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By
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Abstract. The nonclassical heat conduction equation based on the MCF model is
used to study the discontinuities in velocity gradients and temperature in fluid flows
induced by impulsive or sudden heating of a plate. The influence of the thermal relaxation
time in the temperature and velocity fields is investigated.

1. Introduction. Fourier's law of heat conduction is used to derive the basic equa-
tion in classical unsteady heat transfer problems. This results in a parabolic equation
for the temperature field and an infinite speed of heat propagation, thus violating the
principle of causality. Ackerman et al [1] established the second sound in solid helium,
which gave a finite speed of propagation of thermal waves. Chester [2], Kaliski [3],
Lord and Shulman [4], Green and Lindsay [5], and others have developed equations of
thermoelasticity, which permit finite speed of thermoelastic propagation. However, no
significant progress has been made in developing solutions for corresponding problems
in fluid mechanics. Although Lindsay and Straughan [6] have investigated acceleration
waves and second sound in a perfect fluid, yet no study has been conducted concerning
the existence and propagation of discontinuities in corresponding viscous flows. McTag-
gart and Lindsay [7] used a non-Fourier heat flux law and analyzed the effect of modified
heat conduction equations in the Benard problem. They have shown that there is a
major difference in the results of the Benard problem when nonclassical effects are taken
into account. This is due to the "major role played by the time constant of the Maxwell-
Cattaneo theory". Puri and Kythe [8] have studied a simple unsteady flow problem which
deals with the nonclassical heat conduction effects and structure of waves in the Stokes'
second problem. A detailed history of the development of nonclassical generalizations of
Fourier's law is given in Joseph and Preziosi [9]. They state that the Cattaneo equation
is the most obvious and simplest generalization of Fourier's law that gives rise to finite
speeds of propagation.

In order to understand fully the effects of the hyperbolic heat conduction equation on
fluid flows, we shall investigate the conditions under which discontinuities arise in flows
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induced by impulsive or sudden heating of a plate. It is expected that discontinuities
will exist in the velocity gradients and temperature. The corresponding thermoelastic
problems have been studied by several authors, some of the principal ones being Lord
and Shulman [4], and Norwood and Warren [10].

In the so-called MCF [Maxwell-Cattaneo-Fox] model as developed in McTaggart and
Lindsay [7], the nonclassical constitutive equation for the heat-flux vector q is given by
the Maxwell-Cattaneo equation

7~(Qi — (1i (1)

where is the vorticity, k the thermal conductivity, 9 the temperature, and r the
thermal relaxation time. If uil:j = 0, Eq. (1) reduces to that of the Cattaneo model, and
for r = 0 it becomes Fourier's law (see Joseph and Preziosi [9]). While there are other
good models to choose from, the Cattaneo law, as stated in Joseph and Preziosi [9], has
many desirable properties, e.g., the steady heat flow may be induced by temperature
gradients and gives rise to finite speeds of propagation.

The dimensionless thermal relaxation time, defined as A = CP, where C and P
are the Cattaneo and the Prandtl numbers respectively, exhibits a definite influence
in the existence and speed of propagation of discontinuities in velocity gradients and
temperature in fluid flows induced by impulsive or sudden heating of the plate. The
number A also appears in generalized thermoelasticity (see Puri [11] where it is defined
as to) and is shown to be of order 10~2. Again as noted in McTaggart and Lindsay [7],
the Cattaneo number C may not be small in astrophysical applications. For example,
C is of order 10~2 in a low temperature hydrogen gas. However, the thermal relaxation
time A does not appreciably change the magnitude of the temperature and velocity fields.

The mathematical formulation of the problem and the solutions in the Laplace trans-
form domain and their inversion are contained in §2. Small-time solutions and propaga-
tion of discontinuities in temperature and velocity gradients are investigated in §3. The
results are discussed in §4, and figures for temperature and velocity profiles are presented
there.

2. Mathematical analysis. We will consider the Stokes' first problem (see, e.g.,
Schlichting [12]). Let a viscous incompressible fluid rest adjacent to a vertical flat plate
in the (y, z)-plane and occupy the space x > 0, with the z-axis in the vertical direction.
The flow is induced by impulsive or sudden heating of the plate, or by time-dependent
motion of the plate, or both. The plate initially at rest and at constant temperature #oo
(the free stream temperature) is moved with a velocity Uog(t) vertically in its own plane
in the direction of the z-axis, and its temperature is subjected to heating of the form
(6^ — Ooo)f(t), where 6W (^ 0^) is some constant.

The basic equations of continuity, momentum, and energy, governing such a flow,
subject to the Boussinesq approximation, are

Vi,i = 0, (2)

pVi — P,i "1" Vi p\ 1 Oi(Q ^oo)]^^i3 ~t~ ̂ki,k> (^)

pi = -qi,i+tlkdlk, (4)
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where the vector v — (0,0, u) represents the velocity, p the density, p the dynamic viscos-
ity, p the pressure, e the specific internal energy, a the coefficient of thermal expansion,
g the acceleration due to gravity, tik the non-Newtonian stress tensor, and dik the strain
tensor. Taking into account the geometry of the problem which results in the disappear-
ance of the dissipative terms and noting that ttk = 0 for the MCF model (see McTaggart
and Lindsay [7]), Eqs. (2)-(3) reduce to the following equation of motion:

ut = vuxx +ga(6 - Ovo). (5)

Equation (1), after substitution into (4), gives

pcp6 = -qi}i, (6)

since e — cp6 for the MCF model. If we drop the nonlinear terms TUijqj in (1) because
r and uiij are small quantities, we get

TQi.i Qi,i (7)

Eliminating qiti between (6) and (7) we find that

-pcpT0 = pcpd - K04i,

which in one-dimensional form, after dropping the convective terms (because these terms
become automatically zero), leads to

T^tt + @t — —@xx- (8)pcp

Note that the term t6u in (8) is necessary to ensure finite speed of propagation. We
shall use the nondimensional quantities

* = 7TX'> u = U0u', t = ~t', j   = e',
^0 Uq "w "oo . .

= uga{9w - eoo) = vpcp = tkU$ =
K ' V2pcp ' V

where G is the Grashof number. Then the governing equations (5) and (8) for the flow
and heat conduction, after suppressing the primes, become

ut = uxx + GO, (10)

A POtt + POt = 0XX. (11)

The boundary conditions are

0(0,0 = /(*)> «(0 ,t)=g(t), 0(oo,t) = O = u(oo,t), (12)
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and the initial conditions are

u(x, 0) = 0 = 9(x, 0) = 0t(x, 0). (13)

By applying the Laplace transform to the system (10)—(13), the solution in the transform
domain is given by

9(x,s)=J(s)e-™, (14)

u(x,s) — -( ^ 4- Gf ^9(s) + ZT2 
— s

e-XsTs _ Gf(S) e~~mx [ (15)

where a bar over a quantity denotes its Laplace transform with s as the transform vari-
able, and

TO = y/\Ps2 + Ps. (16)

For f(s) — 1 = g{s), the solutions for 9 and u — U\ — for P ^ 1 are obtained by
using the tables of inverse Laplace transforms, e.g., [13]:

9{x, t) = H{t - b)abB(x, t) + 6{t - b)e'at, (17)

u\(x,t) — H(t) x _a:2/(4t) _ ^

_2\Z^t3 1 — P
erfc ~ \eCt{Fix^Vc)

+F(x, t, —\/c}
(18)

Q
U2(x, t) = H(t — b) 1 - P

je-(c+«)6 + ab e-cCB(6,OrfcJ

-|e'ah + abj S(6,C)rfc} (19)

where H(t) is the Heaviside step function, 6(t) the Dirac delta function,

= (20)

F[x, f, */c) - e*^erfc - (21)

a — 1/(2A),6 = xV\P, and c — (1 - P)/(XP). For P = 1, the solution for u = u\ - u2
in this case is given by

Ml = H(t)

Q
U2 = H(t — xVX) —

A

 ^=e-a:2/(41) + G f(f + x2/2) erfc(x/(2v^)) _ ^e-^2/(4t)
2Vtt¥ A [ s/tt

t - xVAh—^7= [ (t - ()B(x\Z\, C,)d(
2VX JxVa

, (22)

(23)



STOKES' FIRST PROBLEM WITH NONCLASSICAL HEAT CONDUCTION 171

For f(s) ~ l/s — g(s), the solutions for 6 and u — U\ — U2 for P ^ 1 are given by

0(x, t) = H(t — b)
rt

—abe~a0 + ab J B(b,()d( (24)

ui(x, t) = H(t)
C\P ( 1

erfc(i/(2Vt)) + _ p^2 l-ect(F{x,t,Vc) + F(x,t,-y/c))

erfc(a:/(2v/i))| - - ^ — | (t + x2/2) erfc(x/(2\/i)) - |

|ect (e~(c+a)b + ab e'^Bib, <) dC

(25)

U2{x,t) = H(t — b)
GXP

Ji^py . i
ab- e~ + ab> f B(b,()d(

YTJ, {(*" b)e-ab + ab j\t - C)B(b, C) <}
(26)

For P — 1, the solution u — Ui — U2 is given by

ui = H(t)

u2

erfc(a;/(2v/t)) + y [ {(C + z2/2)B(x\^X, () - x /(4^| d(
X JxVa I v7r J

= ]-H(t-xVA) f (t - Q2B(xV\, Q d( + (t - xVX)
^ J x/y/X

(27)

(28)

Note that the solutions for other choices of the boundary conditions, like f(t) — H(t), g(t)
= 0, or f(t) = 0,g(t) = H(t), can easily be derived from (15).

3. Small-time solutions and propagation of discontinuities. The forcing func-
tion g(t) and the part of the velocity given by u\ do not introduce any moving disconti-
nuities in the velocity gradients and temperature. We shall, therefore, take g(t) = 0 in
subsequent discussion. Further, there is no need to derive the small time solutions for u\
because the exact solutions (18) and (25) are already obtained in terms of well-known
functions. The analysis for determining propagation of discontinuities will be carried out
in the transform domain. The methodology for this analysis is given in Boley [14], and it
was used by Boley and Tolins [15] to study the discontinuities in temperature and stress
in coupled thermoelastic half-space. Let <S[/(xo)] denote the discontinuity of a function
f(x) at a point xo, i.e.,

S[f(x0)} = f{x0+ 0) - f{x0 - 0), (29)

where both /(x0 + 0) and f(x0 — 0) exist. If

1 pc+ioo

F(x,t) — -—: / F(x,s)estdt, (30)
27Tl JQ—ioQ
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where c is a constant chosen in the standard manner of the Laplace inverse transform and
F is a piecewise-continuous function of finite exponential order, then the discontinuities
are given by the following criterion: Let F(x, s) = s)e~S7x, where 7 is a real constant.
Then, if

Klim sn
S —♦ OG s

then

0, n > 0, to > 1, (31)

5[F(x,t)]

= 0 for 72: — t 7^ 0,
0 if n > 1,
K if n = 1, for 7x — t = 0.
00 if n < 1.

Expansion for large s: When f(s) — 1,

x P1
^ 8A V As

9{x, s) = e-xVp/<-4X)~sx^

Mx,s) = -^e-xVWW-sxVXp

s) _ G c-xy/p/(4\)-sxy\pl
dx y/\p s

( 1 — P x P\ 1
1+H^+8av xh+

, 1-P x P I \ 1
1+ ^F + 8AV A + 2A )~s +

dt
Inverting (33)-(34), the small-time solutions for 0 and u2 are

0{x,t) =e"I\/F/(4A) 8{t - xV\P) + J^-H (t - xy/XP) + ••■

u2(x,t) = H(t - x\ZXP)~e-xVp/(4X)
Al

8A V A'

t — x\f\P

+ /1 ~ P + x\J~P \ (t-x^Xp)2 |
A P 8A\/A J 2

(32)

(33)

(34)

'(35)

du2(x,t) _
= SU2(X,S). (So)

(37)

(38)

By applying the criterion (32) to (33) it is seen that discontinuity in 0(x,t) at the
wave-front at x = t/\[XP is unbounded, but this discontinuity consists of two parts,

one being an impulse of magnitude — e~xVp^4X\ and the other a jump of magnitude

fx\[^e~X^P^AX) ■ Again, we find from (34)-(36) that u2(x,t) is continuous every-

where, but du2/dx and du2/dt have discontinuities of magnitude — ~^L=e~xy/p^AX^ and

J3 e-®v^/(4A) respectively at the same wave-front. These discontinuities propagate with
speed 1/y/XP.



STOKES' FIRST PROBLEM WITH NONCLASSICAL HEAT CONDUCTION 173

When F(s) = 1/s, the small-time solutions for 9 and «2 are

0(x,t) = e~x^p/(AX)[H(t. - x\/\P) + ■••], (39)

u2{x,t) = H(t - x\fXP)~e-x^/p'^x)
Xjt

(t — xs/XPf

fl-P xVP\(t-xy/XP)3
+ {~Jlr + 8x7x) 6 +"

(40)

The discontinuity in 9(x, t) at the wave-front at x = t/y/XP is of magnitude e xVp^4X\
It is seen that U2(x,t) and its first gradients are continuous at all points, but the second
gradients have discontinuities given by S\d2U2/dx2] = Ge~x^F^AX\ and S[d2U2/dt2]
= j^e~xVp^4X^ at the same wave-front.

4. Discussion. Table 1 summarizes the results for the magnitudes of discontinuities
at the wave-front x = t/\/~XP in the temperature and the velocity gradients.

Table 1

fit) <S[0(x, i)] S[du/dt] S[d2u/dt2] S[du/dx] S[d2u/dx2\

6(t) oo 00 -JLe-Vmx)
K ' aP yip

H(t) e~xVp/(4X) 0 -^e-xVp/(4A) 0 -Ge~x^p/{4X)
XP

The interesting feature of this model is that discontinuities are present in the tempera-
ture and the velocity gradients. Although we have derived the results for both impulsive
and sudden heating or motion of the plate, we shall confine our discussion to the more
practical case of sudden heating. The results derived for f(t) = 6(t) = g(t) constitute the
Green's function in some sense (with respect to time); they are, therefore, basic results of
theoretical importance. It is obvious from Table 1 that the jumps for velocity gradients
are very large except for the case of d2u/dx2 for f(t) = H{t).

The discontinuities in temperature disappear very quickly. It is clear from Fig. 1
(see p. 174) that for t = 0.05 the discontinuity in 6 is very small and temperature is
almost zero just ahead of the wave-front. However, numerical computation shows that
the discontinuities in velocity gradients start with large magnitudes and propagate for
about ten seconds (for the specific values of A, P, and G considered here) before they
start to disappear. Figure 1 exhibits the temperature profiles for small times. It is clear
that the magnitude of discontinuities in temperature at the wave-front (marked by the
vertical broken line) decreases with time and practically disappears before t = 0.05.

The temperature profiles for A = 0 are given in Fig. 2, and velocity profiles for A = 0
and small times are given in Fig. 3. They are provided for comparison with our results.

Figures 3 and 4 (see p. 175) show that (i) the effect of A is minimal on velocity
profiles, (ii) an increase in G increases the velocity, and (iii) the cooling (G < 0) and
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X. = 0.01

0.1 0.2 0.3 0.4 0.5

Fig. 1. Graphs of 8(x, 0.01), 6(x, 0.02), and #(x,0.05) for P =
0.7, A = 0.01.

x=o

0.2 0.4 0.6 0.8 1 1.2 1.4

Fig. 2. Temperature when A = 0, for P = 0.7, and t = 0.01 and
0.05.

heating (G > 0) effects become more prominent as time increases. It is also clear from
Tables 2 and 3 that an increase in A tends to decrease the velocity for G > 0 and increase
it for G < 0.

Table 2. Velocity at t = 0.05, P = 0.7, G = 5.

x 0.0 0.5 0.2 0.4 0.6 0.8 1.0
A = 0.01 1.0 0.901984 0.583310 0.239717 0.065572 0.012171 0.001621
A = 0.0 1.0 0.902823 0.587058 0.247933 0.075167 0.016388 0.002600
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t = 0.05
X =0

G = 5

— X

Fig. 3. Velocity when A = 0, for P = 0.7, G = ±5, and t = 0.05.

t = 0.05
X. = 0.01

O . 8

0 . 6
wave-front

j at x = 0.597614
0.4- V \ (no discontinuity)

O . 2

— X
0.2 0.4 0.6 0.8 X

Fig. 4. Velocity when A = 0.01, for P = 0.7, G = ±5, and t = 0.05.

Table 3. Velocity at t = 0.05, P = 0.7, G = —5.

x 0.0 0.05 0.2 0.4 0.6 0.8 1.0
A = 0.01 1.0 0.846750 0.470869 0.172087 0.049986 0.010652 0.001509
A = 0.0 1.0 0.845911 0.467121 0.163874 0.040392 0.006435 0.000530

Reciprocal relations of the type mentioned in Boley and Tolins [15] do not exist in the
present work.
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