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Abstract. Considered are the stationary supercritical free-surface solitary waves
and subcritical free-surface hydraulic falls in flows over a bump in a two-dimensional
channel. The stationary forced Korteweg-de Vries equation (sfKdV) sometimes can
be used to predict these solitary waves and hydraulic falls. This paper studies the
deviation of the results deduced from the sfKdV from the exact solutions found by
computations and experiments. The elucidation of this deviation (called the error)
is by comparing the sfKdV results with the computational and experimental results
since an analytic approach seems impossible. From the comparisons made in this
paper and the previous studies in [6], we conclude that the sfKdV is a good model
in the sense that the relative error is less than 10% for small or moderate amplitude
free-surface elevation or depression. This corresponds to the bumps whose height is
less than one half of the upstream depth and whose base is not longer than twice its
height. When the height of a bump is larger than one half of the upstream depth
and the base of the bump is very long, the error due to the sfKdV approximation
is generally very large. In this case, the applicable asymptotic theory is that due to
Green-Naghdi. The novel points included in this paper are: a new derivation of the
sfKdV, a proof of an existence theorem of the positive solutions to the sfKdV, and
an error analysis by comparisons.

1. Introduction. Sixteen years ago, in an impressive survey on the Korteweg-de
Vries equation (KdV), Miura listed seven open problems on the KdV [1], The seventh
open problem is on the forced Korteweg-de Vries equation (fKdV). At that time the
physical basis for the fKdV was not clear. It seems that Patoine and Warn were the
first who, as early as 1982, used the fKdV as a physical model equation [2], However,
it was not until 1984 that Akylas first systematically derived the fKdV from the model
of long nonlinear water waves forced by a moving pressure [3], Since 1985, there have
been many papers published on the fKdV. The fKdV equations were derived for long
water waves in a two-dimensional channel forced by a bottom topography and/or an
external pressure applied on the free surface (see [4]—[5] and the references therein).
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All these works inevitably raised a question: how accurate is the fKdV as a model
equation for the forced flows? It is this question that the present paper addresses. We
wish to find out the approximate range of physical parameters, in which the fKdV
can be applied with some confidence. Needless to say, it is important to know this
range from the viewpoints of both theoretical analysis and practical applications.
We do not intend, it may be impossible, to address the error problem in the fKdV
asymptotic analysis in the sense of absolute precision via mathematical proofs. We
conclude that the fKdV is an accurate model equation when the amplitude of the
forcing is less than one half of the upstream depth and the base of the forcing is not
longer than twice the forcing amplitude.

In our formal asymptotic expansion, the forcing due to the bottom bump is as-
sumed small (of order e , where e > 0 is a small number). The elevation response
of the free surface to the forcing is assumed to be of the first order (of order e) and
hence is one order larger than the forcing. When the upstream velocity of the uniform
flow is near the critical speed of the shallow water waves, the first-order elevation of
the free surface satisfies an fKdV. This fKdV is then used as the mathematical model
equation to describe the nonlinear surface waves in the current forced by the bottom
bump. Let F be the Froude number, which is the ratio of the upstream uniform ve-
locity c* to the critical speed of the shallow water waves \/gH (i.e., F = c*/y/gH).
From the fKdV model, computations and experiments, it has been found that there
exist two important values of the Froude number, Fc and FL , such that:

1. Supercritical solitary waves: When F>FC , there exist at least two stationary
solitary waves sustained on the bump. When F —> Fc + 0, the two solitary waves
merge into one.

2. Subcritical cnoidal waves and hydraulic fall: When F <Fl, the steady-state
free surface consists of a downstream cnoidal wave matched with an upstream null
solution. When F —> FL- 0 , the period of the downstream cnoidal wave approaches
infinity and the free surface becomes a hydraulic fall.

3. Transcritical upstream soliton radiation: For some F in (FL, Fc), the flow
never approaches a steady state, and solitons are periodically generated at the site
of the bump and radiated upstream. However, it has not been known whether the
phenomenon occurs for every F in (FL,FC). Our preliminary numerical results
suggest that the periodic soliton generation occurs for every F in a sub-interval of
(Fl , Fc). But, this sub-interval has not yet been determined.

Using Fc is called the supercritical turning point since the upper branch and the
lower branch of solitary waves merge into one at this point. Fl is referred to as
the subcritical cut-off point since the unique subcritical cnoidal waves change to a
hydraulic fall at this point and the steady-state subcritical solution ceases to exist
beyond this point.

If the formal asymptotic approach is valid, then the error of using the fKdV
to describe the waves is of order e2. However, the validity of the formal fKdV
asymptotics for this problem has not been proved even for the simplest possible
situation: steady-state flow in a two-dimensional channel.

In the last ten years or so, it has been a noteworthy question whether the fKdV is
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an accurate mathematical model equation for the forced flow described above. If it
is an accurate model for small e, how big can the bump height, which is of order
e , be? It is well known that the fKdV is the result of the first-order approximation
to the free-surface profile. Hence, the error is of order 0(e ). When e is very small,
for instance, if e = 0.3, the error is of order e2 = 0.09 = 9%. The exact error
depends on the coefficient of e in the error expression. If the coefficient is 5, then
the error for e = 0.3 is 45%, which is in general too big to be accepted for laboratory
experimental studies. For the same coefficient 5, the error is 5% when e = 0.1. In
this case the height of the bump is very small (of order e = 1% of the depth) and
the error is also small (5%). Hence one may infer that the fKdV is a valid model for
very small s, i.e., for a very small bump. However, if the bump height is restricted
to the order of 1% of the depth, there is little significance for the fKdV modeling,
for the free surface would not feel the disturbance caused by such a small bump on
the bottom. The experiments were all conducted for a bump height not less than
one tenth of the depth. Otherwise, the unusual phenomena associated solely with the
forced system cannot be clearly observed. Does this tell us that the fKdV theory is a
dead end for the mathematical modeling of our forced-surface waves?

Surprisingly enough, the answer is NO in spite of the facts listed in the above
paragraph. The validity range of the fKdV is much wider. The error in the fKdV
asymptotic result is less than 10% when e is less than 0.7 [6]. However, when
e > 0.7 , the error increases so dramatically that the fKdV becomes invalid.

In this paper an asymptotically reduced model is defined to be good if the differ-
ence (i.e., error) between results of the model and the experiment is less than 10%.
By comparing the result from the fKdV theory and those from the direct numerical
integration of the Laplace equation (called the computational method) and exper-
iments, we will demonstrate that the stationary fKdV is still a good model up to
e = 0.7 for semicircular bumps. The bump height now is about 50% of the upstream
uniform depth. Examining the reports from experiments and the computational ap-
proach, the fKdV is a good model when the bases of the bumps are short, when the
experiments can be conducted and when the computational method is convergent.

In 1989, Lee et al. made an extensive quantitative comparison between the fKdV
theory and the experiments for transcritical upstream soliton radiations [7], The flow
under their consideration is intrinsically unsteady and the amplitude of the forcing
is less than 20% of the depth. Their comparison implied that the agreement between
the fKdV theory and the experiments is generally very good, in terms of both the
amplitude and the period of the soliton generation, especially at the critical and near-
critical speeds. As the Froude number departs from 1, the fKdV theory increasingly
overestimates but only slightly the experiments. This was the first time people showed
the validity of the fKdV. Since there have not yet been results available from direct
numerical integration of the Laplace equation for time-dependent flows, it is still
impossible to compare the fKdV model at the transcritical range with computational
results from the direct numerical integration of the Laplace equation.

Comparisons were recently made by Shen [6] of stationary supercritical multiple
solitary waves, stationary subcritical cnoidal waves, and hydraulic falls in the case
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of short bumps (he called it local forcing). In the present paper, we provide more
comparisons between the fKdV model and computational and experimental results
of stationary flows. Most of the comparisons here are made for long bumps (Shen
called it non-local forcing [6]). Our results again imply that the fKdV model is good
only when the bump height is less than one half of the upstream depth. When the
bump height is larger than one half of the depth and the base of the bump is very
long, the fKdV is not a valid model and the Green-Naghdi model may be applicable.

The major novel points of the present paper consist of: (i) a new and simple
derivation of the stationary fKdV (sfKdV); (ii) a proof of the existence theorem for
the solitary wave solutions of the sfKdV; (iii) a systematic study of the accuracy of
the sfKdV as a model equation; (iv) the analysis on the error due to the local forcing
assumption and the elucidation on the different nature of the fKdV modeling from
the KdV modeling. Although part of the materials in [6] delineate the error problem
for the fKdV modeling, most of the above four points are not covered there.

The content of this paper is arranged as follows. In Sec. 2, we give a new and
more rigorous derivation of the stationary fKdV. The existence and properties of the
solutions to this stationary fKdV are discussed in Sec. 3. The extensive comparison
of results from sfKdV, computation and experiment is described in Sees. 4 and 5.
In Sec. 6, we draw our conclusions and present some discussions on when to use the
fKdV.

2. Derivation of the stationary forced Korteweg-de Vries equation. The fluid under
consideration is inviscid and incompressible. The fluid flow configuration is shown
in Fig. 1(a). Let the x*-axis be aligned along the longitudinal direction and on the
bottom of the channel, and the y*-axis be vertically opposite to the gravitational
direction. The quantity H is the upstream depth of the fluid, p the density, p*
the pressure field, (u* ,v*) the velocity field, rj* the free-surface elevation, and c*
the upstream uniform velocity. The function y* = h*(x*) represents the bottom
topography and g is the gravitational acceleration.

Fig. 1 (a) Configuration of a steady-state fluid flow with free surface
over a bump in the laboratory coordinate system
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Let L be the typical wave length, which is yet to be determined. Meantime, L
is assumed to be much larger than H in the long-wave assumption. We use L and
H as the horizontal and vertical scales, respectively. We use p as the density scale.
The following dimensionless variables were introduced:

2£ = (H/L) <C 1 (a small parameter in the fKdV asymptotic analysis),

(x,y) = {el,2x*, y*)/H,

P = P*UpgH), (u, v) = (u*, £-1/2t>*)/\fgH,
F = c*/yJgH (Froude number), rj = r\ /H,

h(x) = £~~h*(x*)/H (small bump assumption).

Since the flow is laminar, both the free surface and the bottom of the channel are
stream lines. Let ^ be the dimensionless stream function such that (c = 1 on the
free surface and y/ = 0 on the bottom. Then

TrdV l, A" = FW " = "»

We make the following coordinate transformation: (x, y) —> (£, y/) such that
C = x, y/ = y/(x, y). Hence (C = x, y/ = y/{x, y)) maps the fluid domain in the
{x, y)-plane onto a strip Q = SK x (0, 1) in the (C, ^)-plane (see Fig. 1(b)). Here
(C, y/) is called the streamline coordinate system. Let (x — C, y — f(C, w)) be the
inverse transformation of (x, y) —> (C, y/). In terms of the streamline coordinates
(£, y/), we have

F fr
u = y> V = F f, (2)

J ^ J y/

d _ d v d dud
fa~dt~F~dy/' dy~F~dy/' ()

a ¥

1.0

Fluid domain in the
stream function

coordinates 0.5 —I— f2 = 9Jx[0, 1]

0

Fig. 1 (b) The fluid domain in the stream function coordinate system
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From the irrotationality condition uy - evx = 0, one can derive a second-order
partial differential equation for / with independent variables £ and y/ in CI. Since
the stream function is used, the kinematic boundary conditions on both the free
surface and the bottom are satisfied automatically. Hence the Bernoulli equation
shall serve as the boundary condition on y/ = 1 and the bottom topography shall
serve as the boundary condition on y/ = 0. The resulting boundary-value problem
is posed by

zflfct - 2efrLfrw + (1 + zfhfww = 0 in Q ' (4)
f\\ +ef{) + [2(f- 1) - F2]f¥ = 0 on y, = 1, (5)

f = e2h{Q ony/ = 0. (6)
This procedure was used in 1960 by Peters and Stoker [8], Nevertheless, this method
appears to be applied to forced water wave motion in the context of the fKdV for
the first time. Let F0 be the critical Froude number. It is assumed that the upstream
velocity is near the critical speed and the response of the free-surface elevation to the
bump is of 0(e). Hence we have the following asymptotic expansion:

/= V + «/,(£, VO + e2/2(£, V) + 0{e3), (7)
F = F0 + a + 0{e2). (8)

Substituting Eqs. (7) and (8) into Eqs. (4)-(6), one can obtain a sequence of
equations of successive orders. We need to use only those equations of the first two
orders.

The problem of (9(e) order:
= 0 inQ, (9)

/. -FZfl¥ = 0 on y/ = I, (10)
/, = 0 on y/ = 0. (11)

The problem of 0(e ) order:

fiyy = inQ, (12)

fi - Fofiv = - 2/,/,„ + (**0/2)jf¥ on V = 1, (13)
f2 = h(C) on <//= 0. (14)

Equations (9)-(l 1) imply that
2/, = y/A(Q, F0 = I (the critical speed of the shallow water waves) (15)

where A is an arbitrary function of £ to be determined by the solvability condition
of the second-order problem (12)—(14). Since /,(£, V = 1) = A({ = x), thus A(x)
is the first-order elevation of the free surface.

Multiplying (12) by /, and integrating the resulting equation with respect to y/
from y/ = 0 to 1, one can obtain that

A" - 6AA = -jA2 - 3/z. (16)
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This is the first integral of the well-known stationary fKdV

~ - l^xxx ~

under the condition that the far upstream flow is uniform (i.e., A(—oo) = A'(oo) =
A"(-oo) = 0 and c = constant).

3. Existence of positive solitary wave solutions. In this section, we prove the exis-
tence of solutions to the following sfKdV boundary-value problem:

Xv(x) + av2(x) + fiv"(x) - f(x), (17)

v(±oo) = t/(±oo) = 0, (18)

where a<0,/?<0,A>0, and the forcing f(x) is nonnegative with supp(/) =
[x_, x+].

The proof here is based on the use of the monotone iteration scheme and is dif-
ferent from that given in [5] or [6]; the latter uses the contraction mapping theorem
and the analytic extension of bifurcation branches.

We first convert the BVP (17)—(18) into an (integral) operator equation v = T(v).
Then, we find an upper solution u° and a lower solution «0 . Through the standard
monotone iteration procedure [9], the existence of a maximal solution u and a min-
imal solution u in [w0, w°] is established.

The operator equation obtained from the BVP (17)—(18) is

v(x) = j J™ K(x,Z)(av2-f)(Z)dZ = T(v)(x) (19)

where
K{x,Z) = ji- exp(-v\Z - x\) (20)

with v = \f—Xj/?.
2 2In the following, we say that u>v for u e L"(-oo, oo) and v £ L (-oo, oo) if

u{x) > v(x), a.e. This ordering is denoted by u > v . To use the monotone iteration
scheme, we need to find an upper solution and a lower solution. By definition, uQ
is a lower solution of (19) if uQ < T(u0) and uQ is an upper solution of (19) if
u° > T{u°). It is clear that u0 = 0 is a lower solution of (19) since

T(u0 = 0) = -i j°° K(x, Z)f(Z) dt;> 0 = u0.

Here the nonnegativity of f(x) is used.
For an upper solution, we have the following lemma.

Lemma. When
(x+ - x_)4||/||oo < -57p2/a, (21)

there exists an interval (Aj, /l2) C (0, oo) such that

o, , 1" W=2 (22)
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is an upper solution of (19) when A e (Aj, A2).
Proof of the lemma. The function

s(jc) = -^sech2 ( \-Ax) (23)2a V y 40

is a solution of the BVP (17)—(18) when f(x) = 0 (unforced). Hence, we have

5 f°° K{x,{)s2(t)dt = s{x). (24)
P J — oo

Now, let us compute T(u°):

i r°°
T(u)(x) = - J K(x,Z)(as2/4-fmd£

= ~k Foe K{X ' i)s2^] ̂'1 /-l *(X ' ^
= K(x,t)mdz

= J~ K{x,t)mdz.
To make w° = 5/2 an upper solution, we need

0 ^ °\u > r(m ).

This is equivalent to

(25)

This inequality holds when the conditions of the lemma are satisfied. Thus u° =
s(x)/2 is an upper solution of (19) when A 6 (A,, A2). This finishes the proof of the
lemma.

Theorem 1. The problem (17)—(18) has at least one positive solution when the con-
ditions of the lemma are satisfied.

Proof. We prove this theorem by the monotone iteration procedure. First of
all, we show that T is a strictly increasing operator in LN(—oo, oo) = {u \ u e
L"{~oo, oo), 0 < u(x) < N a.e. for a given positive number N}. Let u, v e
L2n(-oo, oo) and u > v . The following expression,

T(u)(x) - T(v)(x) j J ^7 exp(—- x\)(u + v)(u - v)(£)d£> 0,

implies that T(u) > T(v). Hence, T is strictly increasing.
Secondly, we show that T is continuous in L2N(—oo,oo). Let {wn}™=i be a

sequence in L2N(-oo, oo), and lim^^u^ = w e L2N(-oo, oo). By the Lebesgue
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dominant convergence theorem, we have

Hm T(wn)(x) = Um i j ^ ~ exp(-i/|£ - x\){aw] - /)({) d£,

= jjj 2^exp(-i/|£-x|) (a^lim w*({) -/({)) ^

= T(w).

Hence, T is continuous.
Thirdly, we construct iteration sequences. Let

un = T{un_,), n = 1,2,3,.... (26)

Since T is increasing, applying T to the following inequality,

w, = T{u0) > u0 = °, (27)

we have
u2 = T{ux) > T{u0) = ur (28)

Repeating the same procedure, one obtains

M0 < M, < U2 < m3 < •• • . (29)

Similarly, we define

and obtain

u = r(Mn '), «= 1, 2, 3, ... (30)

u >u >u >u >■■■ . (31)

To find the bounds of the sequences (29) and (31), we apply T to the inequality
0 < u° n times and obtain Tn(u0)u0 < u° n times and obtain r>0)<7>°), n = 1,2,3,.... This implies that

u0 < u{ < u2 < - • < un < ■ ■ • < u" < ■ ■ ■ < u < u < u . (32)

Since un{x) is an increasing sequence of differentiable functions bounded from
above, its pointwise convergence immediately follows. This implies the existence
of the maximal solution u(x) = lim^^ u"(x) .The argument for the existence of
the minimal solution is similar. The proof of the theorem is complete.

It is worth making the following remarks about the theorem to avoid possible
confusion with the multiplicity of the solutions of the sfKdV. It is this multiplicity
that makes the research on the sfKdV interesting. The conditions of the theorem
are only sufficient for the existence of solitary wave solutions of the sfKdV. They
are by no means the necessary conditions. Both numerical simulations for non-local
forcings and analytic solutions for local forcings show that solutions always exist for
large values of X [5, 6]. Hence, solutions can still exist when X is not necessarily
in (A,, X2). In addition, the existence of the maximal and minimal solutions does
not imply that there are only two solutions. The maximal and minimal solutions
may coincide with each other in one case but there may exist solutions that are not
ordered relative to the maximal and minimal solutions in other cases.
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4. Choice of e and sfKdV in laboratory coordinates. It appears that no analytic
approach is possible to check the accuracy of the sfKdV derived in Sec. 2 as a math-
ematical model equation. One thus needs to take the approach that compares the
results obtained from the sfKdV model with those obtained from experiment and
computational method. The comparison must be made in the same coordinate sys-
tem. For the sake of convenience in handling the experimental data, we choose the
laboratory coordinates as our working coordinate system in this paper. Therefore, we
will calibrate all the data according to the laboratory scale. For the sfKdV asymptotic
model, the basic concern is the shrinking of the horizontal length scale because of
the long wave assumption for the sfKdV. The vertical scale is taken to be the same
as the horizontal scale in the computational approach in all the published literature.

The inverse operation of the nondimensionalization procedure at the beginning of
Sec. 2 enables us to bring the sfKdV (16) back to the sfKdV in laboratory scales:

- 6^uxA* = - 3Hh\x*). (33)

Here u* = tX-J gH — c* - \J gH is the perturbation of the upstream velocity from
its critical value and A*(x*) = eHA(x*/L) describes the free-surface profile in the
laboratory frame.

For a given upstream Froude number F, the perturbed upstream velocity is ex-
pressed by u\ = (F - 1 )VgH. Hence Eq. (33) is independent of the small number
e. To find a profile of the free surface, one can solve the following IVP of an ODE:

H3A\x. -6H{F- 1 )A* = -\{A*f - 7>Hh*(x*), (34)
y4*(-oo) = A*. (—oo) = 0. (35)

Analytic solutions of the above IVP for a general h*{x*) have been found for
certain special types of forcing functions [2,7], but not for a general forcing function
h*(x*). The interval in which we have difficulty finding analytic solutions of the
sfKdV is supp(/z). Therefore a numerical method has to be applied. Nonetheless, if
the interval length of supp(/z) is very short and approximately regarded as zero, then
analytic solutions from two sides of supp(/z) can be matched on supp(/j), which is
now regarded as a single point. This is the case when e is very small (hence the
bump height is very small) and the base of the bump is not larger than twice the
bump height, and the forcing term h(x) in the dimensionless sfKdV (16) has the
properties that (i) ma\h(x) = 1 if e2 = maxh*(x*)/H, and (ii) the graph of h(x)
is very slim (see Fig. 2 (b)). This slim graph can be further approximated by QS(x)
where J(x) is the Dirac delta function under the condition that Q is equal to the
area under the slim graph. This procedure is a pure mathematical approximation
and has no physical meaning. Solutions of the dimensionless fKdV (16) can now
be found analytically and hence the results become more transparent [6,10], The
price paid for this approximation is that the mathematical solution of the fKdV is
no longer smooth at x = 0.

The first step in the J-function approximation is to choose a value for e, which
should be determined by the nature of the physical assumptions. For the problem
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£2Q8(JC)

(a) (b)
Fig. 2 (a) A bump with a short base before stretching in the labora-
tory coordinates; (b) the same bump after stretching in dimensionless
sfKdV coordinates. Here e = \\h* W^/H, x± = e^2x±/H, S =

J*,+ h*(x*)dx* , and Q = e'^^S/H2 .

under investigation, the nature of the physical assumptions in setting up the experi-
mental apparatus is reflected in the assumption that the bump height is of order e
relative to the upstream depth H.

The function y* = h*(x*) describes the shape of the bump (see Fig. 2(a)). In
terms of the dimensionless fKdV asymptotic variables, the bump is y = e2h(x)
as shown in Fig. 2(b). As an example, let us look at the semicircle bump: y* =
\/.R2 - x*2. In dimensionless fKdV asymptotic scales, x = el/2x*/H, y = y*/H,
and the semicircular bump becomes y = (l/\/e) v ea2 - x2 , where a = R/H. The
support of the bump is now [-y/ea, \flo], which is \fi times smaller than the
dimensionless height a. If e is very small, the support of h{x) is very small.
Hence h(x) can be approximated by QS(x). This height a can be regarded as the
amplitude of the forcing. Hence e = a, i.e.,

£ = Va. (36)
In the (x, y) dimensionless coordinate system, the bump becomes a slim ellipse

y = e.2\J 1 - (x/y/ea))2. Hence, h{x) = \j 1 - (x/(-y/ea))2. The area under the delta
function should be the same as that under h(x). The area inside the semi-ellipse
whose two semiaxes are 1 and y/ea is n ■ 1 • y/ia/l = naIA/2. Therefore,

Q = (7i/2)a5l\ (37)
As a matter of fact, there are infinitely many ways to choose e and Q. Yet,

according to [6] the physical quantities derived from the asymptotic analysis are the
same in spite of different values of e and Q. For example, the important quantities
Fc and FL mentioned in Sec. 1 are always given by

Fc= l + ±(9S/(4H2))2l\ (38)

Fl = 1 - j(9S/(2H2))213 (39)
where S = h*{x*)dx* is the area of the bump.
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5. Comparison of the results from the sfKdV, experiments and computations. We
are now ready to compare the results obtained from the fKdV model and those from
experiments and direct numerical integration of the Laplace equation (called the
computational method). The experimental data used here is from Sivakumaran et
al. ([11] or [12]). The computational data is from Dias and Vanden-Broeck [13].

5.1. The differences between the KdV model and the fKdV model. Upon discovering
the soliton solutions of the Korteweg-de Vries equation (KdV) in 1965, people were
concerned with the accuracy of the KdV model when it is used as a model equation
to describe certain physical phenomena, such as the long surface waves in a channel.
Hammack and Segur carried out extensive experimental studies to justify the validity
of the KdV model and concluded that [ 14]

the Korteweg-de Vries equation appears to provide an accurate model
for determining the evolution from various sets of initial data of
gravity waves of moderate amplitude propagating in one direction in
a non-dissipative or slightly dissipative fluid of uniform depth.

We intend to point out some substantial differences between the KdV modeling
and the fKdV modeling in terms of the setup of experiments and the determination
of the values of the small parameter e .

The most notable type of solution of the KdV initial value problem is the KdV
soliton. The KdV solitons are a train of solitons with unequal amplitudes. The total
number of solitons generated depends on both the size and the shape of the initial
pile of mass. This pile of mass can be accumulated in different ways. Hammack and
Segur's way is to push a pile of water mass up from the bottom at the left end of
the water tank by a piston. Let N be the total number of solitons generated by this
pile of water. The volume of the water mass of the /cth soliton is 4kHLB (k —
1,2, , N), where H is the depth of the water at rest, L is the horizontal length
scale, and B is the width of the water tank. The volume of this pile of water
must be greater than or equal to N(N + \)HLB = J2k=i 4kHLB. Hence, it is
appropriate to determine the value of e by the initial condition. In [14], the authors
chose e = W^IqW^/H , where rj^x) is the initial profile of the free surface (i.e.,
%{x) = t = 0)).

In the asymptotic expansion, e is a constant throughout the whole process. Be-
cause of the inevitable presence of small viscosity in the water tank experiments such
as those conducted by Hammack and Segur, the memory of the physical system of
the initial condition gradually fades out and consequently diminishes the value of
e. Thus, e equal to 0.1 at time equal to 5.0\fH/g implies a larger value of e at
time 0.0y/H/g . This can be one of many factors that may imply the consequence
of error growing with time. Hence, the KdV modeling approach has been suspect
due to viscosity effects when its results are compared with experiment. To make a
fair comparison between the KdV asymptotic results and the experimental results,
one must make some adjustment to the asymptotic results because of the viscosity.
Hammack and Segur [14] adapted the adjustment scheme due to Keulgan (1948).
With this adjustment, they showed that the error in the KdV model is within 20%
when e < 0.44 .
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The setup of experiments for the validation of the fKdV model is quite different
from that for the KdV model described above. For the fKdV, either there is a
uniform upstream current coming in from one end and going out at the other end of
the tank, or the bump (the forcing) on the bottom moves at a constant speed in one
direction. As shown in the last section, the small number e is now determined by
the size of the bump: e = (R/H)l/2 for a semicircular bump and e = (S/H2)l/4 in
general. Since the size of a bump is a boundary condition that does not change with
respect to time, the small viscous dissipation does not lead to a decrease in the value
of e. Hence, no serious adjustment for viscosity is needed. Thus, one can expect
better accuracy of the sfKdV model when considering surface waves. Much evidence
supports this expectation. Therefore, regarding the accuracy of the asymptotics, to
determine the value of e from the initial data for the KdV and to determine the
value of £ from the boundary data for the fKdV constitutes the major difference
between the KdV modeling the the fKdV modeling. The above qualitative argument
provides an explanation for the remarkable accuracy of the fKdV model.

The accuracy of the sfKdV as a model equation for the case of semicircular bump
forcing was studied in [6], The conclusion is that the error is with 10% when e < 0.7.
In the following we examine the cases of triangular bumps and Gaussian bumps.

Let us investigate the case of triangular bumps first. Computational results used
here are from [13]. The volume flux is denoted by q and hence is a constant
throughout the entire channel. The length scale used in [13] is, where the hor-
izontal and vertical length scales are the same in their numerical computations,
(<72/£)1/3 = [{FD^gHDHD)2/g]l/3 = F2dPHd and the velocity scale is (qg)1'3 =
(FD\/gHDHDg)l/i = Fp3y/gHD, where HD and FD are, respectively, the depth
and the Froude number of the far downstream flow. The bumps considered in [13]
are isosceles triangles with the top vertex a 90° angle. The dimensionless bump
height is W and hence the laboratory height of the bump is WF^iHD . The bump
area is S = (WF2/i HD)2. Figure 3 in [13] shows a relationship between FD and the
size of the bump that is characterized by the bump height W . From (40), we have

\ = \-\{^W2F^H2dIH2
2/3

The conservation of the mass flux implies that

FL = (HD/Hf2FD.

Using the Bernoulli equation, one can derive that

Hd _ \Jz + Fd~Fd
H 2 FD
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See Eq. (2.6) in [13]. From the above three expressions, one can obtain that

3/2+ F2 - F ) F~l/2^ rD D I rD
3/4

8 + F2D-FD
Fd > 1 (40)

where FD is the downstream Froude number of the hydraulic fall. The comparison
between the results of this formula derived from the sfKdV theory and those from
numerical integration of the Laplace equation [13] is shown in Fig. 3 of this paper.
Our result systematically underestimates FL, and hence FD. This is mainly due
to the delta function approximation since this approximation does not distinguish
the shape of the bump. Instead, it regards every bump as a very short obstruction
of the given area. The shorter the bump, the better the approximation. Intuition
suggests that the hydraulic fall over a shorter bump of the same area corresponds
to a lower upstream velocity. This reason was pointed out recently in [6]. Despite
this under-estimation of FD , both the computational and the asymptotic approaches
lead to a linear W, FD relationship when FD is larger than 1.5. Therefore, a linear
correction term may be added to the asymptotic result. When FD > 1.2, we have
the following correction:

WDV *WA- (0.0467Fd + 0.0333) (41)

where WDV and WA are the values of W obtained via a computational method
(Dias and Vanden-Broeck [ 13]) and via an asymptotic method (Eq. (40) in this pa-

ly
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Fd

Fig. 3. The relationship between W and FD . The points represent
the results from Dias and Vanden-Broeck [13] (see their Fig. 3). The
thick curve represents the results from Eq. (41) of this paper.
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per), respectively. When 0 < Fd < 1.2, the correction formula (43) fails to hold.
After adjustment (43), the difference between the asymptotic results and the compu-
tational results is less than 10% except for a small neighborhood of FD = 1.2. Yet,
in the laboratory experiment, hydraulic falls clearly show in the flow over a bump
only when the downstream supercritical speed is reasonably large, e.g., FD is larger
than 1.5. Next let us investigate the case of Gaussian bumps. Experimental results
are taken from [11] (also see [12]). The bump considered in [11] is

21
h*(x*) = 20exp 1 (*L

2 I 24 cm. (42)

The five hydraulic fall experiments reported by Sivakumaran et al in [11] are for
upstream depth H equal to 34.25, 33.53, 31.39, 29.41, 27.11 cm, respectively. Hence
the bump height is larger than one half of the upstream depth H. This implies that
e is greater than 0.7. Consequently, as pointed out in [6] the sfKdV model loses
its validity. Furthermore, the base of the bump is very long. So the delta function
approximation also loses its validity.

Be that as it may, we still evaluate (40), which is based upon the sfKdV model
and the delta function approximation. Surprisingly, both Sivakumaran et al's exper-
imental results and our analytic result (40) yield a linear relationship between FL
and a — 20/H. As expected, our analytic result greatly underestimates FL (see Fig.
4 on p. 716). Let f[th and F^"N denote the results from [11] and the present
paper, respectively. Then there is the following correction relation:

F^™ = f^HN — 0.9931 + 2.671a. (43)

It is worth noticing that f^HN without correction does not have a physical meaning
since f["n is required to be positive.

For this large bump, the Green-Naghdi asymptotic theory [12] works much better
than the sfKdV asymptotic theory. The Green-Naghdi theory yields the following
governing equation for the free-surface profile A*:

\2 1
F + 3H + A

f2h3
(44)

f2h3

Naghdi and Vongsarnpigoon showed that the results deduced from this theory agree
with the experiments almost exactly (see their Fig. 2 in [12]). In the same figure,
they showed that like the sfKdV theory, the hydrostatic theory also underestimates
Fl . Although the sfKdV theory is not a hydrostatic theory, it is valid for only
small or moderate free-surface elevation or depression. Actually, if we assume that
h*/H = 0((A*/H)2), F = 1 +{A*/H)X, and {H/L)2 = 0{{A*/H)), then (h\ )2 =
0((A*/H)3), h\x.H = 0((A*/H)3), and (A*.)2 = 0((A*/H)3). Consequently, the
Green-Naghdi theory (44) yields

H3A*x.x. - 6H{F - 1)^* = -9-(A*)2 - 3Hh\x*) + 0{{A*/H)3). (45)
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Fig. 4. The relationship between the dimensionless bump height
a — 20/H and the cutoff Froude number FL . The f[TH curve
represents the results from Sivakumaran et al. [11] (see their Table 1).
The curve represents the results from Eq. (40) of the present
paper. The difference between the two straight lines is corrected by
Eq. (44) of the present paper.

This is the sfKdV when 0((A*///)3) is ignored. Among the five experiments reported
in [11], \\A*\\oo/H is as large as 0.84 for the first experiment. Such a large amplitude
free-surface depression is beyond what the sfKdV can predict. Nevertheless, the
fKdV theory can still qualitatively predict the solution behavior, in particular, the
upstream Froude number FL. In Table 1, we compare the experimental results
reported in [11] and [12] (see Table 1 in [12]) with our results obtained by solving
Eq. (46) numerically without the delta function approximation.

For a given Froude number and the bump defined by Eq. (43), to make the above
comparison is to find the H value. According to [12] (top three lines on p. 235),
the physical meaning of H is that H is the minimum upstream depth that leads
to a supercritical flow downstream. At this H value, the upstream Froude number

Table 1. Comparison of the H values at which the hydraulic falls
occur. The experimental results are from Table 1 in [12] and the
sfKdV results are obtained by solving (46) subject to boundary con-
ditions: A*{x* < 0) = 0 and ,4*.(oo) = 0.

F2 H (experiments) H (sfKdV theory) Relative error (%)
0.032 34.3 40.01 14
0.028 33.6 39.25 14
0.020 31.4 37.58 16
0.013 29.4 35.89 18
0.007 27.1 34.08 20
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Fig. 5. The sfKdV fails to predict a correct free-surface profile of the
hydraulic fall for a large long bump defined by Eq. (43). The upstream
Froude number and depth are F = \/0.032 and H = 40.011 cm,
respectively.

is Fl . When the upstream depth is greater than this value, the downstream flow is
a cnoidal wave. When the upstream depth is smaller than this value and F < Fc,
no steady-state flow is possible. As an example of showing flow profiles based upon
the sfKdV theory, we plot the first case in Table 1: F2 — 0.032 and H = 40.011
cm (see Fig. 5). Apparently, the flow profile downstream is unphysical since the free
surface penetrates the rigid bottom! This example may suggest that although the
sfKdV cannot predict the profile of the free surface for a very high and long bump,
it still yields reasonable results on the upstream control parameter, the H value or
the Fj value, when not using the delta function approximation.

Why did such a large amplitude free-surface depression as reported in [11] and
[12] not break? This is because of the long base of the bump and upstream small
Froude number. In contrast, for bumps with short bases, the failure of sfKdV yield-
ing correct answers means that the bump is very high and the free surface will likely
break because of a large velocity gradient in the flowing direction. The large veloc-
ity gradient leads to stronger nonlinearity. Eventually, the nonlinearity overwhelms
the dispersion and free-surface waves break. The semicircular bump, for instance,
belongs to this class of short base bumps, as pointed out in [6].

6. Conclusions. We have studied the errors due to the sfKdV asymptotic approx-
imation. The sfKdV model, derived in the streamline coordinate system, is used
to predict the subcritical cnoidal waves and hydraulic falls and supercritical solitary
waves of order O(e) in steady-state flows. In the future, we intend to address the
error size 0(s2) analytically from the formulation given in Sec. 2, i.e., to prove that
|| tj*/H - eA\\ = 0(c2). Here the exact definition of the norm || • || is not yet known.
When the forcing is nonnegative, sufficient conditions for the existence of the su-
percritical positive solitary wave solutions to the sfKdV are given in Sec. 3. They
are not necessary conditions. Furthermore, numerical solutions for the sfKdV when
the forcing is not nonnegative show that there exist several nonordered supercritical



718 SAMUEL SHAN-PU SHEN

positive solitary wave solutions, yet a corresponding existence theorem has not been
established.

The sfKdV model is simple. In particular, when the height of the bump is small
and the base of the bump is short, the solutions can be found analytically. Conse-
quently, the mechanism of the flow over a bump becomes transparent. From the
derivation, one can see that the error in the sfKdV asymptotic approximation is
of order OCdl^H^///)2). When the quantity WrfW^/H is not small or moderate
(when > 0.7), the sfKdV is most likely not a good model to be used in theoretical
predictions. A higher order in the asymptotic approximation procedure should be in-
cluded. One of the higher-order theories is the Green-Naghdi model where the error
is of order 0((|| H^///)3). By comparing with experiment, it has been shown that
the theory is still valid when the quantity WrfW^/H is as large as 0.84. However,
the Green-Naghdi equation is a complicated ordinary differential equation whose
solutions cannot be found analytically even for a simple short bump.

We conclude that the simple sfKdV is a good asymptotic model in the sense that
the relative error is less than 10% when the bump height is less than one half of the
upstream depth and the base of the bump is not longer than twice the bump height.
When the bump height is between 50% and 75% of the upstream depth and the base
of the bump is very long, the Green-Naghdi model, which is a more complex model
than the sfKdV, is applicable. When the height of the bump is larger than 75% of the
upstream depth, the free surface will most likely break unless the base of the bump
is extremely long.
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