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Abstract. A helical shear deformation is a composition of non-universal, axisymmet-
ric, anti-plane shear and rotational shear deformations, shear states that are separately
controllable only in special kinds of compressible and incompressible, homogeneous and
isotropic hyperelastic materials. For incompressible materials, it is only necessary to
identify a specific material, such as a Mooney-Rivlin material, to determine the anti-
plane and rotational shear displacement functions. For compressible materials, however,
these shear deformations may not be separately possible in the same specified class of
hyperelastic materials unless certain auxiliary conditions on the strain energy function
are satisfied. We have recently presented simple algebraic conditions necessary and suf-
ficient in order that both anti-plane shear and rotational shear deformations may be
separately possible in the same material subclass. In this paper, under the same physical
condition that the shear response function be positive, we present an essentially algebraic
condition necessary and sufficient to determine whether a class of compressible, homo-
geneous and isotropic hyperelastic materials is capable of sustaining controllable, helical
shear deformations. It is then proved that helical shear deformations are possible in a
specified hyperelastic material if and only if that material can separately sustain both
axisymmetric, anti-plane shear and rotational shear deformations. The simplicity of the
result in applications is illustrated in a few examples.

1. Introduction. The helical shear of a circular cylindrical tube consists of coupled
axisymmetric, anti-plane shear and rotational shear deformations and is described by

(1.1) r = R, 9 = Q + ip{R), z = Z + u{R),

where ip(R) is the plane rotational shear angle, u(R) is the axial, anti-plane shear dis-
placement, and (r, 9, z) are the current cylindrical coordinates of a material point initially
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at (R, 0, Z) in the same Cartesian reference system. We shall see in Section 2 that the
total helical shear strain k = ±\J(du{R)/dR)2 + (Rdip(R)/dR)2 in a nontrivial, helical
shear deformation cannot be constant. Moreover, unlike a homogeneous simple shear
deformation, which is controllable in every compressible or incompressible, isotropic and
homogeneous hyperelastic material, the helical shear deformation (1.1) is not a universal
deformation. On the other hand, helical shear deformations may be sustained by surface
tractions alone in special kinds of compressible and incompressible materials.

Spencer [1] has shown that circumferential and axisymmetric, anti-plane shear de-
formations are both separately and simultaneously possible in a general class of com-
pressible materials that vary slightly from the incompressible Mooney-Rivlin model for
which Rivlin first derived similar general results. Rivlin [2] has shown that the helical
shear problem for an arbitrary incompressible, isotropic and homogeneous hyperelastic
material leads to two coupled nonlinear ordinary differential equations for u(R) and ip(R)
whose solutions may be obtained only upon specification of the strain energy function. In
particular, for an incompressible Mooney-Rivlin material, these equations are separable
and yield the exact axial and rotational shear displacement functions given by

(1.2) u(R) = A\n(BR), ip(R) = C+^,
nz

where A, B, C, and D are constants determined by assigned boundary conditions. The
remaining equilibrium equation then determines the unknown pressure function, and
hence the stress components and traction conditions may be found for this special class
of incompressible materials. Thus, except for the details leading eventually to the de-
termination of u{R) and il>{R)i the axisymmetric, helical shear problem for any specified
incompressible material may be considered solved. Therefore, for an incompressible ma-
terial, a simple shear, a pure rotational shear, and a pure axisymmetric, anti-plane shear
deformation may be identified as trivial cases among the general class of axisymmetric,
helical shear deformation problems. For a compressible material, however, the situation
is less clear and hence only the simple shear case may be considered trivial. In fact, the
axisymmetric, helical shear deformation (1.1) may not be possible for a specified class of
compressible materials unless certain auxiliary conditions on the strain energy function
are satisfied. Our purpose in this paper is to present an algebraic condition on any spec-
ified strain energy function of a compressible, isotropic and homogeneous hyperelastic
material necessary and sufficient for the material to sustain axisymmetric, helical shear
deformations.

A necessary and sufficient algebraic condition on the strain energy function in order
that a pure azimuthal shear defined by (1.1) when u(R) = 0 may be sustained in a
compressible material was first obtained by Haughton [3]. Similar results are given by
Beatty and Jiang [4] in a simpler and somewhat different form that does not require use
of a certain monotonicity condition specified in [3]. More recently, Jiang and Ogden [5]
presented a simpler variation of the same result deduced from equations for a general
azimuthal plane strain for which r = r(R) and u(R) = 0 in (1.1). Here we are interested
in the composition of pure rotational and anti-plane shear deformations in a general
helical shear deformation (1.1).
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In previous papers [4, 6, 7], we have presented simple algebraic conditions necessary
and sufficient to determine whether or not a specified compressible, isotropic and homoge-
neous hyperelastic material is capable of separately sustaining axisymmetric, anti-plane
shear and rotational shear deformations. Sometimes a certain subclass of a specified
primary hyperelastic material is capable of supporting one or the other of these defor-
mations, but not both; and sometimes the separate shear deformations may be possible
in different subclasses of the same specified primary material, or possibly not at all. Al-
though rotational shear and anti-plane shear deformations may be separately possible
in the same material subclass, it is not evident that their superposition in helical shear
deformations will be possible in the same material subclass. In Sec. 3, we present a
single necessary and sufficient algebraic condition in order that nontrivial, axisymmetric,
helical shear deformations may be possible in a specified primary class of compressible,
isotropic and homogeneous hyperelastic materials. We then prove in Sec. 4 that a mate-
rial is capable of sustaining controllable helical shear deformations when and only when
it can separately sustain both axisymmetric, anti-plane shear and azimuthal shear defor-
mations. Our single algebraic condition on helical shear deformations is thus decomposed
into the two simple algebraic conditions derived in [4].

The simplicity of our results in applications is further illustrated in some examples in
Sec. 5. In one example we consider a material model studied in work by Polignone and
Horgan [8, 9]. They show that for their specified primary material class, axisymmetric
anti-plane shear and azimuthal shear deformations are separately controllable in different
subclasses of the material. They do not study helical shear deformations. We show in
Sec. 5 that helical shear deformations are possible in a distinct subclass of their primary
material, a class for which the shear response function is constant and for which both
states of shear are separately possible.

2. Helical shear deformations of compressible isotropic materials. Let us
consider a body B that occupies a cylindrical region D in a fixed reference configuration
Xo, typically the unstressed natural state. Let (R,Q,Z) denote the cylindrical coordinates
of a material point X in Xo-, with the Z-axis parallel to the generators of the cylinder.
A deformation is called an axisymmetric, helical shear if, in a common fixed Cartesian
reference frame <£ = {O; i^} at O, it carries the particle with coordinates (R, 0, Z) to the
place x with corresponding cylindrical coordinates (r, 6, z) in a deformed configuration x
so that

(2.1) r = R, 6 = Q + iIj{R), z = Z + u(R), V(R,e,Z)eD.

The rotational displacement angle ip(-) and the axial displacement function u(-) are twice
continuously differentiable functions on the open interval A : R G [0, oo), which is related
to the open cross section S of the cylindrical region D through S = Ax [0, 27t).

The deformation gradient tensor F =o>x(X)/9X for an axisymmetric, helical shear
deformation is given by

(2.2) F = 1 + KTee <8 eR + naez 0 eR, \/(R,Q,Z)eD,
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where nr(R), called the rotational shear strain, and Ka. named the axial shear strain, are
defined by

(2.3) Kr(R) EE R(i~, *a(R) = d^-

Also, (ejt,ee,ez) and (er,eo,e,) are the usual orthonormal, physical vector bases asso-
ciated with (R, 0, Z) and (r, 9, z), respectively, in frame ip- and 1 =5iaeia is the identity
tensor in the mixed, physical tensor basis e?Q = e,®ea. It may be seen that the principal
invariants /&(C) of the left Cauchy-Green deformation tensor C = F1 F for the helical
shear are given by

(2.4) h=h = 3 + k2, h = 1,

in which the helical shear strain k is defined by

(2.5) k = \j + K%.

The last relation in (2.4) shows that the helical shear deformation is isochoric.
We now consider a compressible, isotropic and homogeneous hyperelastic material that

is characterized by a strain energy function W(I\, I2,I3) of the three principal invariants
If.(C). The strain energy function relates the deformation gradient tensor F to the first
Piola-Kirchhoff (engineering) stress tensor a through the constitutive relation

dW dW dW v(2.6) a =2 — F + 2 — F(/1l-C) + 2/31— F"t, VFeT,
oI\ dl2 ol3

wherein 1 =8jk^jk is the usual identity tensor and T denotes the set of all nonsingular,
second-order tensors. Substitution of (2.2) into (2.6) and use of (2.4) yield the physical
components of the engineering stress tensor a for axisymmetric, helical shear deforma-
tions:

arR = 2 (Wi + 2 W2 + W3), (Tre = -2 Kr(W2 + W3),

age = 2[Wi + (2 + K2a)W2 + W3], arZ = -2 na{W2 + W3),

azZ = 2 [Wi + (2 + n2r)W2 + W3], cjgR = 2nr(Wi + W2),
(2.7)

VzR = 2k0(Wi + W2), (J0Z = crze = -2KaKrW2,

V (R,Q,Z) e D and where Wk = dW(Ji, I2,h)/dlk are evaluated for the invariants in
(2.4). We note that the strain energy and the stress, by (2.7), vanish in the reference
configuration \0 provided that

(2.8) W(3,3,1) = 0, Wi +2 W2 + W3= 0,
A

where W k= 1^(3,3,1) in \o- The universal relations

CTQR CTr0 = ^r^rRi &zR ®rZ = ^a^rRi

(2.9)
(7qz O" zQ — Kr&zR ^a^OR — ^r&rZ Ka&rQ
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are evident from (2.7). The reader will find that these arise from the condition that the
Cauchy stress tensor T = (detF) 1 u F1 be symmetric. For future convenience, we
introduce

(2.10) a(K2)=arR = 2(W1 + 2W2 + W3).

It is also helpful to note that the nontrivial components of T and a are related by

Trr = &rR, Tge = Hr^6R + °"00,
(2.10a)

Tr0 — Kr&rR Trz = Ka(7rR CTrZ'

In the absence of body forces, equilibrium of B requires that div T = 0. Since the axial
and rotational shear strains kq{R) and nr(R) depend on only the radial coordinate R,
we note that the stress components in (2.7), and hence (2.10a), are functions of R alone.
Therefore, the radial, axial, and circumferential equilibrium equations are provided by

dTrr Trr-Tee d(RTrz) d(R2Tre)
[ZAm> dR + R ~U' OR ~U' OR ~U-

Use of (2.10a) in (2.10b) yields, respectively, the following representations of the equations
of equilibrium:

(2.11) R—<t(k2) = KrTr(na,Kr) + 2k%W2, VRe A,
art

(2.12) ^[Rra(Ka, Kr)}= 0, V R € A,

(2.13) ^[R2Tr(Ka,Kr)\ = 0, V R G A,

where the axial and rotational shear stress response functions ra(-, •) and rr(-, ■), respec-
tively, are defined by

(2.14) Ta(Ka,Kr) = azR = Ka/i(K2), Tr(Ka,K,r) = CTgR = Krfl(n2)

for —oo < Ka, Kr < oo, and

(2.15) h{k2) = 2{WX +W2), 0<k<oo,

is called the shear response function. We shall assume that the material has a positive
shear modulus in \0 so that

(2.16) n0 ee 0) = 2(Wt + W2) = -2(W2 + W3) > 0.

It then follows from (2.14) that the axial and the rotational shear stress response are in
the direction of their corresponding shear strain if and only if the shear response function
is positive-valued for all k e [0, oo) :

(2.17) fi(K2) > 0.

The helical shear stress response function r(-) is defined by the rule

(2.18) t(k) = k^jl{k2).
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It then follows from (2.14) and (2.5) that

(2.19) t(k) = A2(Ka,tr) + T?(na,Kr).

It is easy to confirm that regardless of the form of the strain energy W{-, •, •), the only
constant-valued helical shear strain for which the equilibrium equations (2.11), (2.12),
and (2.13) are satisfied is the trivial helical shear strain k = 0; that is, in accordance
with (2.5), Ka = 0 and kt = 0.

Integration of (2.12) and (2.13) yields the general relations

(2.20) RTa(nr(R), na(R)) = A, R2Tr(nr(R), na(R)) = B, VRe A,

where A and B are integration constants. If A contains the origin R = 0, (2.20) shows
that A = B = 0. Therefore, ra(R) = Tr(R) = 0 for all Re A; and by (2.14) and (2.17),
we obtain the trivial shear strains na = nr = 0. Henceforward, we shall exclude the trivial
case R = 0 by requiring D to be a tubular cylinder denoted by Da. It is not necessary
that the tube be circular. Henceforward, we write A0 : R e (0, oo) so that A0 is related to
the open cross section Sa of the cylinder Da through Sa = A0 x [0, 2tt). Thus, independent
of the radial equilibrium condition, it follows from (2.14) and (2.20) that axisymmetric,
helical shear deformations of a compressible (or an incompressible) material have the
form (1.2) when and only when the corresponding shear response function is a constant.
Moreover, the shear response function (2.15) for helical shear deformations is a constant
if and only if W(•,•,■) satisfies the relation

(2.21) + '2Wi2 + W22 = 0

on the line L : I\ = I2 > 3, I3 = 1. We note that the function (2.15) has the same form
for separate axisymmetric, anti-plane shear and azimuthal shear deformations, and the
result (2.21) follows in the same manner shown in [6].

In general, however, (2.20) is a system of two coupled, nonlinear ordinary differential
equations to determine u(R) and i/j(R), and only special solutions of these equations will
also satisfy (2.11) subject to certain further restrictions on the form of the strain energy
function. Consequently, the requirement that every solution pair (u, ip) of (2.20) also
satisfy (2.11) should restrict the form of the strain energy function W(-, •, •). and hence
distinguish a subclass of compressible, isotropic and homogeneous hyperelastic materials
for which nontrivial, axisymmetric, helical shear deformations may be controllable, that
is, produced by application of surface tractions alone. We shall say that, by definition,
a material characterized by the strain energy function W(■,■,■) is capable of sustaining
controllable, nontrivial states of axisymmetric, helical shear deformations if every so-
lution pair (u(-),ip(-)) of (2.20) also satisfies (2.11). We seek necessary and sufficient
conditions on W(-, •) to distinguish this class of materials.

3. Isotropic materials capable of sustaining axisymmetric, helical shear
deformations. We shall establish in this section a necessary and sufficient condition
for a compressible, isotropic, homogeneous hyperelastic material to sustain controllable,
nontrivial, axisymmetric, helical shear deformations. To this end, we first note the
following Lemma essential to the proof.
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Lemma. For axisymmetric, helical shear deformations of a compressible, isotropic and
homogeneous hyperelastic material whose shear stress response function (2.15) satisfies
the condition

(3.1) /x(re2) > 0 Vk G [0,oo),

the helical shear strain k(R) vanishes identically if either the helical shear strain itself or
its derivative dn/dR vanishes at a single location.

Proof. Our proof is similar to a parallel result in [6]. We note by (2.5) that rea and rer
vanish together if and only if the helical shear strain re = 0. Though this is the principal
case of interest here, in fact, we can show that if reQ and rer vanish together at the same
location Ra, or if they respectively vanish at separate locations Ra and Rr in Da, then,
in accordance with (2.14) and (2.20), they must both vanish identically in A0. Indeed,
in this case A = 0 at R = Ra and B = 0 at R = Rr, or both vanish at Ra. In any event,
by (2.20), ra(R) = 0 and Tr{R) = 0 everywhere in Da; and with (3.1) it follows from
(2.14) that rea and rer together vanish identically for all R in Da. Therefore, (2.5) shows
that k(R) vanishes identically in A0. Conversely, it is now evident that if the helical
shear strain vanishes at a single location, it must vanish identically in Ac. Notice that
we actually require only that /z(re2) ^ 0.

To establish the second part of the lemma, we differentiate (2.20) with respect to R
to obtain
/q d,Ta   Ta dTr   7>

1 ' ' ~dR~ ~~R' dR~~ R'
Then differentiation of (2.19) and substitution of (3.2) yields

^ ^ dRdu R R
Therefore, dn/dR vanishes at one location R — Ra in D„ only when both ra and rr
vanish at the same location, and hence the constants A = B = 0 in (2.20). Thus, both ra
and Tr must vanish everywhere in Da. It follows from our previous argument that rea, rer,
and re all vanish identically in A0. This concludes the proof. □

With the aid of this result, we next establish our theorem on controllable helical shear
deformations. It proves convenient, however, to first recall (2.10), (2.15), and (2.18) to
define

(3.4) a (re2) = = 2(Wn + 3W12 + 2W22 + W13 + W23),dK,z

(3.5) r'(re) = = 2(W1 + W2) + 4 k2(Wu + 2 W12 + W22),

(3.6) V(K2) = ^£p-=2(W11 + 2Wu + W22),

all on the line L : I\ = I2 = 3 +re2, I3 = 1. The rule (3.6) was applied in (3.5). Notice also
that (3.6) confirms the result stated earlier in (2.21) for materials having a constant shear
response function. We are now prepared to prove the following theorem on controllable
helical shear deformations.
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Theorem 1. A compressible, isotropic and homogeneous hyperelastic material whose
strain energy function W(-, •, ■) satisfies the condition (3.1) is capable of sustaining con-
trollable, nontrivial, axisymmetric, helical shear deformations if and only if W also sat-
isfies the following condition:

(3.7) K2a^a+W2T,) + 2K2rfi{a+'^)Mo

on the line L: I\ = I2 > 3, 1$ = 1.

Proof. We recall from our previous definition at the end of Sec. 2 that the rotational
displacement ip(-) and the axial displacement u(-) of an axisymmetric, helical shear de-
formation must satisfy the three differential equations given in (2.11) and (2.20). To
prove necessity of (3.7), we thus consider a solution pair of (2.20) that also
satisfies (2.11). According to the Lemma, u(-) and ft(-) are constants and hence satisfy
(2.11) and (2.20) identically if n vanishes at a single location R = Ra ^ 0, that is, if na
and Kr vanish at R = Ra. Hence, we suppose the derivatives of tt(-) and ip{~) never vanish
and consequently, by the Lemma,

(3-8) k(R)± 0, <f>*0, VRe A0.

We note that the equilibrium equations (2.12) and (2.13) are recast in (3.2), which then
yield the single equilibrium relation (3.3). Thus, with the aid of (2.14) and (3.1), the
pair of equilibrium equations (2.11) and (3.3) may be rewritten as

(3.9) 2Rk^ct (K2)^K2rn + 2K2aW2 = S(n),
an

Hk
(3.10) RKdRT'{K) = ~^a + ~ ~T{K)-

Multiply (3.9) by T(k) and (3.10) by S'(k), as defined above; sum the results, recall (3.8)
and thus remove the factor 2Rndn/dR to derive the following necessary condition:

(3.11) n(K2a + 2K2r)cr+(K2rn + 2K2aW2)?~ =0,

which is the same as (3.7). Hence, (3.7) is a general necessary condition for which every
solution pair (u(R),ip(R)) of (2.20) also satisfies (2.11).

Conversely, to prove sufficiency of (3.7), we need to show that every solution pair
(u(-), V'(-)) °f the equilibrium equations (2.12) and (2.13) for which (3.11) holds also
satisfies the radial equilibrium equation (2.11). Of course, we still have (3.3) cast in
the form (3.10). We multiply (3.11) by 2Rudn./dR and substitute (3.10), remove the
factor h(k2 + 2k2) ^ 0, in accordance with the Lemma, and thereby recover the radial
equilibrium equation (2.11). This establishes the sufficiency of (3.7) and thus completes
the proof of the theorem. □

It is useful to note other forms of (3.7). First note that use of (2.15) in (3.7) yields
the equivalent necessary and sufficient condition

(3.12) (K2a + 2^)(m a +W2t') + - W2) = 0.
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Substitution of (2.15), (3.4), and (3.5) into (3.11) yields the expanded relation

(3.13)
2(/t" + Kr)(Wi + W2)(WU + 3Wi2 + 2W22 + W13 + W23)

+ (k2Wi + K^W^2)[^1 2k2(Wh + 2W\2 + W22) = 0.

Finally, in terms related to earlier results in [4] and [6], we have

(3.14)
2/c2 [(Wi + W2)(Wn + 3H 12 + 2W22 + W13 + W23 + 5W2)

+ K2aW2(Wn+2Wl2 + W22)]

+ 4{Wi + W2) \Wi + W2 + 4(Wu + ?>W\2 + 2W22 + W13 + W23)
+ 2K?(WU + 2W12 + W22)\

+ 2k2k2(Wi + 2W2)(Wn + 2W\2 + W22) = 0.

Each of the relations (3.12), (3.13), and (3.14) is equivalent to (3.7) on the line L and
is therefore an equivalent condition necessary and sufficient for controllable helical de-
formations. We see again that the proof of the theorem requires only that /Lt(«2) ^ 0;
however, the physical nature of (3.1) was noted earlier.

4. Relation to previous results. In accordance with (3.4), (3.5), and (3.6), it is
seen that the terms enclosed in parentheses in (3.7) are functions of n2 alone:

(4.1) / (k2) =ii(T +W2t', g (k2) = cr +1-,

functions that depend only on the form of W(k2) — W(3 + k2,3 + k2, 1). It is evident
that the restrictions on W(k2) for which

(4.2) f (k2) =0, g (k2) =0, V k £ [0,00)

hold, suffice for (3.7). Moreover, (3.7) holds for arbitrary choices of Ka and Kr when and
only when their respective coefficients vanish; and hence both

(4.3) / (k2) = /i cr +W2r' = 0 at k2 = k2, k2 = 0, V na e (-00, 00),

t'
(4.4) g{^r) = o" + — = 0 at k2 = k2, k2 = 0, V Kr E ( — 00, 00),

are concurrent necessary conditions on W{n2). However, these are general functions of
k alone valid for all n € [0, 00) on the line L : I\ = I2 > 3, I3 = 1. In consequence, (4.2)
are necessary and sufficient conditions for which W{k2) is capable of sustaining helical
shear deformations with shear strain k2 in (2.5).

In fact, (4.2)i and (4.2)2, respectively, are necessary and sufficient conditions for which
W(k2) is capable of sustaining anti-plane shear and rotational shear deformations. We
thus have the following theorem on helical shear deformations, that is, simultaneous
anti-plane and rotational shear deformations.
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Theorem 2. A compressible, isotropic and homogeneous hyperelastic material whose
strain energy function satisfies (3.1) is capable of sustaining controllable, nontrivial,
axisymmetric helical shear deformations if and only if the material can separately sustain
both axisymmetric, anti-plane and circumferential shear deformations.

For elliptic materials, that is, materials for which r' / 0, (3.12) reveals that (4.3) and
(4.4) hold for all k on the line L : I\ = I2 > 3, I3 = 1, provided that

(4.5) Wi = W2
holds for all k on L. We notice also that (4.3) and (4.4) are straight lines in space;
these have the same slope, — W2/fi = —1/4, if and only if (4.5) holds. Thus, (4.3), (4.4),
and (4.5) are precisely the conditions established in [4] in order that both axisymmetric,
anti-plane shear and azimuthal shear deformations are separately possible in the same
subclass of isotropic and compressible hyperelastic elliptic materials.

Indeed, with the aid of (3.4) and (3.5), we find that (4.3) and (4.4) may be respectively
written in expanded form as

(4.6)
i(/x a +W2t') = {Wx + W2)(Wii + 3Wi2 + 2W22 + W13 + W23 + \W2)

+ k2W2(Wu + 2 Wl2 + W22) = 0,

(4 7) 2(a + j) = Wx + W2 + 4{Wu + 3VF12 + 2W22 + W13 + W23)

+ 2k2{Wu + 2W\2 + W22) = 0,

valid for all k on the line L : I\ = I2 > 3, I3 — 1. The condition (4.6) is the condition
derived in [6, 7] necessary and sufficient for axisymmetric, anti-plane shear deformations
to be controllable in a specified class of materials; and (4.7) is the corresponding necessary
and sufficient condition obtained in [4] in order that axisymmetric, circumferential shear

deformations are possible in a given class of materials, perhaps different from the other.
It is also proved in [4] that these shear deformations may be separately possible in the
same elliptic material subclass if and only if (4.5) holds for all k on L. When this is so,

i = W22 holds on L; and it is thus shown that the single condition necessary and
sufficient for both shears to be separately possible is given by

(4.8) Wx + 2(k2 + 3 )(Wn + W12) + 2 (W13 + W23) = 0

for all n on the line L. Therefore, the same condition is necessary and sufficient for helical
shear deformations.

Finally, use of (2.15) and (2.21) in (3.5) shows that all materials having a constant
shear response function are elliptic. We thus find that for a material having a constant
shear response function (4.8) simplifies to

(4.9) W13 + W23 = -^ = -^.Z o

It is easily verified that the same conclusions derive from (3.13) or (3.14) for materials
having a constant shear response function. In consequence, no further restrictions are
required for simultaneous, superimposed anti-plane and rotational shear deformations
beyond those necessary and sufficient for both states of shear to be separately possible
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in the same material subclass. Bearing in mind the results in (4.5) and (4.8), we have
the following reduced result on helical shear deformations.

COROLLARY 1. A compressible, isotropic and homogeneous hyperelastic elliptic material
whose strain energy function satisfies (3.1) is capable of sustaining controllable, nontriv-
ial, axisymmetric helical shear deformations if and only if (4.5) and (4.8) hold for all k
on the line L : I\ = I2 > 3, I3 = 1. The latter condition is reduced further to (4.9) for
materials having a constant shear response function.

Although superposition of deformations is not a property typical of nonlinear ma-
terials, the result clearly supports our intuition in this case. As a consequence, all of
the examples presented in [4] for which both states of shear are separately possible in
the same material subclass are valid here. In particular, it is shown that axisymmet-
ric, anti-plane shear and circumferential shear deformations are separately possible in a
subclass of Hadamard materials whose shear response function is constant, but cannot
be sustained in a Blatz-Ko foamed rubber material. Therefore, we know by Corollary 1
that helical shear deformations can be produced by surface tractions alone in the same
Hadamard material subclass, but not in the foamed Blatz-Ko material. To conclude, we
next present three new illustrations.

5. Examples. In this section, the conditions (4.5) and (4.8), or (4.9), are applied to
determine subclasses of specified compressible, isotropic and homogeneous hyperelastic
materials capable of sustaining nontrivial, controllable, axisymmetric, helical shear defor-
mations. We begin with an example due to Polignone and Horgan. They show in [8, 9]
that axisymmetric, anti-plane shear and azimuthal shear deformations are separately
controllable in different material subclasses of a certain specified principal hyperelas-
tic material model. Their results are based on two necessary conditions, one being a
first-order, the other a second-order nonlinear ordinary differential equation. The same
results, however, may be derived most readily from our algebraic conditions (4.6) for
axisymmetric, anti-plane shear and (4.7) for azimuthal shear deformations, conditions
that are simpler to apply and are both necessary and sufficient as well. Helical shear de-
formations, however, have not been considered previously. We now show that both states
of shear are separately possible in a common material subclass of the Polignone-Horgan
material model, a subclass that is distinct from those found in [8, 9]. Therefore, helical
shear deformations are possible in this special class of materials. Two further examples
for a class of quadratic materials and another general class of materials follow.

5.1. Helical shear of a Polignone-Horgan material. Polignone and Horgan [8, 9] intro-
duced a general class of compressible and isotropic hyperelastic materials defined by the
strain energy function

(5.1)
W = \[P(h - h,h)(h - 3) + Q(h - I2,h){h - 3) + R{h - h,h)

in which 7 > 0 is a constant and the response functions P(-, •), Q{-, ■), and R(-, •) are at
least twice continuously differentiable functions of their arguments. In accordance with
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(2.8), the strain energy and the stress vanish in the reference configuration, provided the
response functions satisfy

(5.2) R{0,1) = 0, P(0,l)+2Q(0,l)-i?1(0,l) + i?2(0,l) = 0.

Here and below, for any response function H(I\ - /2,13), the derivatives with respect to
its arguments are written as

0\ TT,s^-dH(tv) rr I/-   dHi£,iri)(5-3) =  — , H2{£,ri) = ———.

It is readily verified that (2.21) is satisfied identically; so the shear response function for
all materials in the class (5.1) must be constant, and hence the class of materials (5.1) is
elliptic. In fact, recalling (2.15) and (3.1), we require

(5.4) M(k2) = 7[P(0,1) + Q(0,1)] se mo > 0.

In view of Theorem 2, helical shear deformations are possible in the material subclass of
(5.1) having a constant shear modulus if and only if (4.5) and (4.9) hold for all k 6 [0, 00)
on the line L : /1 = /2 = 3 + k2, I3 = 1. It is easily seen that (4.5) requires

(5.5) P(0,1) - Q(0,1) + 2R1 (0,1) + 2k2[Pi (0,1) + Q, (0,1)] = 0

for all k £ [0, 00). Hence, the response functions must satisfy

(5.6) P(0,1) - <5(0,1) + 2_Rj(0,1) = 0, P1(0,l) + Qi(0,l)=0.

The final condition (4.9) yields

(5.7) P2(0,1) + Q2(0,1) = -^ <0.47
We thus find that nontrivial, axisymmetric, helical shear deformations can be sustained in
every hyperelastic material subclass of (5.1) for which the foregoing algebraic conditions
in (5.2), (5.4), (5.6), and (5.7) hold.

5.1.1. A special subclass of admissible materials. In particular, consider the subclass
of materials for which 7 = /zq- The foregoing conditions on the response functions then
reduce to the following conditions necessary and sufficient for controllable helical shear
deformations to be possible for materials in the class (5.1):

(5.8)
P(o, 1) + <5(o, 1) = 1, Pi(o, 1) + <5i(o, 1) = 0, p2(o,i) + <52(o, 1) =

(5.9) <5(0,1) - Pi(0,1) = P(0,1) + R\(0,1) = i, P2(0,1) = -§.
5.1.2. A model for biological tissue. A wide variety of admissible material models are

included in the class defined by (5.1). A specific subclass of materials of potential interest
in biomechanics [10, 11] that might model compressible soft tissues is described by the
strain energy function

(5.10) IV = |[/(/3)eQ(W2)(/i - 3) + g(h)e^'^^(I2 - 3) + h(I3)},

where a ^ 0 is an arbitrary constant and the response functions 7, /(•), g(-), and h(-)
satisfy

(5.11) 7=^f' /(1)=5(1) = 1> h(l) = 0.
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It is easily seen that (5.2)i, (5.4), and (5.6) are identically satisfied and (5.2)2 and (5.7)
require

(5.12) *'(l) = -3, /'(l)+ <?'(!) = "i

where a prime denotes d/dl3. In (5.12), we might have h{13) = —3(I3 — 1), for example.
The results (5.12) show that controllable helical shear deformations are possible in the
class of materials (5.10), a subclass that is not among those studied by Polignone and
Horgan [8, 9].

5.1.3. The role of boundary conditions. Additional constraints may be required to
satisfy specified boundary conditions. In particular, consider a circular cylindrical tube
whose inside surface R = Ri is fixed so that u(Ri) = 0 and ip(Rt) = 0, and for which the
outside surface R = Ra is subjected to pure shear tractions so that

(5.13) a rR(R0) = 0, (T0r{Ro) = err, azR(R0) = oa,

where oy and <ra are constants. Since we require r = R in (2.1), no radial displacement of
material points in \Q is possible; therefore, we should expect that the null radial traction
condition (5.13)i will place further restrictions on the class of materials for which helical
shear deformations may be possible. Prom (2.7) 1, this requires

(5.14) <TrR{Ro) = 2(Wx + 2W2 + W3) k= 0.

Thus, for the material (5.1), we find that (5.14) yields the further restriction

(5.15) P2(0,1) + Q2(0,1)=0.

But this contradicts (5.7) and is therefore impossible. Hence, no Polignone-Horgan
material (5.1) can sustain helical shear deformations without application of normal, radial
tractions on its boundaries. These tractions can be supplied by appropriate bonded rigid
attachments, in which case no further restrictions need be imposed on the form of the
strain energy function (5.1). It is commonly assumed in such studies that the tube is
sufficiently long that end effects may be ignored, and we adopt the same position here.

5.1.4. Helical shear displacement functions. Since the shear response function is con-
stant, the axial and rotational shear displacement functions have the classical form (1.2).
Thus, as shown in [4, 6], these functions are given by

(5.16) u(R) = ^ log A, i>(R) = R2°ar ( 1 1
Mo Ri ' 2fio \Rf R2

The helical displacement pair (u(Ra), ip(R0)) of the outside surface may be read from

(5.16).
5.2. A class of quadratic materials. Consider a class of materials quadratic in I\ and

I2 and characterized by the strain energy function

W(h,l2,h) =H1(I3)(I1+I2-6) + H2(I3)[(h -3)2
+ (I2- 3)2] + H3(I3)(h - 3)(/2 - 3) + H4(I3),
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where Hk(-), k = 1,2,3,4, are at least twice continuously differentiable functions of 13.
We write Hk(I3) = dHk{I3)/dI3. In accordance with (2.8), it follows from (5.17) that
the strain energy and the stress vanish in \o provided that

(5.18) H4{ 1) = 0, 3ifi(l) + H4( 1) = 0.

It is apparent that on the line L : Ii = I2 > 3, I3 = 1,

(5.19) Wi = W2 = Hi( 1) + K2[2i/2(1) + #3(1)];

and hence the shear response function (2.15) is a quadratic function of the helical shear
strain given by

(5.20) h(k2) = no + 2[iik2 V k £ [0,00),

where no and /ii are constant shear moduli defined by

(5.21) /io=/x(0)=4//1(l) >0, m = 2[2H2(1) + H3(l)] > 0.

Thus, the shear response function (5.20) is quadratic in k if and only if the inequality
holds in (5.21)2. The null stress condition (5.18)2 is satisfied with

(5.22) h'4(1) =

Because the material, in view of (5.21), is elliptic, using (5.17) in (4.8), we find that
nontrivial, helical shear deformations are possible for the subclass of quadratic materials
for which (5.18) 1, (5.21), (5.22), and the following conditions hold:

(5.23) H[( 1) = -^(/xo + 12mi), 2^(1) + F3(l) =

If we now set 2H2(l3) = #3(/a) for all I3, we have a quadratic material with strain
energy

(5.24)
W(h,I2,13) = tfi(J3)(/i + I2 " 6) + H2(I3)(11 + h - 6)2 + H4(I3),

in which the response functions must satisfy the following conditions:

(5.25)

^(1) = ^, tf2(l) = y, #4(1) = 0,

H[{ l) = -i(At0 + 12/xi), ^(1) = -^-, H'A{ 1) = -^,

and whose shear response function is quadratic in the helical shear strain k in (2.5).
We thus recover the quadratic material model for which it is shown in Part 2 that both
axisymmetric, anti-plane shear and rotational shear are separately possible. Here we have
established that this material is indeed capable of sustaining more complex axisymmetric,
helical shear deformations.
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5.3. A general material model. Let us consider a general hyperelastic material with
strain energy function

(5.26)
W = E(h + I2,h)(h - 3) + F(h + I2,h){h - 3) + G(h + I2,h),

wherein the response functions E (■,■), F(•,■), G(-,-) are at least twice continuously
differentiable functions of the indicated arguments. In order that helical shear de-
formations may be possible in this material, we require that W\ = W2, and hence
E(I\ + l2,h) — F(h + hih) on the line L : Ii — I2 > 3, I3 = 1. We are thus led
to investigate the elliptic material subclass of (5.26) defined by

W = F(h + I2, h){Ix + I2 - 6) + G(h + h,h)
(5'27) =H{h + h,h).
In fact, it is seen that (5.24) is a special case of (5.27). Adopting notation similar to
(5.3), it is evident that W\ = W2 = H\(I\ +I2, h)- In accordance with (3.5), the material
(5.27) is elliptic if and only if

(5.28) Hi(6 + 2k2, 1) + 4k2Hh(6 + 2k2, 1) ^0.

The null referential energy and stress conditions (2.8) require

(5.29) H(6,1) = 0, 3tfi(6,l) + tf2(6,l) = 0;

and the shear response function (2.15) is defined by

(5.30) h(k2) = 4Hi(6 + k2,1) > 0 with /xo = fi{0) — 4Hi(6,1) > 0.

We recall that helical shear deformations are possible for elliptic materials if and only if
(4.8) holds for all k G [0,00). For materials in the class (5.27), this requires that

(5.31)

+ 4(k2 + 3)Hn(6 + k2, 1) + 4JT12(6 + k2, 1) = 0 Vk g [0,00),

wherein we recall (5.30); and hence for k = 0,

(5.32) 12//u(6,l)+4tf12(6,l) = -^.

Thus, any elliptic material with strain energy function (5.27) that satisfies (5.29) through
(5.31) is capable of sustaining controllable, helical shear deformations.

Consider the particular case for which

(5.33) H(h + I2,13) - P(11 + h, h) + Q(h),
where the response functions Q{-) are appropriately smooth functions of their
arguments. The null energy and stress conditions (5.29) in the reference configuration
require

(5.34) P(6,1) + Q{\) = 0, 3Pi(6,l) + P2(6,l) + Q'(l) = 0;

and (5.30) gives the shear response function

(5.35) m(^2) = 4Pi(6 + k2, 1) > 0 with /xq = m(0) = 4Pi(6,1) > 0.
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Helical shear deformations are thus possible if and only if (5.31) holds for all k, £ [0, oo).
This requires that

(5.36)

^ " + 4(k~ + 3)Pn(6 + k~, 1) + 4Pi2(6 + k~, 1) = 0 Vac £ [0, oo);

and (5.32) yields

(5-37) 12F„(6,1)+4P12(6,1) = -^.

Notice that the function Q(13) plays a relatively insignificant role in this example.
For a more specific illustration, suppose that

(5.38) P(h + I2,I3) = gj[4 - /(/3)](/i +h~ 6),

where /(/;j) is an arbitrary, smooth function whose derivative is written as /'(Is). It is
then seen that Pn{Ii + I'hl'i) = 0, and (5.34) through (5.37) require

(5.39)

Q(1) = 0, /(1) = 0, /'(1) = 1, Q'(l) = -3^, /i(«2) = no > 0.
Notice in this case that the shear response function is constant and hence the condition
(4.8) may be replaced by (4.9). Of course, this leads to the same results.

This concludes our study of compressible, isotropic hyperelastic materials capable of
sustaining axisymmetric shear deformations. In Part 4, we present a parallel study of
axisymmetric shear deformations of compressible, anisotropic hyperelastic materials.
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