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Abstract. For plane deformations generated by an arbitrary distribution of tractions
applied in a small region on the boundary of an elastic half-plane, the rates-of-decay for
displacements, stresses and strain energy density are obtained as functions of complexity
of the load distribution. The rates-of-decay increase in proportion to the complexity
of the load distribution; i.e., they increase with the order of the smallest nonvanishing
moment of the traction distribution. In orthotropic materials the elastic moduli differ
in two perpendicular directions of principal stiffness; in this case as the modulus ratio
Ei/E\ increases, the angular distributions of the displacement and energy density fields
become channeled towards the direction of the larger elastic modulus.

Introduction. Self-equilibrated tractions acting on a small region of an elastic solid
result in stresses that rapidly decay with increasing distance from the region where the
tractions are applied. This behaviour is characteristic of systems with elliptic equations
of equilibrium. In practice, general knowledge about the variation of stresses with radial
distance from a small region of load application is widely used to claim that at large
distances from the loaded region (i.e., large in comparison with the size of the loaded
region), the distribution of tractions is unimportant—the only significant effect on the
stresses comes from any resultant force and couple that are equivalent to the distributed
tractions. If distances are not very large, however, even self-equilibrated tractions gen-
erate stresses that may depend on details of the traction distribution. To explain how
the stress field depends on the distribution of tractions, we examine the effect of any
local distribution of tractions on the rate-of-decay of stresses in an orthotropic elastic
solid. The anisotropy of the solid affects the circumferential distribution of stress around
the loaded area but not the rate-of-decay. It will be shown that the rate-of-decay (or
rate-of-diffusion) of stress depends on the complexity of the traction distribution but is
independent of whether the applied tractions act normal or tangential to the loaded sur-
face; i.e., for tractions applied in a small area, the rate-of-decay does not depend on the
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moment of the applied tractions, but rather on the moment of the spatial distribution of
the applied tractions.

The statement that self-equilibrated systems of tractions result in stresses that decay
rapidly with distance from the region where tractions are applied is known as St. Venant's
Principle; this principle expresses the property of diffusivity in systems represented by
elliptic equations of equilibrium and compatibility. Barre St. Venant (1855) proposed
this principle on the basis of his analyses of end effects in slender elastic beams and
shafts. The principle was generalized to include tractions acting on a body of infinite
extent by Boussinesq who stated that, "An equilibrated system of external forces applied
to an elastic body, all the points of application lying within a given sphere, produces
deformations of negligible magnitude at distances from the sphere which are sufficiently
large compared to its radius." While Boussinesq's expression of St. Venant's principle
is quite general, it gives no sense of how the rate-of-diffusion depends on details of the
traction distribution and/or the configuration of the body.

After examining the stress distribution results from low-order sets of tangential forces
acting in a small region on the surface of a half-space, von Mises (1945) noted that the
rate-of-decay of stresses did not directly correspond with whether or not the set of forces
was self-equilibrated. He proposed that the rate-of-decay depends also on whether the
self-equilibrated system of forces is also in astatic equilibrium, (von Mises introduced
the term astatic equilibrium to characterise a self-equilibrated set of forces that act at
specific points on a surface if this set remains in equilibrium when the forces are rotated
through an arbitrary angle tjj.) A general proof of Saint-Venant's principle as stated by
von Mises was given by Sternberg (1954), who examined an elastic body loaded by surface
tractions applied in a small region of radius e. Sternberg proved that with increasing
radius from the region of load application, the decay of stresses is more rapid if the
applied forces are not merely self-equilibrated but are also in astatic equilibrium. Proofs
of these statements were reviewed by Gurtin 1973.

Later investigations established an exponential rate-of-decay with axial distance for
2-D stresses generated by self-equilibrated tractions acting over the end of a semi-infinite
slender strip or cylinder composed of anisotropic elastic material (Everstine and Pipkin
1971, Horgan 1972, Horgan and Knowles 1983, Horgan and Simmonds 1994, Arimitsu et
al 1995, Durban and Stronge 1995, Horgan 1996). For an orthotropic half-plane, Stronge
and Kashtalyan 1997 found the distribution of stresses and the rates-of-decay arising
from some distributions of traction in a small area on the edge of a half-plane.

1. Stress field from a discrete force. Previous investigations of St. Venant's prin-
ciple were based on consideration of particular sets of traction distributions involving a
small number of discrete forces. Here we consider an orthotropic elastic half-space where
2-D stress and displacement fields result from an arbitrary distribution of tractions acting
in a small region e on the surface y = 0.

Let the force F = Fe act on the surface of an orthotropic elastic half-plane y < 0 at
an angle from the normal, e = sinf2ex + cosf2ey as shown in Fig. 1. The half-plane
has Young's moduli Ex and Ey, in directions tangential ex and normal ey to the surface.
For a polar coordinate system with origin at the point of application, the force results in
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Fig. 1. Force F on surface of orthotropic half-plane

radial stress only and the stress field can be expressed as

arr(r, 6) = -kF • ip(9), ar6 = age = 0, (la)
r

(ui + U2)
K, — ,

7T

ip(0) - sin#

L ex + R\'2
cos 9

(ib)

(lc)

A(0) = sin4 6 + 2R\ sin2 6 cos2 6 + R2 cos4 9, (Id)

where u\ and U2 are roots of a characteristic equation given by Lekhnitskii (1981),

u4 - 2R\u2 + i?2 = 0. (2)

Most orthotropic materials have moduli giving roots U\,U2 that are real and distinct but
the roots can be complex or, for isotropic materials, real and repeated (Matemilola et.
al, 1995). In Eqs. (1) and (2) the parameters R\ and R2 are ratios of material properties
that depend on Young's moduli Ex,Ey, the shear modulus G and Poisson's ratio vxy.
For plane stress these material constants are defined as

E y En „ E r

V
= R2 = (3)

■L-Jy J-Jl]

In an isotropic material these modulus ratios are identical, R\ = R2 = 1.
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If the point of force application is offset a distance e along the surface from the origin
of the coordinate system, the stress field generated by F will be

arr = — kF • <p{9e) cos2(9 — 9.)
re

^-kF-^,6), (4a)
r

are = -kF • <pre(£,Q), (4b)r

aee = -kF • <pee(£,6), (4c)

where re = (r2 + e2 — 2resmd)1'2,r£ cos9e = rcos9, and £ = e/r. Here the angular
distribution of stress and the offset £ of the origin from the point of application of the
force are represented solely by

- {1^ } * + ^ { "'" (5a)

m - [£[-£ +sin <9] [l-£ sin 0] cos 0] 1/2 \ -£(1 - £ sin 0) cos2

= \ WT) /G" + R2 1 
(5b)

/- /\\ f £2 [£ — sin 01 cos2 0 1 1/2 f£2cos30"|*»«■«>—h+e^ (W)e" (5c)
A(£, 9) = (—£ + sin 9)4 + 2R\ (—£ + sin 9)2 cos2 6 + R-2 cos4 6. (5d)

It is useful to recognize that both components of the vector function iptJ have the same
form; i.e., the normal and tangential components can each be expressed as a rational
function of the offset £ = e/r.

2. Stress field from set of parallel forces. Rather than a single force, consider
a set of n parallel forces F= F^e, k = 1,n, each force acting on the surface at
a spatial coordinate eu relative to the origin of the coordinate system and acting in a
direction e. Superposing the effects of these surface tractions gives components of stress

1
= ~K22Fk ' VijUkJ))- (6)

k=1

If = £k/r 6 (—£,<£) and ( < 1 the distribution function ^pvj in the expression above
can be expanded in a Maclaurin series in terms of powers of i.e.,

m=0

where the coefficients

^■ = (7a)

(7b)
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are independent of the locations of tractions acting on the loaded area. Substitution
into (6) gives

1 n co lr\\cr,

~ r K / ; Ffc - '
k= 1 771 = 0

r z' z—' ml
-ij V /Sfc

I

After interchanging the order of summation we obtain

i 00 n

7 z? r ^—' m! r"
m=0 /c=l

This expression for stresses arising from a set of n parallel forces acting in the loaded area
has a final summation of the first through the nth moments of the traction distribution
rather than the moment of the tractions.

Hence the smallest rate-of-decay for stresses generated by a system of parallel forces
applied in a small region e on the boundary of an orthotropic half-plane is determined
by the order M of the smallest nonvanishing moment of the traction distribution. For
example, if the resultant of the applied forces vanishes, but the first moment of their
distribution is not zero, M = 1 and stresses decrease as sAI/rAI+1 = e/r2, a case rep-
resented by line (ii) in Table 1. While von Mises's and Sternberg's distinction between
self-equilibrated and astatic self-equilibrated sets of forces is sufficient to describe the
rate-of-decay if the order of complexity for the traction distribution is small (M < 3), it
is an artificial distinction that is not sufficient for more complex traction distributions.

3. Distribution of tractions giving rate-of-decay eM/rM+1. If a set of n parallel
forces acts on the surface of the half-plane and this set gives a smallest rate-of-decay
eM/rM+1, then

n

0 = E Fktt1, m = 0,1,..., M — 1. (9)
fc=i

The smallest number of forces that can satisfy this condition is given by n = M + 1. To
determine a distribution of tractions for any specific rate-of-decay eM /rM+1, let M + 1
parallel forces of unknown magnitude (3kF act on the surface at locations £& relative to
the origin (fc = 1,..., M +1). The relative magnitude of the forces is given by the weight
functions fa.

First consider a slightly reduced set of M forces. For this system condition (9) gives
a system of M simultaneous homogeneous linear equations with respect to the weight
functions fa,... ,/3m-

1 i 1 "I fa fO'
£i £2 em fa 0

~'M

_M-1 M —1 M — 1-1 2 ' ' ' £M -

fa = 0 I (10)

k. fai lo,
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normal tangential

n f tffc
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Table 1
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The coefficients of Eqs. (10) have a determinant

D =

1 1 1
£i £2 ■ ■ ■ £m
f2 r2 ■■■ f2tl fc2 tM

.M-1 ,M-1 M-1-1 e2 eM

(11)

This is the Vandermonde determinant and it is equal to zero only if two of the distances
Ek are equal. If the distances £k are all distinct then the determinant does not vanish
D ^ 0 and the weight functions 0k that satisfy (10) are identically zero.

For the minimum number of parallel forces M + 1, condition (9) gives a system of M
simultaneous homogeneous linear equations for M + 1 weight functions 0k] i.e.,

1 1 ••• 1
e 1 £2 • • • £m
F2 F2 ■■■ F2fcl E2 Em

_M — 1 _M-1 M-1
^ A

01
02
03 > = —0M+1 <

1
£m+i
^•2

_M-1

• (12)

LC1 c2 CM

Solving for the weight functions /3fc, Eq. (12) gives

M
0k = -Jj0M+l E(-1)'+fejD^£M+l (13)

J=1

where D is the Vandermonde determinant (11) and Djk is the jk minor of this determi-
nant. This expression can be simplified if the final force in the set is designated as the
force at the origin, Fm+i = F0 so that £m+i = 0. Then 0m+ 1 = 0o and

0k = ~^0o(-l)1+kDlk. (14)

3.1. An even power M. The stresses can be expressed more compactly if the tractions
are distributed either symmetrically or antisymmetrically with respect to the origin.
Superposition of a system of n parallel traction forces Fk applied at points £k and a
parallel system of n forces applied at points — Ek where i^(—£k) = Fk(£k), gives a
symmetric system of 2n forces. This even distribution of loading generates a stress field,

1 00 e ■ 4>(2m) n

as)
771—0 ' k=l

with odd-powered moments that are identically equal to zero. This symmetric system
has a rate-of-decay em/rM+1 which is even. For any specified rate-of-decay M that is
an even number, the smallest number of forces satisfying condition (9) is M + 2.

3.2. An odd power M. Likewise, superposition of a system of n parallel traction forces
Ffc applied at points £k and a parallel system of n forces applied at points — in a
manner such that F'k{—£k) = —Fc(efc), gives an antisymmetric system of 2n forces with
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an odd distribution of loading. This odd distribution of loading generates a stress field,

i °° e • "
<I6>

with even-powered moments that are identically equal to zero. This antisymmetric sys-
tem has a rate-of-decay eM/rM+1 which is odd. For any specified rate-of-decay M that
is an odd number, the smallest number of forces satisfying condition (10) is M + 1.

4. Effect of anisotropy. In an orthotropic half-space the rate-of-decay of stresses
does not depend on material properties. The angular distribution of stresses described by
the function however, is highly affected by anisotropy. To illustrate this point,
distributions of stresses and displacements generated by sets of parallel forces acting on
the small region (—e,e) of the surface will be analysed below for three rates-of-decay
M = 1,2,3.

4.1. Stress field. For different rates-of-decay M, the sets of even and odd distributions
of parallel forces illustrated in Table 1 result in stresses

M = 1, = 2~KFe • #^(0), (17a)

M = 2, <ry = 2 jl«Fe-*jf(0), (17b)

M = 3, (Jij = 2 3^4 K^e • *g>(0). (17c)

The angular distributions ^|j/;(9) have components that can be expressed in terms of
A(9) and derivatives of this function. The tangential component is obtained as

^ - ^ { A(1 + 2 si!1- S) - sin f }, (18a)

ei-<;) = = (18b)

ex ' = 0. (18c)

e*' = J? {A!(2si°e + " W + 2si,,i(,)aSe" <19a)

ex-^re = 2;r^ {A(1 + sin2 °) - sirl 0 J~-e } ' (19b)

cos 6 sin 6

i(2) — 2 cos2 0 sin 0

(3) = A J \3Q;n2fl_ x2/9 -n a , • 3 r dX

, (19C)

ex ■ = — < A sin 9 — X (2 sin 9 + sin 9)A4 1 d sin 9

A2, 9.x d2X X2 . <93A W1 ,2 m( dX—+ 2sin 9)————x—— sin#———-rrr + A(1 + sin 9)2 v '<9(sin9)2 6 d(sin6>)3 v y \dsin9

dX ^3 X • /, dX d'2X \ /on \+ Asin0 ———7TV9 ? > (20a)
<9sin0/ " 5 sin# <9(sin#)2
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(3) 6cos0 f A2 d2X ■ 2 ̂  9X . "Ie- *-» = — {ysmV^ + ( "a^e+As,n7' (m)
6 cos2 0 f , . „ dX

ex • = °C°2 ^ {A - sin ^ nTZTTi f>» (20c)

while the normal components of the angular distribution function for the three lowest-
order rates-of-decay are

,/n — rV2cos6 f . d\ 1
ey- rr = ^ | A sin — asin0 J ' ^ ^

,(D — R^2 cos2 6
p ■ cpv / =  = ey ^re ^ '

p • $>(1) — nvy vee ~~ u»

(2\ 2RlJ2cos6 f,9.2/i ^ 9X
ey ■ <&rJ = — < A" sin" 6 — 2A sm 0

(2) 2i?2/2 cos2 0 , ,
e„ • <& =  rr;  ^ Asin6> -v re A2 \ 5 sin 9

(2) _ 2R}2'2 cos3 0
eV ' ^66 ~~ \ '

C3) QR1'1 cos 6 ( 2 • 2/i dX 2 • ^2A A2 93Ae„ ■ $17 =  I -A2 sin2 fl„ . - - A2 sin (
A4 [ 9sin0 5(sin0)2 6 ^(sin#)^

dX d2X

3

2 / n, \ 3

+Adsin0d(sintf)2+2Asin0(^^) "(^^) >' (23a)

- 5^.. •' >• (23b)

. (3) _ 6i?2^2 COS3 6 / —dX
(23c)

These stresses and the elastic moduli are used to obtain the distribution of strain energy
density m/m' for the Mth rate-of-decay of stresses. This strain energy density takes the
form

£-.2771
w(M)=2«2i?2^(MTI)e'f(M)W- (24)

Figures 2-4 show polar plots of contours of constant strain energy density for the
three smallest rates-of-decay and three different sets of material properties: (a) isotropic
properties where necessarily Ri — R2 = 1; (b) orthotropic properties with the larger
elastic modulus in the direction tangential to the surface; and (c) orthotropic properties
with the larger elastic modulus perpendicular to the surface. Moduli of the orthotropic
materials have been chosen to be representative of fibre-reinforced composites with fibres
parallel and perpendicular to the surface of the half-space, respectively. The orthotropic
materials have contours of constant strain energy density that are elongated in the direc-
tion of fibre reinforcement; i.e., the direction of largest elastic modulus. This effect has
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12r
(i) r, In) A 12

Fig. 2. Contours of constant strain energy density for sets of (i)
normal and (ii) tangential forces with rate-of-decay M = 1. Material
parameters: (a) isotropic, R\ = R2 = 1; (b) orthotropic material,
Ri = R2 = 20 (e.g., Ex/Ev = 20, Ev/G = 2.03, vxy = 0.3); (c)
orthotropic material, Ri = R2 = 0.05 (e.g., Ex/Ey = 0.05, Ey/G =
52, vxy = 0.3).

been termed stress channeling by Everstine and Pipkin (1971) and Arimitsu et al (1995).
The distortion of the stress field by orthotropic elastic moduli is more pronounced for
a large modulus perpendicular to the surface. The shape of the contours becomes more
uneven as the complexity of the load distribution and rate-of-decay increase.

4.2. Displacement field. The displacement field associated with each rate-of-decay can
be obtained by integration of strains. For example, the radial strain err can be expressed
as

_ ®Ur
Srr = — d\\(Trr -(- CL12&QQ ~\~ CL\(jCfrd

where the elastic moduli an, ai2, ai6 are related to the moduli of the orthotropic material
and the orientation angle 9. For plane stress,

an = —(sin4 9 + 2R\ sin2 #cos2 9 + R2 cos4 9),

ai2 = t=t(1 - 2-Ri + R2) sin2 9 cos2 9 -

ai6 = — [2(i?2 cos2 0 — sin2 9) — 2R\ (cos2 9 — sin2 9) sin 9 cos 9].
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Fig. 3. Contours of constant strain energy density for sets of (i)
normal and (ii) tangential forces with rate-of-decay M = 2. Material
parameters: (a) isotropic, R\ = R2 = 1; (b) orthotropic material,
R1 = R2 = 20 (e.g., Ex/Ey = 20, Ey/G = 2.03, vxy = 0.3); (c)
orthotropic material, R\ = R% = 0.05 (e.g., Ex/Ey = 0.05, Ey/G =
52, vxy = 0.3).

After noting that an = Er 1 = A(9)/Ex, an integration gives the following radial dis-
placement ur{8) for each set of surface forces:

M = 1, (26a)

M = 2, ur = W (K(r> - (26b)
2! Ex \2r2

M =3> ur = ~Mr (26c)
3!£x \3r3

where the radial component of the angular variation 3>'r(,M'(0), M = 1,2,3, has a tan-
gential component,

e, • *;r" = i {a(1 + 4sin2(27a)

ex ■ -A2(5 sin 6* + 3 sina 9) - X sin'3 0 + A I ^ - 5
dX

A2 , " r"*"" 1 " V2 " ") <9sin0

a „ a2A 3 J 8A x2
sin

2 <9(sin0)2 2 \<9sin-osin0hj3^ h (27b)
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(<i)
10

7.5

-2.5 0 2.5 -2.5

Fig. 4. Contours of constant strain energy density for sets of (i)
normal and (ii) tangential forces with rate-of-decay M = 3. Material
parameters: (a) isotropic, R\ = R2 = 1; (b) orthotropic material,
Rx = R2 = 20 (e.g., Ex/Ey = 20, Ey/G = 2.03, vxy = 0.3); (c)
orthotropic material, R\ = 1.0, R2 = 0.05 (e.g., Ex/Ey = 0.05,
Ey/G = 52, uxy = 0.3).

e . ~ i 2A3 sin2 9 - 2A2(sin 9 + sin3 ^ dX
A3 1 d sin 6

A2 „ . o/n 92 X ^ ■ r d'3X ^-(1 + 2sm 0)——.———-smf
2 9(sin0)2 6 3(sin0)3

3 . 2 A / SA \2 . „ ( d\ x 3
+ A - + sin 9 —- — sin

2 ) \dsmdJ \dsind
3A . d\ d2X ox2-2/i ,3 . 3„ 92AH sin 0 , ——- -rrr-.—+ 3A sin 9 + A sill °
4 9sin0 <9(sin0)2 9(sin#)2

+A (| 0) ^ |ci + Sina e) } (27c)

and normal components

/{1) RlJ2 cos 9 f . 3 <9 A \ , ,
e„*<r> = —-{- iM+2B^ )' (28a)

. #.(2) = 2fi^cos0 (5A! sin2 # + A si02 „ _ 5A sin f 3A
rr \ 9 ^ 0111 1/ I 1/ v/\ 01111/ .y A2 I <9 sin#
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-12

(ii) r
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\
\
\
i

I d
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11\

u

-7
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(ill)

7
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V

' I
' I

i i—
I /
I /

J
d

V°d

-3 0 3 -6 0 6 -7 0

Fig. 5. Contours of constant radial displacement ur(d) for sets of
normal forces with rates-of-decay (i) M = 1; (ii) M = 2; and (iii)
M = 3. The material parameters are (a) isotropic, i?i = R2 = 1;
(d) orthotropic material, R\ = 1.0, R2 = 0.5 (e.g., Ex/Ey = 0.5,
Ey/G = 5.2, vxy = 0.3).

1 d2x 3/ dx vl
2 «(sin0)2 2 (dsmfl) J' J

e„ ■ »g> = 6^/,>(l | g + 2A2sinfJ: ^ 5A BX 32A
A2 | 6 <9(sin6>)3 <9(sin0)2 4 <9sin0 <9(sin0)2

3 / <9A \3 ...„ ( 0A V .
+ o a • fl - 4A sin 9 . - A(1 - 2A) sin 9 > . (28c)2 \osm0 J \dsm0 J a sin tH

In order to illustrate the effect of anisotropy on the distribution of the radial displacement,
Fig. 5 shows polar plots of a contour of constant displacement for different sets of normal
force and two different materials. The orthotropic material simulates a fibre reinforced
material with the largest modulus perpendicular to the surface. To make the plots
more readable, positive displacements are shown in the upper half-plane and negative
displacements in the lower half-plane. In each case the displacement field has a number
of lobes equal to the rate-of-decay plus one. For the orthotropic material the lobes show
elongation in the direction of largest modulus. The difference between the amplitude
of lobes for distinct materials increases with increasing rate-of-decay; i.e., the effect of
orthotropy on ellipticity of the displacement field increases as the order of the rate-of-
decay increases.
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Conclusion. For a load F that is distributed over length 2e on the surface of a half-
space, the stress field (T,j has terms with magnitude proportional to |F|/e that decay
as 1/r, terms with magnitude proportional to the first moment of the force distribution
that decay as e/r2, terms with magnitude proportional to the second moment of the
force distribution that decay as e2/r3, etc. This result applies also if the tractions are
applied at the tip of an elastic wedge as long as the half-angle of the wedge is no greater
than 7t/2 (Markenscoff, 1994) and it applies for tractions applied in an interior region
that is far from any boundaries. In these cases of planar deformations, tractions that
act in a region of radius e in an elastic solid result in stresses a7J that decrease as
£m jrM+1 wiiere m is the order of the smallest nonvanishing moment of the traction
distribution for any component of the applied tractions. As a straightforward extension
we make a conjecture that for a three-dimensional stress field resulting from tractions
acting in a spherical region of radius e, the stresses decrease as eM//rM+2 where M is the
order of the smallest nonvanishing component of the moment of the traction distribution
for any component of the applied tractions. These stress variations apply at distances
that are large in comparison with the size of the loaded area r/e 1. Thus it is not
whether or not the tractions are self-equilibrated that determines the rate-of-diffusion,
but rather the smallest nonvanishing moment of any component of the applied traction
distribution. This distinction is especially important in considering tangential rather
than normal tractions.

The angular distribution of stresses in the half-plane for any particular rate-of-decay
depends on the direction of loading given by the unit vector e as well as the anisotropy
of the half-plane. In other words, if two systems of parallel forces act on the same solid
and they have both the same rate-of-decay and the same direction, then they have the
same angular distribution of stresses. Increasing anisotropy results in increased stress
channeling; i.e., the stress distribution becomes more extensive in the direction of largest
Young's modulus.
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