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Abstract. A dynamic model for a thin thermoelastic plate proposed by Lagnese and
Lions in 1988 [1] has been used recently by several authors (e.g., [2]—[5]) to study existence
and stability of solutions to initial/boundary-value problems. Simple, systematic order-
of-magnitude arguments show that it is consistent to neglect several terms appearing in
the governing differential equations that couple a temperature moment to the average
vertical displacement. Further, because the time scale on which the temperature adjusts
itself to the strain rate contribution to the energy equation is quite small compared
with the longest (isothermal) period of free vibration of the plate, the energy equation
can be solved for the temperature in terms of derivatives of the vertical displacement
and hence the system reduced to a single equation, only slightly more complicated than
the classical (Kirchhoff) equation of motion. Among other things, it is shown that the
temperature has a cubic rather than a linear variation through the thickness. Finally,
another order-of-magnitude estimate for a clamped aluminum plate of one meter radius
and 1mm thickness shows that thermal damping acting alone takes on the order of 200
cycles of vibration to halve the initial amplitude.

1. The equations of linear thermoelasticity. Let xQ, a = 1,2, and z denote
Cartesian coordinates in an inertial reference frame and let a homogeneous, isotropic,
thermoelastic plate-like body occupy the closure of the open set Q x where fl,
the midplane of the plate, is a connected region of the xQ-plane with piecewise smooth
boundary dfl and '2H is the plate's thickness. Then, from the standard references by
Boley and Weiner [6] or Carlson [7], the linearized governing three-dimensional equations
in Cartesian tensor notation comprise the equations of motion,

&af3,a Tf3,z f(3 = ; (1*1)

Ta,a + + / = pil, (1.2)
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the energy equation,

+ ti,zz) + m8o(uaia + It,*)' + r = dd, (1.3)

and the stress-displacement-temperature relations

CTap — /^(^a,/3 ~f~ ̂/3,a) ^(^7,7 ^,z)^a/3 ~t~ (1*4)

rQ = /j(«ai2 + uta), a = 2/zu2 + A(uQjCt + u>z) + rwd. (1.5)

Here (crap,Ta,cr) are the physical (Cartesian) components of the stress tensor, (/«,/) are
the components of the body force vector, p is the (constant) mass per unit volume, (uQ,u)
are the components of the displacement vector, k is the thermal conductivity, i? is the
increment in absolute temperature above the constant reference value 6q, m is the stress-
temperature modulus, r is the heat supply, c is the specific heat, and A and /x are the
Lame elastic constants. Further, a subscript preceded by a comma denotes differentiation
with respect to that subscript and a dot denotes differentiation with respect to time. For
simplicity, we shall henceforth take fa = f = r = 0.

To make our expansion procedure easier, we rewrite (1.5) in the inverted form

ua,z = -u,a + (1 - v)(Ta/E) (1.6)

and

(1 - v)u,z = -vua,a + (1 + v){l - 2u)(a/E) + (1 + v)cfd, (1.7)

where E is Young's modulus, v is Poisson's ratio, and

m 1 — 2^
a =    = ——m (1-8)

3A + 2/x E
is the coefficient of thermal expansion. We then substitute (1.7) into (1.3) and (1.4), so
obtaining

k{ti,aa +ti,zz) = + C*^' (L9)

where
, t1 + v)E60a2

~ + 7i wi o~~T (1-10)(1 - i/)( 1 - 2v)

is a modified specific heat, and

E v
®a0 = ~^2 [^^ck/3^7,7 2^ ^)(^a,/3 ~1~ ^/3,a) (1 "f" V^)Ocd5a[3\ — ~0'Sa^. (1.11)

In view of (1.11), our basic unknowns are now the displacement components, (ua, u), the
transverse and normal stresses, (rQ,cr), and the incremental temperature, d.

At the faces of the plate, we shall, for simplicity, assume that there are no surface
tractions, i.e.,

ra(xa,±H,t) = cr(xa,±H,t) = 0, (1.12)

and that Newton's Law of cooling holds, i.e.,

i9iZ(xa, ±H, t) ± b"d(xa, ±H, t) = 0, (1-13)
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where b is a radiation coefficient. (This is the same thermal boundary condition assumed
in [1].)

2. Scaling of variables. Let L be the radius of the largest disk contained in the
closure of the midplane of the plate and introduce dimensionless spatial variables by
setting

Xa = L£a, 2 = H(. (2.1)

Classical plate theory is based on the premise that differentiation of any field variable
with respect to or ( does not change its order of magnitude. As is well known, this
assumption breaks down in the vicinity of edges or concentrated loads where there exist
three-dimensional boundary layers of width 0(H).

To derive classical thermoelastic plate theory in a systematic (if formal) way, we
must introduce an appropriate scaling of the displacement, stress, time, and temperature
variables. To this end let wq denote a reference vertical displacement of the midplane
of the plate. Then to guarantee that our formal expansion procedure will yield the
classical Kirchhoff equation for static isothermal deformation, we introduce dimensionless
displacements by setting

ua = (H/L)woUa, u = wqU. (2.2)

The stresses are scaled in the standard way:

Ta = (EH2w0/L3)Ta, <7 = (EH3w0/L4)S. (2.3)

In scaling the time variable, we note that there exist three disparate time scales: (1)
the time it takes any transient initial temperature distribution to decay to, say, half
its initial value; (2) the period of the lowest natural isothermal mode of vibration; and
(3) the time it takes for any initial motin of the plate to decay to, say, half its initial
value. Since (2) is much greater than (1) and much less than (3), we choose the former
to nondimensionalize the time. To determine this time scale, we turn to the classical
isothermal equation of motion of a plate,

Dw, aaf3f3 + 2 Hpw = 0, (2.4)

where

2EH3 /n N
3(l-i/2) ( ^

is the plate's bending stiffness and w is some measure of the vertical deflection. In accor-
dance with the scaling (2.1), the lowest natural frequency of vibration of an isothermal
plate is 0[(H/L2)yjE/p\. Thus, we introduce a dimensionless time by setting

t = (L2 / H)-s/~pJEt. (2.6)
To choose an appropriate scale for the temperature increment i9, we simply require

that the temperature effect in the stress-displacement-temperature relation (1.11) be
significant. This leads to the nondimensionalization

0 = (Hw0/aL2)Q. (2.7)
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3. The scaled governing equations. We shall rewrite the governing equations in
the order we shall integrate them. Thus, with the scaled variables defined in (2.1)—(2.3),
(2.6), and (2.7), with f_a now denoting df/d£a, and with

e = H/L (3.1)

denoting the fundamental small parameter of plate theory, we find that (1.7), (1.6), (1.9),
(1.1), and (1.2) can be written

U,c = 0(e2), (3.2)
UaX = -ua + 0(e2), (3.3)

0,cc + 0(e2) = {/? [Ua<at + 0(e2)] + 7©},f, (3.4)

(1 — i>2)Tp£ = — [|(1 + v)Ua,a0 + |(1 - v)Uj}<aa — (1 + v)Q,p\[l + 0{e2)\, (3.5)

•5,C = U,TT - Ta,Q. (3.6)

In (3.4),

0 E3'20oa2L , Ex!2c*L
13 = (i - Wk and 1=^7VT (3J)

are dimensionless thermal constants that are independent of the plate's thickness and

f — r/e3 (3.8)

is a "fast" time variable.
Finally, we note by (2.1), (2.3), and (2.7) that the homogeneous face boundary con-

ditions (1.12) and (1.13) take the form

rQ(&,,±l,T)-=S(eQ,±l,r)=0 (3.9)

and

©,<:(£>, ±1,t)±£&L0(£q,±1,t) =0. (3.10)

4. The equations for the flexure of a classical thermoelastic plate. By the
flexural motion of a plate, we mean solutions of (3.2)-(3.6) such that

r u,ra i
[Ua,a, © J

fevenl . , , x
are | od<J } {. (4.1)

By the classical theory of flexure of a thermoelastic plate we mean Eqs. (3.2)-(3.6) and
the associated face conditions in the limit as e —> 0. Thus, (3.2), (3.3), and (4.1) yield

U = w(£a,T), Ua — -£wta(£a,T), (4.2)

the fields one often assumes a priori under the Kirchhoff Hypothesis. Here they fall out
as a consequence of our scaling and the assumption that differentiation with respect to

or C does not change orders of magnitude. Substituting (4.2)2 into (3.4), we have, in
the limit as e —> 0,

©,CC = (7© - P(w,aa),T- (4-3)



LINEAR MODEL FOR THE MOTION OF A THERMOELASTIC PLATE 677

The solution of this equation, odd in £, is subject to the limiting form of the boundary
condition (3.10), namely

e,c(k,l,T) = 0, (4.4)
together with an initial condition of the form

©(&..C.0) = 0(£a,O> (4.5)
where 0 is prescribed.

Using the odd eigenfunctions sinA„£, An = ^7r + rar, n = 0,1,..., associated with the
operator —d2/d(2 and the boundary condition (4.4), we find that the solution of (4.3)
satisfying (4.4) and (4.5) can be expressed in the form

°° fT
0 = 5>"(A-/7)'0n(£a) + (2^/7)(-1)iiAj;2 / c-^/^-^Vaafdr]sin A„C, (4.6)

n=0 Jo

where

Qn = 2[ 0(£a, C)sin Xn( d(. (4.7)
Jo

If we formally introduce the fast time (3.8) as a second time variable, then (3.6) and
(4.2) imply that

wff=0(e3) or tu.f = wf(£Q,T)[l + 0(e3)] (4.8)

which means that, within the framework of classical plate theory, (4.6) may be given the
explicit form

0 = K(1 ~ C2/3)/?lU,aaf($a,T)
OO

+ £ e"(A"/7)f [©„(&,) - 2/3(-l)"A" VQ«f (£„, r)]sin A„C- (4.9)
n—0

As f —> oo or, from the viewpoint we prefer when deriving classical plate theory, as
e —> 0 for r fixed, 0 approaches the first line on the right of (4.9). This limit also follows
if we ignore the first term on the right of (4.3) and means physically that any initial
temperature distribution is equilibrated virtually instantaneously on a time scale of the
order of the longest period of oscillation of a classical isothermal plate. Henceforth, we
replace 0 by this limit which we note is cubic in £ rather than linear, as is assumed in

[1]-
Substituting 0 = ^£(1— C2 /3)Pw,aaf along with (4.2)2 into the limiting form of (3.5),

we have

(1 - l/2)Tpt£ = t[w + 5(1 + 1 - (2/3)w,+],aaf3- (4.10)

Integrating (4.10) with respect to £ and applying the boundary condition (3.9) i, we
obtain

(1 - v2)T0 = i(C2 - 1)[™ + i(l + !/)(5 - C2KrW (4.11)
Our final equation to integrate is (3.6) which, by (4.2)i and (4.11), now reads

(1 - v2)S,c = (1 - v2)wiTT + ±(1 - C2)[w +^(1 + f)/?(5 - C2)\,cap/3- (4.12)
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On integrating both sides with respect to ( from 0 to 1 and imposing the boundary
condition (3.9)2, we obtain a single dimensionless partial differential equation for the
motion of a thermoelastic plate:

[u> + §(1 + v)/3wttlaapp + 3(1 - v2)w,rr = 0. (4.13)

The stress couples and transverse shear stress resultants (needed to satisfy any pre-
scribed edge loading) follow from (1.11), (2.2), (2.3), (2.6), (2.7), (3.1), (4.1), (4.2), (4.11),
and the first line of (4.9) as

rH
= — (

-H
fHfa0 = - / zaap dz = (Dw0/L2)\v5apwm + (1 - v)wt0lp\ (4.14)

J-H

and

fHQp= rpdz = -(Dw0/L3)wtaap, (4.15)
J-H

where 0(e2) terms have been dropped.

5. Effect of thermal damping on natural modes of vibration. To illustrate
the effect of thermal damping on the modes of vibration of a thin plate, we consider a
plate clamped along its boundary, i.e.,

w = w<apa = 0 on d51, (5.1)

where va are the Cartesian components of the outward unit normal to dCl. Let </>n(£a) be
the corresponding nth dimensionless natural mode of vibration according to isothermal
Kirchhoff plate theory, i.e.,

firitOcaPP ~ 3(1 i^")cc(5-2)

where (H/L2)y/E/pu>n is the corresponding natural frequency of vibration. Then it is
clear that (4.13), subject to the homogeneous boundary conditions (5.1), admits solutions
of the form

w — epT <j>n{€a), P = constant. (5-3)

Substituting (5.3) into (4.13), using (3.8) to replace the fast time variable by the dimen-
sionless time r, and noting (5.2), we obtain the characteristic equation

p2 + |(1 + v)(3e3wlp + ul = 0 (5.4)

whose solution has the form

p = — (er3/5)(1 + v)f3ul ± i[l + 0(ee)]u;n. (5.5)

[We also could have obtained this result—but with more labor—by introducing a "slow"
time variable f = e3r and using the two-scale method to find an asymptotic solution of
(4.13) of the form w(t, f; e) = w(r, r) + 0(e3).] Thus, with those real parts of p neglected
that are of relative order e6, (5.3) reads

w = e~(e3/5)m(5 g)
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which shows that the ratio R of the natural period of vibration to the time it takes w to
decay to half its initial amplitude is

R = (27re3/(51n 2))(1 + u)0un. (5.7)

For a clamped circular aluminum plate of one meter radius and one millimeter thick-
ness vibrating in a vacuum at room temperature, we find, using the elastic and thermal
constants given on pp. 87 and 157 of [8] and the natural frequencies of vibration given in
Table 2.1 of [9], that R for the lowest natural frequency of vibration is about 4.84 x 10~3.
Since the lowest natural period of vibration works out to about 0.075 seconds, this means
that it takes about 15 seconds for the amplitude of vibration of the plate to damp to half
its initial value.
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