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Abstract. The axisymmetric deformation of a nonlinearly elastic isotropic compress-
ible infinite elastic body subjected to a concentrated vertical line load is considered. We
first derive the solution to this problem within the context of the linear theory of elastic-
ity. We then obtain the governing equations for the nonlinear problem via the Principle
of Stationary Potential Energy, and use these equations to obtain classes of compressible
finite elasticity solutions for the line load problem. Finally, a comparison with finite
anti-plane shear of compressible isotropic materials is made.

1. Introduction. Elasticity problems involving a concentrated load acting on an
infinite or semi-infinite body have been considered for over a century. The linearly elastic
Boussinesq problem is to find a solution of the linearized equations of elasticity for an
isotropic half space under a point load perpendicular to the boundary. Boussinesq's
solution of f885 for the radial and vertical displacements in cylindrical coordinates may
be found in [1, pp. 398-402] (see also [2, p. 348; 3, p. 341]). The Mindlin problem in the
theory of linear elasticity is to find the deformation due to a concentrated force applied
at an arbitrary point of the semi-infinite body. Thus, the linear Boussinesq problem is
a special case of the Mindlin problem. The linear displacements of Mindlin's problem
may be found in [4, pp. 347-348]. The Kelvin problem is to determine the deformation
of the half-space due to a concentrated vertical line load through the body, and can thus
be determined by integrating Mindlin's solutions along the line load (see [5, pp. 16C-
162]). While all of these solutions are free-space Green's functions for the axisymmetric
equations of linear elasticity (which, as is well known, may be reduced to the biharmonic
equation), they suffer two deficiencies: the displacement under the load is infinite in
each problem, thereby violating the basic premise of linearized elasticity, and some of
the particles in the body lying on the line of action of the load pass through one another.

To remedy these fundamental physical defects, study of the nonlinearly elastic versions
of such problems is warranted. Simmonds and Warne [6] have recently investigated the
Boussinesq problem for both compressible and incompressible isotropic materials using
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the exact equations of nonlinear hyperelasticity, while the problem of a concentrated
vertical line load applied to a nonlinearly elastic rubber-like plate was considered by
Simmonds [7] and Simmonds and Horn [8]. In this paper, we examine the problem
of a nonlinearly elastic infinite compressible body subjected to a concentrated vertical
line load, and thus avoid certain boundary conditions which complicate but in general
do not add to the understanding of the deformation in the vicinity of the load. In
addition to their intrinsic interest and connection with the plate problem, solutions for
this problem can be used to solve the nonlinear Kelvin problem (see [5, pp. 14-17]).
In Sec. 2, we formulate our problem in a variational framework using the Principle of
Stationary Potential Energy. In Sec. 3, we derive the solution to the linearized version
of our problem. In Sec. 4, we obtain the Euler differential equations associated with
the nonlinear variational functional, and use these to determine classes of nonlinearly
elastic compressible materials which admit the linear solution as a solution to the fully
nonlinear problem. Finally, in this section, we draw an interesting comparison between
the problem studied here and the anti-plane shear problem studied by Polignone and
Horgan [9],

2. Problem formulation. Relative to a fixed right-handed Cartesian reference
frame Oxyz, the axisymmetric deformation of an isotropic compressible infinite elastic
space under a constant line load of magnitude <5 per unit length along the z-axis is con-
sidered. Let {e3;,ey,ez} denote the ortlionormal base vectors associated with Oxyz and
let (r, 0, z) denote a set of circular cylindrical coordinates in this frame with associated
orthonormal base vectors {er,ee,e2}, where

er = ex cos 9 + ey sin 0, eg — — ex sin 9 + ey cos 9. (2.1)

Also, let
x = rer(9) + ze2, 0 < r < oo and — oo < z < oo, (2.2)

denote the position of a particle in the reference shape of the body. We assume that,
when subjected to a body force per unit volume, p = —pz(r, z)ez, the body deforms
axisymmetrically. Thus, the deformed position of the particle has the form

x = f(r)er(0) + [z + v(r)]ez (2.3)

where r(r) and v(r) are unknown functions assumed to be sufficiently smooth for all
derivatives in what follows to exist. Since the deformation in every plane perpendicular
to the z-axis is the same it is sufficient to consider any two such planes a unit depth
apart. Within these planes we take

Pz(r, z) = pz(r) = (2.4)

where a has the dimensions of FORCE/LENGTH, and £(•) is the Dirac delta functional].
The deformation gradient F is defined by dx = F • dx and the right Cauchy-Green

deformation tensor G = F 1 • F; thus, dx»dx = dx»G» dx. The physical components
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of G in circular cylindrical coordinates follow from this last expression and (2.3) as

~r'2+v'2 0 v'~
G = 0 r2/r2 0

v' 0 1
(2.5)

with corresponding standard strain invariants ([10, p. 57])

^2
I\ — tr G — r'2 + t/2 + 1 H—^, (2-6)

r
^2

J2 = i[(trG)2-trG2] - ^(f/2 + v'2 + 1) + r'2, (2.7)

r2
/3 = detG=-r'2. (2.8)

Here and elsewhere, (') will always denote the derivative of a function with respect to its
argument.

The strain energy per unit undeformed volume of a homogeneous isotropic nonlinearly
elastic material may be written in the form

W = nw(IuI2,I3), (2.9)

where p is an elastic modulus and w is a dimensionless strain energy density. Recalling
the statement prior to Eq. (2.4), the load potential, which follows from the principle of
virtual work, is of the form

4* = — 2tt f f pz(r)[z + v(r)]rdr dz (2-10)
Jo Jo

where pz(r) is found in (2.4). The potential energy, H, may then be expressed as

noo wrdrdz + 4'. (2-11)

Since it is convenient in what follows to nondimensionalize, we let

1/3 H
K=(k^kJi) ' = {r,v) = k{p,uj), H = (2.12)

to obtain the scaled functional

„ K,n = -z.[p,u>]
a

= K,
rl/K roc /*1/K

/ / wpdpd( + / 6{p){( + u(p))pdpd( .
Jo Jo Jo Jo

Since w is independent of £, and <5(») is the Dirac delta function, (2.13) reduces to

f°° 1n= / wpdp + w(0) + —, (2.14)
Jo 2K

(2.13)
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and (p* ,lj*) is a stationary value of the variation of (2.14) if and only if it is a stationary
value of the variation of the functional

II [jo, u)\ — f wpdp + oj( 0). (2.15)
Jo

We require the strain energy w to be continuous and piecewise smooth and that II be
finite, and we seek solutions p*(p) and uj*(p) that render II stationary (611 = 0). To
guarantee the existence of a solution, constitutive requirements must be imposed on the
strain energy w. Existence is guaranteed under the standard mathematical hypothesis
that w is convex with respect to the gradients of the deformed coordinates, in conjunction
with reasonable smoothness and growth assumptions [11, p. 338]. But convexity of w is
unacceptable physically since it conflicts with the assumption that w is frame invariant
[11, p. 338]. Thus, subtler constitutive requirements are needed for w. Conditions that
guarantee existence and allow a physically reasonable response for problems similar to
the ones defined above are given by Ball in [11, pp. 375, 376]. Most of the strain energy
densities proposed in the literature satisfy these conditions [11, pp. 388-392],

3. The linear solution. We wish now to derive the fields (p* (p),ui* (p)) that render
the dimensionless quadratic functional for the linearized line load problem stationary.
The governing equations for the linear problem can be reduced to the axisymmetric
biharmonic equation for the Love stress function <j>,

V2V20 = 0, V2 = !^ + -~ + !^. (3.1)or- r Or ozz

Since the displacements are independent of z, (3.1) reduces to the ordinary differential
equation

<j>"" + V" ~~ + ~=V, (3.2)
ry* iy*£ yj

so that a solution (f> to (3.2) must be a linear combination of

1, lnr, r2, r2lnr. (3.3)

The linear components of the nominal stress tensor S that satisfy the Euler equations

V • S = 0 (3.4)

can then be determined explicitly in terms of (j>. Once S is known the linear displacements
(u*,u*) can also be expressed in terms of 0 [see 1, pp. 381-382].

The appropriate (j> must satisfy the following mechanical conservation law. Given a
cylinder of arbitrary radius and unit depth centered at the origin, the net vertical force
on the lateral surface must equal a, the magnitude of the vertical line load per unit
length. The traction at a point on the lateral surface of the cylinder is given by

Sr • n = ST • er = Srrer + S~re:, (3.5)
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while a differential element of the lateral surface is of the form

dA = rdddz. (3.6)

Thus, the vertical component of force per initial surface area is

Szrrd6dz, (3-7)

and the above conservation law can then be represented by the integral relation

r>l /*27r

/0 Jo

Since Szr is independent of 0 and 2, we have

n'2n Szrrdddz = a, Vr > 0. (3.8)

Sir = (3.9)
Z7T r

and the only stress function from (3.3) satisfying (3.9) is

m = 2«{l-v) l"r' (310)

where v is Poisson's ratio. Using (3.10), we find the linear displacements to be

u* — 0 (3.11)

and

or in terms of p* and lj*

and

(1 + ")ator, (3.12)
TTfl

P*(P)=P (3.13)

uj*(p) = '-—-lnp (3-14)
7r

where the superposed L denotes the linear solution.

4. Classes of nonlinearly elastic solutions. Upon computing the variation of the
right side of (2.15) and integrating by parts, we obtain an expression of the form

rOO

<5n = / (EpivSp + Eulw6Lu)pdp — 6u>(0). (4-1)
Jo

By standard arguments, (4.1) yields the following Euler equations:

dw
E -pw = p— -

d
E^w = -j-

dp

dw d
dp dp

dw
dP

PduS

= 0, (4.2)

= 0. (4.3)
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This last equation implies

& = ? (4"»
where A: is a constant to be determined. Since the variational functional (2.15) is to
model an infinite medium, there are no physical boundaries and thus no natural boundary
conditions for (4.3) and (4.4).

As remarked in Sec. 1, the linear solution (3.12) or (3.14) predicts an infinite displace-
ment under the load and thus violates the basic premise of linear elasticity. We wish
to clarify the nature of this singularity, i.e., determine if it is inherent to the problem
or merely an artifact of the linearized theory, by studying the nonlinear version of the
problem. In addition, as with the nonlinearly elastic Boussinesq problem treated in [6],
we cannot gain insight into the nonlinear line load problem by attempting a linearization.
This is due to the fact that there exists a single intrinsic length a/fx so that nondimen-
sionalizing renders the governing equations parameter free. Thus, our purpose is first
to determine if there exist classes of compressible nonlinear elastic strain energy density
functions for which the linear solution (3.13) and (3.14) is a possible solution to the
governing equations for the nonlinearly elastic line load problem. Then we wish to show
that among these quite general material models that allow the linear solution is a form
which can be used to describe a variety of commonly used strain energies proposed in
the literature (see Eq. (4.28)). Substituting the linear radial solution (3.13) into (2.8)
results in

h = I- (4.5)
Equation (4.5) implies that the linear solution to the line load problem can hold only for
those compressible materials capable of sustaining volume preserving (isochoric) defor-
mations. The remaining two strain invariants (2.6) and (2.7) reduce to

a = h=I2= [l + U/ + 3 (4.6)
71"/CT

when evaluated at the linear solution (3.13), (3.14). Consider now the Euler equations
(4.2) and (4.4) associated with

iu = itf(Ii,J2,J3), (4.7)

the strain-energy density for isotropic elastic compressible materials. On employing the
chain rule and substituting (3.13) and (3.14) for p and w respectively, these reduce
drastically to

2 wn + 6«Ji2 + 2uJi3 + 4u?22 + 2uJ23 + w-2 — 0 (4.8)

and
2w\ + 1w2 — k. (4.9)

In (4.8) and (4.9), uJy = jyj-jfj-, where the superposed bar indicates (here and subse-
quently) that these expressions are evaluated at the values of h,l2, and /,{ given in (4.5)
and (4.6).

Equations (4.8) and (4.9) represent conditions that (4.7) must meet for (3.13) and
(3.14) to be a solution to the line load problem. We now demonstrate a procedure that
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uses (4.8) and (4.9) to determine more specific forms of (4.7), and thus special classes of
materials that have (3.13) and (3.14) as a solution.

If (4.8) and (4.9) are considered as linear partial differential equations with respect to
the Ii, a possible solution technique is separation of variables. With this as motivation,
we first consider a material of the form

w = ^M(h)N(I2)P(I3). (4.10)

To guarantee that the strain-energy vanishes in the undeformed state we require either

N( 3) = 0 or M(3) = 0. (4.11)

Condition (4.9) implies that

M,hN + MN,Ia=\ (4.12)fiP

for the strain energy (4.10), where the right-hand side of (4.12) is constant by virtue
of (4.5). In general, the invariants I\ and I2 clearly are not identical (see, e.g., (2.6),
(2.7)). However, this is not the case when considering the deformation associated with
the linear solution (3.13), (3.14), and the left-hand side of (4.12) is thereby rendered a
function of the single variable (4.6). Thus, it is useful to now consider the functions M
and N as functions of the single independent variable a to determine what restrictions
(4.12) implies for (4.10). Equation (4.12) thus becomes

M'N + MN' = ~, (4.13)

where (') = ^ and k = K Integration of (4.13) yields

~N={va+c)it' (414)

where c is a constant of integration. The condition N(3) = 0 yields c = —3k/P. On
using (4.12) and (4.14), the condition (4.8) for the material (4.10) becomes

3 aM M" + 3 «M'2 + (| + 7 + q
2 M" 2 M'2 M'
M m2 M

P
^3 ' (4.15)

where we note that P = P( 1) and P = P'(l) (P' = dP/dI:i) are constants. Suppose
(4.15) is solved for M(a) (possibly numerically), and then N(a) is determined from
(4.14). If a is then replaced by I\ and I2 in the resulting equations for M and N
respectively, then

w = | M{h)N{h)P{h) (4.16)
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determines a class of strain-energy densities that will have (3.13) and (3.14) as a solution,
where P(h) is arbitrary except that P( 1) ^ 0.

We next consider materials of the form

w = |[Pi(/3)M(/1) + P2(I3)N(I2) + P3(I3)], (4.17)

which can be used to represent a number of models proposed in the literature. To
guarantee that the strain energy vanishes in the undeformed state we require that

M{ 3) = 7V(3) = P3( 1) = 0. (4.18)

Condition (4.9) implies that for materials of the form (4.17),

PiM,h +P2N,h = (4.19)

As before, it is expedient to treat M and N as functions of the single variable a so that
Eq. (4.19) may be written as

P{M' + P2N' = k. (4.20)

Integration of (4.20) yields

N = -M^ + =La + (4.21)
P2 P2 P2

where c is a constant of integration. Recalling (4.18), if Af (3) = 0, then N(3) = 0 requires
c = —3k. Using (4.19) and (4.21), condition (4.8) applied to (4.17) may be written as

2PXM +
2P^ 2 P'+P

Wo
M' = k('2+^j. (4.22)

Note that Pi = P](1),P2 = P2(l),Pi = Pi'(l), and P2 = Pj( 1) are constants. Equa-
tion (4.22) is a first-order linear ordinary differential equation for M (a) which can be
integrated yielding

M = k2 exp
\ P2 Pi 2 _

~h k\

k 2aPxP2 + [(5a - 2)P\ - 2aP\}P2P'2 + [(2a - 4)Pt - ^aP\\P22

+ 2 4~P\P'1 + (4P? - 8P,P\)P2P'2 + (4Pf - 4PXP\ + p\)p\ ' (423)

where fci and k2 are constants of integration. To make M(3) = 0, choose

k\ = k2 exp
I P2 Pi 2,

k 6PiP2 + [13P] - 6Pi]P2P2 + [(2Pt - 12Pi]P2' . .

2 4P"P22 + (4P' - 8P{P\)P2P'2 + (4Pf - AP{P\ + p')K '
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N(a) is then determined from (4.21) on using (4.23) and (4.24). Substituting (4.23) for
M in (4.21) and then replacing a by I\ and I2 in M and N, respectively,

w =,|[P1(/3)M( h) + PiihWh) + P3(13)] (4.25)

determines a class of strain-energy densities that will admit (3.13) and (3.14) as a solution,
where the P,(I3) are arbitrary except that -P3(l) = 0. For example, suppose P,(/3)
(i = 1,2) are constants and = 0 in (4.23). Then (4.23) reduces to

M(a) = fc^, (4.26)
1

and substitution of (4.26) into (4.21) yields

N(a) = 0. (4.27)

Using (4.26) and (4.27) it can be shown that a strain-energy density of the form

^=f[c1(I1-3) + P3(/3)] (4.28)

will have (3.13) and (3.14) as a solution to the line load problem. A variety of materials
proposed in the literature are of the form (4.28) (see [9] for a partial list). We remark
that this process could be continued by choosing other forms for the strain-energy density
and then obtaining restrictions on these forms.

We conclude by identifying an interesting comparison between the line load prob-
lem and the problem involving axisymmetric anti-plane shear of isotropic compressible
nonlinearly elastic circular tubes studied in [9]. In [9], a circular tube centered on the
z-axis and bonded on its inner surface to a rigid cylinder is subjected to a uniform axial
shear traction on its outer surface. First, the invariants associated with both the axial
shear problem (radial deformation possible) and the anti-plane shear problem (no ra-
dial deformation) take on the same form as (2.6)-(2.8) and (4.5)-(4.6), respectively (see
Eqs. (2.12)—(2.14) and (3.1) of [9]). Specifically, it is shown in [9] that classes of com-
pressible materials capable of sustaining axisymmetric anti-plane shear must undergo a
volume-preserving deformation, as was the case here for the line load problem (see (4.5)).
Additionally, the two necessary conditions on the strain energy density function deter-
mined in [9] for axisymmetric anti-plane shear to be possible reduce directly to (4.8)
and (4.9) when the out-of-plane displacement is set equal to the corresponding linear
(natural log) solution similar to that given by (3.14). In particular, analogous results for
the two problems are obtained for materials of the form (4.28). While this may at first
seem surprising, the two problems are closely related in the following way. The problem
of a tube subjected to a uniform axial shear traction on its inner surface while the outer
surface is held fixed is equivalent to the problem examined in [9]. If the inner radius is
allowed to approach zero, and the outer radius approaches infinity, the physical connec-
tion between the line load problem and the axial shear problem becomes apparent. Thus,
in particular, the technique developed here applied to the line load problem (formally)
recovers, in a limiting sense, results obtained in [9] for anti-plane shear deformations of
a tube composed of a nonlinearly elastic material described by (4.28).
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