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Abstract. The problem of a tip-loaded TV-segment cantilever with torsion springs
at the joints is formulated through nonlinear difference equations. The solutions are
obtained by both numerical and perturbation methods. As the base is rotated the can-
tilever shows nonlinear behavior such as nonuniqueness, hysteresis, and catastrophic
changes. A stability criterion is proposed.

Introduction. Load-bearing segmented rods occur in many situations involving
both strength and flexibility. For example, the human limbs and the spine have
been modelled as connected rigid rods. Partial rigidity of the system is attained by
adequate support at the joints through the tendons. The mechanical analog is repre-
sented by the cantilever arm. Of great interest is the configuration of the arm under
loading, since exact displacements of the tip are essential in design.

The paper is a theoretical study of a very simple model of an "arm" or cantilever.
We assume there are N identical rigid segments linked end to end in a plane. In
the unloaded state the linked segments, with one end attached to a base, resemble
a straight cantilever. There are N linear torsion springs at the joints to produce a
certain amount of stiffness to the system. Under a tip weight the cantilever bends
as shown in Fig. 1(a). We are interested in the configuration of the cantilever as the
base is rotated. The motion is assumed to be slow enough so that dynamics can be
ignored.

Formulation. Let 6n be the angle of the nth segment with the vertical (Fig. 1(b)).
Let the resisting torque of the joints be proportional to the angle differences between
adjacent segments with A as the spring constant. A moment balance gives

F'esmen + wn+l-dn) = wn-dn_l), (i)

where F' is the tip load and £ is the length of the segment. Normalize F' by kf£
and drop primes. Equation (1) yields the nonlinear difference equation

0*+. - 2en + en-i + Fsin K = 0. « = 1 t0 N- (2)
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Fig. 1. (a) Cantilever with tip load, (b) Equilibrium of one segment.
(c) Radius of curvature R .

We also introduce two fictitious links: n = 0, which represents the base, and n —
N +1 extending past the tip. Let a be the angle between the base and the horizontal.
The boundary condition at the base is

e0 = a. (3)
Zero torque at the tip is equivalent to

&N+1 = W

For given F, a, Eqs. (2-4) are to be solved for 6n . The locations of the joints are
then given by

~Nan=an-l+vSindn> = 0' (5)

bn = bn-l + JjCOsen> b0 = 0 > (6)

where the lengths have been normalized by L = £N. Thus the location of the tip is

1 N
a = aN= JvESin0«'

n=1

b = K = i fl'ose.. (8)
n= 1

The moment at the base, normalized by X is

M = 9l-a. (9)
Perturbation solution for small F . When the load is light or the spring is relatively

stiff, F <c 1 . The segment angles are all close to a. We expand in F as follows:

en = a + F<px{n) + F2tp2{n) + F3<p}{n) + ■■■ . (10)
Equations (2-4) are linearized into the successive equations

<px{n + 1) - 2<px[n) + (px{n - 1) = - sina, (11)
(p2(n + 1) - l(p2{n) + <p2(n — 1) = -cosa^,(«), (12)

sin ol 2
0>3(w + 1) - 2p3(n) + <p3(n - 1) = —<px{n) - cosa<p2(n), (13)
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P/(0) = 0, (14)
tp.(N) = <p.(7V + 1), i integer. (15)

The solutions are polynomials

9l(n)= -^[n2-(2N+l)n], (16)
cosasina 4 .... , ) 292(n) = 24 ~(4N + 2)n -n (17)

+ (87V3 + 127V2 + 87V+ 2)n],

sin3ar 6(p3{n) = "24^1" ~ (6N + 3)" + (10AT + 10N)n

(18)

+ (107V + 5)n3- (107V2 + 107V + \)n

- (167V5 + 407V4 + 407V3 + 20N2 + 87V + 2)n]
2cos a sin a. 6 , ,, ,r , 5 , , 4 720 n +(6N + ?,)n +5n

- (407V3 + 607V2 + 507V + 15)n3 - 4«2

+ (967V5 + 2407V4 + 2807V3 + 1807V2 + 687V + 12)«],
Higher-order solutions can be generated with the help of a computer with symbolic
computation capability. The moment at the base is then

M = 7Vsino:.F[l + g(7V + 1)(27V + 1) cosaF

+ ^(7V + 1)(27V+ 1)(27V2 + 27V+ l)(2cos2a - sin2a)F2 (19)

+ 0(N2F)3].

The horizontal distance of the tip is a = M/(FN).

Perturbation when a and 6 are close to n . In this case the cantilever is hanging
almost vertically down. Let a = n + e , e < 1 . We expand as follows:

S„ = n + ex i (") + £2*2(") + ^ X3(n) + ■■•. (20)

Equation (2) becomes the successive linear difference equations

Xl(n + 1) - (F + 2)Xl(n) + *,(« - 1) = 0, (21)
Zj(0) = 1, Z1(7V) = /1(7V+1), (22)

X2{n + 1) - (F + 2)x2(n) + x2(n - 1) = 0, (23)
*2(0) = 0, X2(7V) = *2(7V+1), (24)

X3{n + 1) - (F + 2)x3(n) + x3(n - 1) = -£*?(«) > (25)
X3(0) = 0, Z3(iV) = Z3(7V+l). (26)

The general solution for X\(n) is

*,(/!) = B{v1 + B2vn2, (27)
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where

"».2=i+f ±yFi+*F- (28)
Using the boundary conditions we find

{v2 — \) ID, B2 = v?(\-vx)ID, (29)

D = v"(\-vy)-v2(\-v2). (30)

From Eqs. (23, 24) we conclude that x2 is identically zero. The solution x3(«) is
more complicated. The right side of Eq. (25) is expressed as

-\[B\{v\)n + 3 b\b2v\ + 3 BB\vn2 + b\{v\)\ (31)

By a parameter variation method similar to that described in Mickens [ 1 ] the partic-
ular solution is

V 00 1 f (g't/"+1)3 I (g^"')3
3P 6 \^-(F + 2)^ + \ v62-{F + 2)^ + 1 (32)

3 B2xB2 n+\ 3B2Bl „+i|+ ,' znu. + , 1 nv7 >.
^2-l v22-\ J

Using the boundary conditions and a homogeneous solution similar to Eq. (27) we
find

*3<»> = *»<») + 5 {[*„(0)^( 1 - *2) + Xi„(N + 1) - *„(JV)K (33)

- u,,(0)^(1 - «,)+x„(n+1)-x3pmp;}.
The moment at the base is then

M = [*,(!)- l]e + X3(l)e3 + 0(e5). (34)

Perturbation when a and 6 are small. This is the almost vertically standing can-
tilever. We expand as follows:

0n = ay/{{n) + aV3(«) + °(<*)- (35)

Similarly, the leading equations are

if/^n + 1) + {F - 2)y/x(n) + y/^n - 1) = 0, (36)

V,(0) = 1, yf1{N) = Wl(N+ !)• (37)
The solution is

where
y/x(n) = C{n\ + C2fin2, (38)

HX 2= \-^±\4f2 -AF, F± 4. (39)
Note that /i, 2 are complex conjugates if F < 4, indicating oscillatory solutions.
The boundary conditions give

C,=^(/i2- 1 )/£>', C2 = <(1 -nx)ID\ (40)
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D' = hNx{\-h,)-hN2{\-h2). (41)
The equation for i//3(n) is

y3{n + 1) + (F - 2)^{n) + y/^n - 1) = \v\in), (42)

V3(0) = 0, ^(*0 = ^+1). (43)
The solution is

w-s{;. {n) = .L{ (c^+1>3 + &£!
ipU + 2)^ + 1 fi62 + (F-2)nl + l

3 c\c2 n+i 3 C2C,
+ + ~l7n^2

A'l 1 ^2

(44)

V3(") = ^3p(") + - <"2) + + 0 - (45)

- [r„(0),f(i - f*i) + V3p(N+ 0 - v3pWK>-
In the case F = 4, we find /z2 = /z, = -1,

Vi(") = (-1)" ~ 2Af2+ ! A2(~1)" » (46)

, , «2(-l)"
6

1 « (n2 - 1)
(47)

V3(«) = VypW + , 7jv7~: ,3^ »(-!)"• (48)

2 27V+1 (2N + l)2 5(2AT+1)3
V3p(N+l)-W3p(N)

(—\)n(2N + 1)

The moment at the base is then

M = [^(1)-l]a+i(/3{l)a + 0(a). (49)

Stability problem when a = 0. The stability of a linked column under axial com-
pression is of great interest to structural engineers (Croll and Walker [2], Weinberger
[3], Simitses [4]). Their analyses, however, are for the columns with one or two de-
grees of freedom only. We shall study the stability of the TV-link cantilever-column.

The stability criterion can be obtained from Eq. (35). For a = 0 and 6n ± 0, a
necessary condition resulting from the previous analysis is D' = 0, or

H*{\-nx) ~H2{\ -fi2) = 0. (50)

Since , n2 are related by

HlH2=\, m+H2 = 2-F, (51)

Eq. (50) simplifies to

The solution is

2N+\ 1 /c^\
Hx =-1. (52)

Hx 2 - e±"t<(2"+1)> , m = 1, 2, ... , 2N + 1. (53)
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From Eq. (51) the critical force is

Fc = 2-2 cos
n(2m - 1)

L (2N+1)
A ■ 2= 4 sin 7c(2m - 1)

2(2N+l) (54)

Now as N —► oo we expect the segmented cantilever to approach a continuous
elastic cantilever. Let us define a local "radius of curvature" R as shown in Fig.
1(c). Thus

AO i,anT = 2R (55)

If local moment is defined as stiffness " EI" times local curvature,
2 Af)

AA0 = EI j tan-^-. (56)

We see that for a segmented rod with linear torsion springs the bending stiffness EI
decreases as A6 increases or the material is "soft". As N -* oo, Ad —> 0 and we
find

EI*M = kL/N. (57)
The critical leads for a fixed-free elastic column (Timoshenko and Gere [5]) are

F'L2 (2m-l)V
—=rr =     , m integer. (58)

hi 4

Using Eq. (57) the asymptotic value of our normalization as TV —► oo is

F = FU = (2m - DV
X 4AI2

Comparing the numerical values of Eqs. (54) and (59) we see that the difference
in critical force between the continuous elastic column and the discrete segmented
column is within 5% if > 19. For a difference of 3% the number of segments
needs to be larger than 32.

Numerical solution. When neither F nor 6>( is small, the problem is basically
nonlinear and numerical solution is necessary. The method is as follows. For given
N, a and F > Fc we guess 81 and compute dN, 0N+X from Eq. (2). A solution is
found when Eq. (4) is satisfied. If not, the value of 61 is adjusted.

The nonlinear problem can best be depicted in a base moment-base angle plot. We
shall illustrate by the N — 6 case. Figure 2 shows the (M, a)-plot for F = 0.05.
Since the value of F is less than the lowest buckling force F = 0.0581 from Table 1,
we expect M to be a unique function of a. The maximum M of 0.2901 (or longest
horizontal reach of the cantilever occurs at a = 49°. Our approximate solution Eq.

M

-n -jt/2
I  L

a re/2

Fig. 2. Moment M and angle a at base, N = 6, F = 0.05 .
Dashed line is from Eq. (19).
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Fig. 3. (M, a) -diagram for N = 6 , jF = 0.5 . Dashed line is from
Eq. (34).

(19) for small F compares well with the numerically exact solution for all a.
When F is increased to 0.5 (Fig. 3), nonuniqueness is already apparent. There

are three solutions for |a| < 138° and one solution elsewhere. Our perturbation
solution for a close to n , Eq. (34), is surprisingly accurate. At state A, a — 180°
and the cantilever is hanging straight down. As a is decreased the shapes change
continuously through states B, C, D, E till a = -138° . Any further decrease would
cause a flipping phenomena from states E to G. The corresponding configurations
are shown in Fig. 4(a). The three equilibrium solutions (not all stable) for a = -40°
are shown in Fig. 4(b).

Figure 5 (see p. 88) shows the (M, a)-diagram for F = 1. For given a there
may be one, three, or five solutions. Notice the folding of the curve near a — ±n .
For F = 1.5 the foldings become more complicated (Fig. 6 on p. 88). There may
be as many as 11 different solutions.

Figure 7 (see p. 89) shows a composite picture of several (M, a) diagrams for
N = 3. The behavior is similar and nonlinearity persists even for a small number of
segments.

Of interest is the force-displacement relation for the vertical segmented column
(a = 0). Figure 8 (see p. 89) shows the location of the tip for N = 3. As F is
increased from zero, the column remains straight until F reaches the first critical
force of 0.1981.

H

D

Fig. 4. (a) Configurations as a is decreased. Letters correspond to
states in Fig. 3. (b) Three different solutions for a = —40° , N = 6 ,
F = 0.5.
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Fig. 5. (M, a) -diagram for N = 6, F = 1 . Approximations are
from Eqs. (34) or (49).

Fig. 6. (M, a) -diagram for N = 6 , F = 1.5 . Approximations are
from Eqs. (34) or (49).

Then the vertical distance b decreases sharply from 1 and is asymptotic to -1
for large F. The horizontal distance quickly rises to a maximum (longest reach)
then gradually decreases to zero. The second mode bifurcates at F — 1.555 with
a gentler slope. Figure 9 (see p. 90) shows the results for TV = 6. For the range
considered, three modes are possible.
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Fig. 7. (M, a) -diagrams for N = 3 .

0.5

-0.5 -

Fig. 8. Tip displacements versus F for N = 3 .
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1

0.5 *

-0.5 -

Fig. 9. Tip displacements versus F for N = 6 .

Some uniqueness observations. Let A be the N x N matrix

/ —2 1 \
1 -2 1

1 -2 1
(60)

-2 1
1 -1

and 6 be the vector (6l, d2, ... , dN)T. When a = 0 Eqs. (2-4) linearize to

(A + FI)6 = 0. (61)
The eigenvalues Fc are given by Eq. (54). Let Fx be the lowest eigenvalue

4sin2[7t/(4Ar + 2)].
Now for given general 60 = a, 6N+l — dN , Eqs. (2-4) are equivalent to

G(6,F) = 0, (62)

where

G - (G,(0, F), G2(6 ,F),..., Gn(6 , F)) (63)
and

Gk = 9k+i-2dk + dk-i+Fsinek■ (64)
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Bifurcation or nonuniqueness occurs when

=detD = 0, (65)

where B is the diagonal matrix with elements {cos 6{, ... , cos 6 N} and D = A+FB.
We can deduce the following results:
(a) If F < F,, for all a the solution 6 is unique.
Since A + FI is now negative definite and F(B -1) is negative semidefinite, thus

D = (A + FI) + F(B -1) is negative definite. Therefore Eq. (65) has no solution and
the solution 6 is unique. This case is represented by Fig. 2.

(b) For F sufficiently small but a close to ±n, the solution is unique.
For F sufficiently small, we expect 6k is close to n, even if F > Fl. Thus FB

is close to -FI and det D will never be zero. This case is represented by Fig. 3.

The stability of the equilibrium solutions. Figure 6 shows a multitude of equilib-
rium solutions for given F and a. Some may be unstable to small perturbations
and therefore cannot be realized in practice. In general, let the tip be displaced from
the equilibrium position by a small amount (£, r\). The solution is stable if the in-
duced reactive force of the cantilever tends to return the tip to its original equilibrium
position.

Let tip forces (—X, -Y) be applied to a given equilibrium solution a, F, 6 . A
moment balance on a segment similar to Fig. 1 (c) gives

(on+l+tn+l)-2(en + sn) + (dn_l+dn^)
+ (F + Y) sin(0„ + Sn) - X cos(0„ + SH) = 0,

where <5 = (<Jj, ... , dN)T is the perturbation on 6 . Equation (66) linearizes to

D(S + yCe - XBe = 0. (67)

Here e = (1, ... , 1) and C is the NxN diagonal matrix with elements (sin 61, ...,
sin dN). Equations (7, 8) linearize to

£=^eTB<5, r, = ^eTCd. (68)

We assume (A + FB) is nonsingular and the transformation (£, rj) —► (X, Y) is one
to one. Then a potential Q exists such that

vn = -(jr,y). (69)
The solution a, F, 6 is stable if Q is convex. This is equivalent to the following
theorem:

Theorem. An equilibrium solution is stable if and only if ("w ) is negative
definite, where

u = ^-eTBD_1Be, t; = -UTCD_1Ce,N N

w = -^eTCD_1Be = -^eTBD_1Ce. (70)
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Proof. Q is convex if and only if the Jacobian (d(X, Y)/d(£, >/)) is negative
definite or equivalently (d(£, t])/d(X, Y)) is negative definite. From Eq. (67) we

»£-■ ^=-

Therefore Eq. (68) yields

Similarly

dt, 1 t„9(5 1 Tnn-in = —e B— = —e BD Be = u. (72)dX N dx N y '

drj dt]
dY ~ W' JX~ W' dY~V' * ^

Corollary. If D is negative definite for some equilibrium solution and Be, Ce
are not parallel to each other, then the solution is stable.

Proof. Since D_1 is also negative definite and Be, Ce are not parallel, we have

u = -^(Be)TD"'(Be) <0, v = ^(Ce)_1D_1(Ce) < 0. (74)

Also, from the symmetry and negative definiteness of D_l, one has

w2 = [(Ce)TD~'(Be)]2 < [(Ce)TD_l(Ce)][(Be)TD"'(Be)] = uv. (75)

Thus ((u, —w), (—w, v)) is negative definite and the solution is stable. □
Using the theorem, one can easily check the stability of each equilibrium solution.

For example, the solution H in Fig. 4(b) is not stable, while solutions J and D are
both stable. In general, in the moment-angle diagrams of Figs. (5-7), if the matrix
D is negative definite at some point on a branch, then the whole branch between its
bifurcation points contains only stable solutions. On the other hand, for a branch
on which D is nowhere negative definite, we may have both stable and unstable
solutions.

Discussion. Physically the segmented cantilever is similar to the elastica cantilever
studied by Wang [6]. Both types of problems show high degree of nonlinearity at
large F , which is exemplified by the phenomena of flipping, hysteresis, bifurcation,
and nonuniqueness. We emphasize here that the moment-angle diagram is important
in characterizing nonlinearities.

The buckling load for the discrete case is comparable to the continuous case if
the number of segments is larger than 32. The same cannot be said about the post-
buckling configurations. Even for large N, some local angle changes may be large.
Since the segmented cantilever, having a softening "stiffness", is much more pliable
at larger angle differences, the tip location may be quite different from that predicted
by the elastica theory.

We considered linear torsion springs in order to isolate the effects of geometric
nonlinearity reflected in this paper. If in addition the springs are nonlinear, a Taylor
expansion would add some terms proportional to the cube of the angle differences in
Eq. (1). The stability results will not be affected while the solutions for small F will
change slightly. The large F solutions will be greatly altered.We expect the nonlinear
phenomena to be much diminished due to the added stiffness.
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Mathematically the segmented cantilever is governed by nonlinear difference equa-
tions, the solution of which differs from differential equations. We find regular pertur-
bations on the difference equations can be successfully performed. However, singular
perturbation (for large F) fails. This is probably because discrete segments do not
admit similarity stretching transforms which are necessary for a boundary layer.
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