)eF/(2vi) = h(z)ev"{2vi). (19)

The functions f(z), g(z), h(z) are analytic in a suitable region of the fluid. For

consistency at a later stage it is expedient to choose

h(z) = 1, g(z) = f(z) (20)

so that
f(z){eG/(2vi) - eFI(2vi)} = evl(2vi). (21)

Also Eq. (15) implies Lx - L = 0 and Eq. (21) implies

eG/i2ui){L2 - L) - eFI{2l'i){Li - L) = 0. (22)
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Again from Eqs. (15) and (17)

q_ _ p_ _ /(z)[e(_G_*')/(2'"') _

= y(^)e [e - (23)

i-G-F)/(2ui)

so that
e(G+F)/P»i)(G_ _ /_) = _ J; (24)

which implies

Lx-L2 = 0. (25)

It will now be shown that there is a solution to the flow equations of the form

G = F + K{Q), Q = <f> + aF, (26)

where K is essentially an arbitrary complex function of its argument and a ± i is

a complex constant. Equation (24) simplifies to the equation

+ J = Q ^

For the following analysis it is convenient to regard (f>, y/ as functions of F, F and

write

F- = M, ~Fj = N, (28)

where M = M(F, F), N = N(F, F) are complex functions of F, F . The inte-

grability condition Fz- = FJz provides the complex partial differential equation

MfN + MjM = NfM + NjN, (29)

and Eqs. (27) reduces to

el2F+K(Sim2vi) K\^.){{4>f + a)M + (f^N) +1=0. (30)

Now if A, B, C are complex functions of F, F, the equation

ALl+BL2 + CL = 0 (31)

is equivalent to

+ iFj) + B(4>- + iG-) + C{(j>- + iy/ -z) = 1, (32)

+ Aoi + C. V1 _ + iFj) _ s_(^_ + ;c_) _ c_^_ + ,>.)= 0. (33)

With G = F + K (Q) and F-— M, F-= N, these equations can be written as

A[(4>f + i)M + 4>jN] + B{(</>F + i)M + 4>tN + K'(Q)[(cf>F + a)M + <j>FN)]}

+ C[(<j>F + iy/F)M + {cj>j + iytp)N] = 1,
(34)

A-M2 + ~{M + K'(Cl)[(cj>F + a)M + c^N]}2 + ~WFM + y/jN}2

— (AFM + AjrN)[((f)F + i)M +

— (BpM + B-FN){(cj)F + i)M + <f>jN + K (Q)[((/>F + a)M + <j>pN]}

— (CFM + C-pN){((f>F + iyjp)M + i y/-p)N} = 0.

(35)
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From Eqs. (30) and (34), M, N can be expressed in terms of A, B, C, and elimi-

nating M, N from Eqs. (29) and (35) yields two complex partial differential equa-

tions for the complex functions A, B, C . In view of the arbitrary nature of K(Q)

and that there are three complex dependent variables defined by two complex partial

differential equations (29), (35), it is in general possible to satisfy these equations for

A, B, C in such a way that A + B + C ^ 0 and 0 = 4>(F, F), y/ = y/[F, F) are

essentially unrestricted. In this case the equations

Lx-L2 = 0, eG,{2vi)(L2-L)-eF,{2ui){Ll-L) = 0, (36)

ALl+BL2 + CL = 0, A + B + C^O, G = F + K{Q), (37)

imply L = Lx- L2 = 0 and the flow equations have a solution with G = F + K(Q.),

Q = (f> + aF .
The success of this method depends on the basic quasi-linearity of the flow equa-

tions. It then follows from Eqs. (36) and (37) that

f{z)[elF+Kmi(2»i) _ eFI(2,i)J _ e,l(2r0 = 0 ; (38)

e{2F+K(Q.)]/{2vi) K* + j = q (39)

have solutions consistent with L = 0 in which f(z) and K(Q.) are unrestricted.

Since from Eq. (38)

elG-m*>i>nz)_m = elw-F)IMt G = F + K(a), (40)

it follows that

e(G-F)K2Vi){G_ _ F_)f{z) = e(¥ F)/(2»i)(v/_ _ ; (41)

which in turn implies from Eq. (24) that

etF*m:")(Fr-Wr) = Az). (42)

Again Eq. (38) is equivalent to

F - t//+ 2vi\ogf(z) = S{co), a> = cf> + at// - 2vailog f(z), (43)

where S is an arbitrary function of its argument since K is arbitrary. Eliminating

F from Eqs. (42) and (43) yields

e(2iy+s(co))/{2ui)^i^U)_ _ (y(z))2 ^ to = 4> + ay/- 2vai log f(z), (44)

which can be written in the form

p-S(w)l(2vi)

w1 = j(z)Mx(oo)e vl(vl), Ml{co) = — , j(z) = {f{z)), (45)
z 1 S (co)

and co = </> + ay/ - vai\ogj(z). It remains to apply integrability conditions in

conjunction with the complex flow equation L - 0. This can be simplified by

setting

y/J = f{z)Nx{a))evl(vi), (46)
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and from Eq. (45) the equation L = 0 is satisfied providing

[M'Aoj) + (i - a)jV!(ft))]A/j (co) - —.NA(o)[M'A(o) + (i - a)N[(oi)]
Vl (47)

+ ^[Nl(co)]2 = 0.

By writing Mx(co) = R(co)Nx(co), Nl(co) can be expressed in terms of R(co) by the

formula

(48)

where AQ is a complex constant. Both Mx(co) and N{ (co) can now be expressed in

terms of the arbitrary complex function R(co). The integrability conditions (j>zJ =

tj>~2, Vzj = Vjz with (f), (// real lead to the real equations

j\z)[Mx{o))-aN[{o))]e-¥l(vi)+j{z)e-vl(vi)[M[{(o)-aN[{(o)]

x |l(z)evl{vi)\M\(«) - aNl (ft))] + a](z)evl{u,)N,(a) - vai|

- J-^-[Mx(co) - aN,(co)~\j{z)~N,(ctJ)

= ]\z)evl{vi)[Mx (To) - aNx («)] + ~j{z)evl(vi)[M\ (W) - a~N\ (aJ)]

x \j{z)e~v^v,\Ml(oj) - aiV^ft))] + aj(z)e Nx(co) + vTiiij— |

+ (ft)) - aN{ (W)]j(z)Nl (co)

(49)
and

+ Kz)e''li")N\{c»

x i j(z)ev^v'\M x(co) - aA^ft))] + aj(z)e'>'/('1"^ Nx(co) - avi- ^
j(z)

ji^Nl(co)j(z)Nl(co)
ui

= j' (z)N x(W)ev,(vi) + j(z)ev,[u,) N\(W)

x \yj(z)e~vl(l"\Mx (w) - aN{ (a;)] + aj(z)e~vl(vl)Nx (ft)) + j

+ MNl(W)j(z)N{(co).

(50)
Equations (49) and (50) represent a general solution of the steady flow equations in

which 0, y/ are implicitly defined with j(z) and R(co) essentially arbitrary. This

completes the analysis except to check the results in the limiting case u —► oo , which

results in Stokes flow, and also to recover potential flow as an exact solution.
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Stokes or creeping flow. As a check on the preceding analysis, it is useful to return

to Eq. (44) in the form

e[2y/+S((o)} l^2vl'> s\o))o}j = j{z), co = cf> + ay/ - vai \ogj(z); (51)

taking the formal limit as v —> oo of L = 0 and Eq. (51) results in the consistent

solution
4>1+iy/1 = m(z), m(z) = j(z)eliolo%j{z), (52)

where
' afiis

V—XX)
lim a = i, p0 = Hm [ -y- ) , (53)

and S(co) = pco, 0 a complex constant. An arbitrary function S(a>) is lost in the

limiting process but is recovered by integration to provide

0 + iy/ = zm(z) + n(z) (54)

or equivalently

2(f) — ~zm{z) + 4z7n(z) + n(z) + n{z), (55)

2iy/= ~zm(z) - zmiz) + n(z)-n(z), (56)

which are clearly both biharmonic functions.

Potential flow. As a second check on the analysis it is noted that a general potential

flow is obtained from Eq. (49) with S(a>) = constant and j(z) = 0. The equation

L = 0 is then satisfied by

4> = a(z) + a(z), y/= b{z) + b(z), (57)

with

a'(z) + ib"(z) + ~(b'(z))2 = 0. (58)
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