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Abstract. Eigenstates of a particle confined to a cone of finite length capped by a
spherical surface element are derived. A countable infinite set of solutions is obtained
corresponding to integer azimuthal and orbital quantum numbers (m, I). These solutions
apply to a discrete subset of the domain of half vertex angles, 0 < do < 7r/2. For arbitrary
real orbital quantum numbers, I —> v, solutions are given in terms of the hypergeometric
function, with v = v(9o), and are valid in the 90 domain, 0 < 9q < tt/2. Eigenstates
are either nondegenerate or two-fold degenerate. Numerical examples of both classes of
solutions are included. For the case ^ = cos7r/4, the ground-state wavefunction and
eigenenergy are

¥>G = Pv{n)jv{xvir/a), Ea = fi2(6.4387)2/(2Ma2)

where v = 2.54791, are Legendre functions, xv\ is the first finite zero of the
spherical Bessel function jv(x), M is the mass of the confined particle and a is the edge-
length of the cone. Solutions constructed also represent the scalar r • E electric field,
where f is the unit radius from the vertex of the cone. The first excited state of the
conical quantum billiard has the nodal surface fi = 1 for all 0 < /xo < 1-

1. Introduction. The quantum billiard problem refers to a configuration in which
a particle is confined to a convex domain with perfectly reflecting walls [1]—[6]. This
situation is described by the Helmholtz equation with Dirichlet boundary conditions.
The present work stems from a previous analysis in which the circular sector quantum
billiard was solved [2], It was found that a critical vertex angle, 9C = 0.354-7T, exists such
that the nodal curve of the first excited state (equivalently, the second eigenstate of the
Laplacian) is an arc for 9 < 9C. For n > 9 > 9C the nodal is a line that bisects the vertex
angle.

In the present study this configuration is generalized to the three-dimensional conical
quantum billiard. This domain is a cone of finite length capped by a spherical surface
element whose radius of curvature is the side-length, a, of the cone. The conical section
has half vertex angle 6q = cos-1 /xq- In a previous study of this problem [7] solutions were
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obtained that satisfy the Helmholtz equation with Dirichlet boundary conditions. How-
ever, these solutions include associated Legendre functions of the second kind (of integer
order) that are singular on the polar axis and therefore are not physically consistent.
In the present work this configuration is revisited and physically and mathematically
consistent eigenfunctions and eigenvalues are obtained, valid for conical sections with
0 < /i0 < 1. A countable infinite subset of solutions is found corresponding to an integer
orbital quantum number, I. For I arbitrary and real (I —+ v), solutions are given in terms
of hypergeometric functions and spherical Bessel functions. Elements of group theory
[8] imply that eigenstates are either nondegenerate or two-fold degenerate. Numerical
examples of both classes of solutions are given. A description of the hemisphere quantum
billiard (/zo = 0) is included, and it is found that the first excited state of the conical
quantum billiard has the nodal surface /x = 1 for all 0 < /io < 1. It is noted that this
analysis applies as well to the scalar r • E electric field, where f is the unit radius from
the vertex of the cone [9].

2. Analysis.
2a. Nondegenerate integer I solutions. Symmetries of the conical billiard are described

by the C^y group, dimensions of whose irreducible representations indicate that eigen-
states of the conical quantum billiard are one or two-fold degenerate. A subset of so-
lutions for this problem may be obtained as follows. We work in spherical coordinates
with the polar angle 6 measured from the 2-axis aligned with the axis of the cone, of a
Cartesian (x, y, z) frame. The azimuthal angle cf> is measured from, say, the x-axis in the
(x, y)-plane. Consider the solutions

<Pni(r,0) = Pi(n, fi0)ji (x'n~) > (la)

H = cos 9, (lb)

where ji(r) are spherical Bessel functions, [10], and

ji(xin) = 0 (lc)

and Pi(ii) are Legendre polynomials. The function P;(/i,/zo) has its first zero at /z = fio,
so that I = i(/i0) and Pi(/j,o,Ho) = 0.

The half vertex angle 6q lies in the domain

0 < do < vr/2; 0 < /x0 < 1. (Id)

Since the zeros of Pi(n) functions (Z > 1) comprise a subset of algebraic numbers in (0,1),
the solutions (la) are valid for a subset of the conical fio values (Id). Eigenenergies
corresponding to (la) are given by

Enl = IS a HAH, (2)
where M is the mass of the confined particle and A is the Laplacian and (|) represents
an integral inner product over the conical domain [10]. Since the conical surface of the
given configuration is a nodal surface of an eigenstate of the spherical quantum billiard,
the eigenenergies (2) are likewise eigenenergies of the spherical quantum billiard. In the
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limit, Ho —> 1 (do —* 0), higher I values are required to satisfy Pi(n, Mo) = 0. This implies
that xin grows as /i0 —» 1 and, consistently with (2), energy grows larger in this limit.

At a given value of I = l(/j,o), with Courant's nodal partitioning theorem, [11], the
ground state is the non-nodal state, given by

<Piiir,6) = Piiv, Mo)j( (x'i~) ■ (3a)

Higher excited states are given by (la) and have spherical nodals at r < a, corresponding
to higher zeros of ji{x). First we consider eigenstates corresponding to the values I > 1.
Here is a list of the first few P;(m) functions:

P0(m) = 1, = P2(/j) = 5(3/z2 - 1),

P3(m) - §(&M3 - 3/x), P4(/i) = |(35/ - 30/z2 + 3).

Thus, for example, the finite zero of P3(m) describes a cone with half angle

60 = cos"1 x/3/5 = ^

corresponding to the solution

'-Pn3 = p3 ̂ M, \j^J h • (3b)

The eigenstates (la) comprise a countable infinite series of solutions corresponding to a
given I value and an infinite number of xin values. This procedure may be extended.
Thus, a second countable infinite set of solutions is given by P;,2(m, Mo), I > 2. These
functions have their first zero in the domain 0 < ^ < 1 and their second zero at, /i = (j,q.
The functions P;,n(/i,/i0), I > n have their nth zero at fi = hq. Again with reference to
Courant's nodal partitioning theorem, the eigenenergy corresponding to Pi^n+j\(fx, fx0)
is larger than that associated with Pi,n([i, Mo) (I > n,j > 0 and integer). The solu-
tions P;(/i, 0), (for odd I) correspond to the hemisphere quantum billiard. Specifically,
Pi(/x,0) = Pi(//) = /x.

2b. Degenerate integer I solutions. The preceding technique may be extended to as-
sociate Legendre functions P[n(/i). We recall the series representation of these functions

[12]:

_ A ti ,.2\m/2 f ..l—m TTl)(l TO 1)P, {n)-Alm{ 1-M) j/i 2(2l^Y) l—m—2
h1

{l — m- 2)(l — m — 3) z_m_4
r

}•
(4a)4(21 - 3)

where Aim is a constant coefficient. It follows that P;m(/u) has zeros in the open /x-
interval, (0,1), provided that I — m > 2. For such cases, following the procedure above,
solutions to the conical quantum billiard, corresponding to the cone angle, ^o, are written
P;TO(/i,//o)- Since m > 0 these eigenfunctions are two-fold degenerate, corresponding to
the two values, ±m. We recall that P,±m(//) have the same zeros [see (5b) below].

An example of this formalism is given by the associated Legendre function

ps(m) = |(1 - M2)1/2(5/x2 - 1), (4b)
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which has a zero at fi — -y/1/5 corresponding to the cone angle

do = cos-1 1/1/5 « 2^4" (4c)

These values give the two-fold degenerate eigenfunctions

<P3,n,±i{r, H, 4>) = y/m exp(±i0)j3(a;3nr/a). (4d)

The related eigenenergy is given by (2). Generalizations of this formalism follow that
given above for nondegenerate eigenstates. Due to lack of spherical symmetry of the
conical quantum billiard, the value Pim(/io,Mo) = 0 does not imply, for example, that

= 0, where \m'\ / |m|. Thus, eigenstates are two-fold degenerate, in accord
with group-theoretical stipulations. Similarly, nondegenerate eigenstates fio) found
above do not generalize to associated Legendre function solutions for the same reason.

3. Arbitrary I solutions. We seek solutions of the conical quantum billiard that are
regular for all cone angles 0 < fio < 1, [12]—[15]. As rotational symmetry is maintained
about the z-axis, m-values remain integers. However, due to the break in 6 symmetry,
^-values are arbitrary and real, where we have set I —► v. We recall that the associated
Legendre (second-order, ordinary) differential equation has three regular singularities,
(/it± 1), 00, with related exponents, (m/2, — m/2)2, (v + \,—v). At given values of {v, m),
Legendre's equation has two solutions. For m > 0 and integer, the solution regular in
the domain 0 < [i < 1 is given by, [13],

1 (\x - l\m/2 r(i^ + m + 1) / 1 - n\ s
(v) = —r ( —TT ) r? T7\F [-">"+1;1 + m;—— . (5a)to! \fJL+lJ r(f — TO + 1) \ 2 /

At n = 1, F — 1 and P™{ 1) = 0. When v is an integer, F becomes a polynomial and
the latter equality maintains. Note also that |r(z)| > 0 for all 2. For integer to < 0,

= (-irr(5b)

The hypergeometric function, F, is given by, [11]—[15],

= = 1 + (5c)

where the Pochhammer symbol

(a)n = F = (a + n - 1) ■ ■ • (a). (5d)r(o)

It follows that F(a, b;c;0) = 1 and that F(a,b;c-,z) = F(b,a\c;z). The solution (5a) is
regular in the domain 0 < /i < 1 or, equivalently, 0 < 8 < 7r/2.
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3a. The hemisphere quantum billiard (fio = 0). Solutions for the hemisphere quantum
billiard are given in terms of associated Legendre functions and spherical Bessel functions
of integer order with 0 < \m\ < I. With the definition of one finds the two solutions

Pril1) = M1 - ^2)m/2/(M2), (I - m) odd, (5e)

P/"(m) = (1 - M2)m/W), (I ~ m) even, (5f)

where / and g are polynomials and g(0) ^ 0. It follows that the boundary condition
= 0) = 0, relevant to the hemisphere quantum billiard, is satisfied by (5e). For this

case, the first excited state has the quantum numbers (I — 1, m = 0). Both equalities (5e,
f) again return the property, Pjn( 1) = 0. One may conclude that for all v and related
integer m, solutions of the conical quantum billiard exist for which /j = 1 is a nodal
surface for 0 < /to < 1.

3b. Boundary conditions. As noted above, group properties of the conical quantum
billiard imply that eigenstates are either nondegenerate or two-fold degenerate. Combin-
ing this property with symmetries of the cone imply that in any state of finite u, angular
momentum of the state has two projections, m = ±m^, where m^ is the largest inte-
ger less than or equal to (v — n), where n < v is an integer. This property is in accord
with the case for integer v = I, for which m decreases in integer steps from I to —I.

With reference to (5a), boundary conditions correspond to the relation

F (^-v,v+ 1; 1 +mf,n); 1 =F{u,n,n0) = 0. (6a)

In this technique of solution one looks for zeros of (6a) at n = 0,1, etc. until a zero
appears. This fixes v and m[,n' which, when substituted into (5a), give the ^-component
eigenfunction. In the event of degeneracy, the two solutions correspond to the values

±m£,™\ Note that with (5b), pf™1" (/j,) have the same zeros. The relation (6a) implies
that the Legendre-function index, v, is an implicit function of ho-

over the domain of application, 1 — i-io >0. In addition, r(z) < 0 in intervals

— (2s + 1) < z < —2s, (6b)

where s > 0 and is an integer. It follows that a solution to (6a) exists for selective re-
values . Thus, the general solution to the conical quantum billiard is given by the two-fold
degenerate functions

Vn'vm™ (r' = P™" ' M expi(±m[/rl)0)> (xvn> ^ , (6c)

where n' is an integer. The corresponding eigenenergy is given by

E- - w- <6d>
which, as in the integer v case, is independent of the azimuthal quantum number.

3c. Spherical Bessel functions. We consider next, spherical Bessel functions of real
order, and 2v ^ integer, defined by

Mz) = \J]^Jv+i/2(z), (7a)
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F(v, 0, /x0)
0.4

0.3
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V

Fig. 1(a). At given no, roots of F(v,n,no) determine v and
At fj.o = 0.14565, F(iy,0,fj.o) shows no zeros.

where J„(z) are Bessel functions of the first kind,

~ (-1)9 / z\ 2g+y

3d. Examples. We choose

^0 = 1/^2 (do = 7r/4); (1 — /zo)/2 = 0.14565 (8a)

and plot F(v,n,[io) against v at given n starting with n = 0. For the case in point,
n = 0,1 give no zeros (Figs, la, b). At n = 2, the zero u = 2.5479 is obtained (Fig. lc).
(The second zero corresponds to higher energy.) It follows that v — n = v — 2 — 0.5479
and = 0. The related wavefunction is nondegenerate. The first finite zero of the
spherical Bessel function (7b) is xui = 6.4387 corresponding to the eigenenergy

tp fi2(6.4387)2
E° ~ 2Ma2 ■ (8b)

This eigenenergy corresponds to the eigenfunction

(Piv(,r,6) = Pv{ti)jv . (8c)

where v = 2.54791. Since there are no m = 0, integer-;/ solutions corresponding to
/Jo = l/\/2, (8c) represents the ground state of this quantum billiard. Each root of
F(v, n,/zo) represents a distinct eigenfunction and eigenenergy with corresponding rnv
numbers in (6c). For m^ > 0, states are two-fold degenerate.

Our second example is the case n — 3 corresponding to which there are three solutions
(Fig. Id). The second zero of F(u, 3, fj,o) is u = 4.40533, for which u — n — 1.40533, which

(o\
gives mv = 1; so this eigenstate is doubly degenerate. The first finite zero of j„(x) for
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0.7

H", Mo)
0.3

Fig. 1(b). At given no, roots of F(u,n,no) determine v and minK
At no = 0.14565, F(y, 1, no) shows no zeros.

Fig. 1(c). At given no, roots of F{v,n, no) determine v and min\
At no = 0.14565, F(u, 2, no) shows two zeros.

this example is x„i = 8.66035 corresponding to the eigenenergy

fi2(8.66035)2
E" = 2 Ma' (9a)

and wavefunction

<P3,i(r,H,<t>) = Pi(m)exp \xvi^j , (9b)
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Fig. 1(d). At given ^0i roots of F(v,n,no) determine u and mi™'.
At [Mo = 0.14565, F(v,3,fj,o) shows three zeros.

where m„ = ±1.

Conclusions. Eigenfunctions and eigenvalues of a particle confined to the interior of
a cone capped by a spherical surface element are derived. A countable infinite subset
of these solutions is composed of associate Legendre functions of integer azimuthal m-
numbers and integer orbital quantum /-numbers. For arbitrary real orbital quantum
numbers, a continuum of solutions is derived, given in terms of the hypergeometric
function, valid in the domain 0 < 6$ < 7r/2, where 6q is the half angle of the cone. In
this case, the index v of the Legendre function depends on 6>0. Elements of group theory
come into play in construction of these solutions.

Numerical examples are given for both classes of solutions. Solutions constructed also
represent the scalar r ■ E electric field, where r is the unit radius from the vertex of the
cone. A description of the hemisphere quantum billiard is included, from which it was
concluded that fi = 1 is the nodal surface of the first excited state for all 0 < /xq < 1.
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