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Abstract. This paper presents an instability theory in which a mean flow and multi-
ple wave interactions in the Poiseuille flow transition process are studied. It is shown that
not only can this mean flow term come as the result of the Fourier decomposition of a
general disturbance, it can also come as an exact solution to the unsteady Navier-Stokes
equations. The presence of this term, though small, can produce totally different linear
and nonlinear stability behavior for the flow at subcritical Reynolds numbers. In the lin-
ear stability case, with the presence of this mean flow perturbation term, the instabilities
are obtained well below the critical value of 5772. When this mean flow term is introduced
into the interactions with other harmonic perturbation waves, for the plane Poiseuille
flow case with Reynolds numbers around 1200, the nonlinear interactions rapidly modify
the total mean flow profile toward the mean flow profile observed in turbulence while
the other two- and three-dimensional waves remain small. The initial energies needed to
trigger the instabilities are much smaller than those reported by previous investigators.
The intermittent character of the disturbance observed in transition experiments is also
captured.

1. Introduction. The problem of the transition from laminar to turbulent flow has
attracted much attention and has become one of the fundamental theoretical problems
in fluid dynamics. Though considerable theoretical and experimental developments have
been achieved, gaps still exist between the experimental observations and the theoretical
and numerical study results. In the pipe flow experiments, if finite amplitude pertur-
bations are introduced or tubes with roughened walls are used, the critical Reynolds
number Rc can be as low as 2000. As for the plane Poiseuille flow, transition of the
laminar flow to turbulence is observed to occur explosively at Reynolds numbers as low
as roughly 1000. On the other hand, in the experiment by Nishioka et al [1], it was
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found that plane Poiseuille flow could remain laminar at Reynolds numbers up to 8000
by reducing the background turbulence at the intake.

The linear stability theory, which yields the Orr-Sommerfeld (OS) equation, studies
the development of infinitesimal perturbation waves of the form

(u,v,w) = (u(xj),v(y),w{y))ei{ax+0z-act\

However, for the plane Poiseuille flow case, the critical Reynolds number of the OS
equation has the value 5772, which is much higher than the critical Reynolds number
observed in experiments.

On the nonlinear stability aspect, a nonlinear equation

^ = k,\A\2 + k2\A\4 (1.1)

was originally conjectured by Landau [2] to describe the evolution of the amplitude of
perturbation waves, but he offered no analysis. The systematic investigation of the non-
linear stability behavior of the shear flows was first carried out by Meksyn and Stuart [3],
and Stuart [4]. Stuart is the first to derive Eq. (1.1) together with the coefficients k\ and
&2 by amplitude expansion techniques to study the nonlinear hydrodynamic instabilities.
The nonlinear stability theory of two-dimensional laminar flow stems from this work and
later from the work of Stuart [5] and Watson [6]. These results suggest that the finite
amplitude of the perturbation waves may be the source of subcritical instability of the
shear flows. In the plane Poiseuille flow case, subcritical instability means that the insta-
bilities happened below the linear critical Reynolds number 5772. Reynolds and Potter
[7] applied the Stuart and Watson theory to plane Poiseuille flow and showed that non-
linear effects have a destabilizing influence on the flow, and the same conclusion was also
arrived at by Pekeris and Shkoller [8]. Generally speaking, the aim of these approaches
is to derive a (l.l)-type equation for the perturbation amplitude. In the application of
this approach, the derivation can be successfully carried out for the supercritical region
where R > 5772, but without modifications there are difficulties in the subcritical region
R < 5772. Another set of papers, namely those of Meksyn and Stuart [3], Grohne [9],
and others, used the so-called mean-field equations to find the relationship between the
critical Reynolds number (i?c) and the threshold amplitude of the disturbance waves. It
was shown that typically a root-mean square velocity of about 8 percent corresponds to
a value of Rc of about 2500-3000.

Direct numerical simulations of the nonlinear stability problem have developed rapidly
in recent decades. By representing the solution with a few Fourier modes in the stream-
wise direction and a finite difference mesh in the cross-stream direction, Zang and Krist
[10] directly solved the Navier-Stokes equations. It was found that various initial condi-
tions led either to complete decay of the disturbance or to a finite amplitude equilibrated
wave. Higher-order approximation computations were performed by Herbert [11, 12]
employing spectral methods, and the same results were obtained. These results were
confirmed by Wolf et al [13], Orszag and Patera [14], Kleiser and Schumann [15] and
others. On the other hand, Orszag and Ivells [16] computed the transition to turbulence
in plane Poiseuille and plane Couette flow directly from the two- and three-dimensional
disturbances. By using two-dimensional waves initially with amplitude above 0.08 (the
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maximum of the basic flow velocity is assumed to be one) and three-dimensional waves
initially with amplitude larger than 0.04, subcritical instability was found. Based on
these computations, Orszag and Patera [17] and Herbert [18] put forth the secondary
instability theory. They investigated the stability of three-dimensional waves on a basic
Poiseuille flow plus a two-dimensional equilibrated wave. Rapidly growing instabilities
were obtained, and the critical Reynolds number, computed for the instability of the
infinitesimal three-dimensional wave, corresponded very well to the Reynolds number at
which transition occurred. A more detailed discussion of the secondary instability theory
can be found in the review article by Bayly, Orszag and Herbert [19].

Benney and Liu [20] considered the mean flow induced by the interaction of a two-
and a three-dimensional disturbance. Their results showed that many of the essential
qualitative features of the experiments of Klebanoff et al [21] can be reproduced. Also,
Benney [22] proposed a theory for the evolution of three-dimensional waves on a shear
flow in which it was shown that the three-dimensionality of perturbation waves plays a
crucial role in the generation and evolution of the mean flow terms.

In this paper, the effect of a small initial distortion of the mean flow on the linear and
nonlinear stabilities of the shear flow is investigated. Throughout we investigate these
effects on the plane Poiseuille flow case, for which a general and extensive discussion
on the stability problem can be found in DiPrima and Stuart [23]. In this paper, we
will show that not only can this mean flow distortion term come as the result of the
Fourier decomposition of a general disturbance, it can also come as an exact solution
to the unsteady Navier-Stokes equations. The presence of this term, though small, can
produce totally different linear and nonlinear stability behavior for the flow at subcritical
Reynolds numbers. Specifically, the linear instability is obtained at Reynolds numbers
well below 1000. In the nonlinear case, the interactions between this mean perturbation
term and the other two- and three-dimensional waves rapidly modify the total mean flow
profile toward the mean flow profile observed in turbulence. In Sec. 2, the mean flow
modification is introduced. The linear stability is investigated and the results are shown
in Sec. 3. In Sec. 4, the nonlinear effects are analyzed, and then a set of weakly nonlinear
equations governing the development of the various components of the perturbations is
derived in Sec. 5. The computational results of the governing equations derived in Sec.
5 are presented and discussed in Sec. 6. We draw the conclusion in Sec. 7.

2. Mean flow modifications. In x,y coordinates, the two-dimensional nondimen-
sionalized Navier-Stokes equations and the continuity equation are as follows:

% + v-Vv = -V„+iAv, (21)

V ■ V = 0,

where velocity v = (</, r). p is pressure, and x, y, and t are all nondimensionalized
with respect to the reference velocity, Uc, reference pressure, pU%, reference length, I,
and reference time, l/Uc. R = Ucl/v denotes the Reynolds number based upon these
reference quantities. For our plane Poiseuille flow case, I is the half-width of the channel,
Uc is the centerline velocity, p is the density of the fluid, and v is the kinematic viscosity
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Fig. 1. Profiles of Poiseuille flow U = 1 — y2 (solid line) and the
unsteady Poiseuille basic flow U = 1 — y2 + acosn(k — 1/2)y, a =
0.015, k = 5 (dotted line).

of the fluids. We take x and y as the streamwise and vertical (cross-stream) coordinates
so that the boundary conditions are v(x,y = ±1) = 0. Suppose that

du dp
V = dx = dy = '

in which case the only equation left to solve is

dt dx Rdy2' 1 ' j

This equation differs from the equations that give us the plane Poiseuille flow by its
time-derivative term. It is natural to expect that any real flow, even at low Reynolds
numbers, may not be so pure that only the steady part exists. The solutions to Eq. (2.2)
are

U = 1 - y2 +u0,

~ = ake~^k7t~^ t//fl cos (kn — 5^ y + ^ bfce~^fc7r^ t^R sin[fc7ry].Uq

Notice that TJ in (2.3) is completely arbitrary since the a^s and s in uq are arbitrary.
But if |m0| is small compared with 1 — y2, (2.3) can be thought of as a basic state of a
flow very close to the steady Poiseuille flow, which we refer to as an unsteady Poiseuille
basic flow.

Figure 1 shows the comparison of velocity profiles between U = 1 — y2 and the unsteady
Poiseuille basic flow U with Tio(t = 0,y) = ocos7r(fc — l/2)y, where a = 0.015 and k = 5.
The solid line is for U and the dotted line is for JJ. It can be seen that the profile for
U is still like a parabola. In the experiments, data are collected at a finite number of
points, and the difference between a pure parabola and a composite velocity is by no
means obvious.

The fact that Eqs. (2.3) are exact solutions of the Navier-Stokes equations indicates the
possibility that the velocity profile tested in a two-dimensional transition experiment is
actually U in (2.3) that includes a nonzero small uq. If so, the question we should answer
is what effect will this mean flow perturbation term have on the stability characteristics
of the flow.

Therefore, taking U with a nonzero but small Uq as the basic flow, we consider the
following linear stability problem with the whole velocity

V = (U + u, v) = iU + v.
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with i as the unit vector in the x direction and with v a two-dimensional disturbance so
that v/U ~ e, where e is a small quantity. Substituting in the Navier-Stokes equation,
subtracting the basic equation of U, namely (2.2), and neglecting all the nonlinear terms
yields

<9v — <9v . —/ 1
— + U—+wU = -Vp+ — Av,
at ox R
V ■ v = 0, (2-4)
u = i' = 0, y = ±1.

The only difference between (2.4) and the Orr-Sommerfeld equation is that the basic
flow U in (2.4) is a function of both t and y. Also, in order to determine U, the constants
in the expression of Uq need to be fixed. There are a great variety of choices for the a^s
and bk s. In this paper, no complete analysis is attempted, and only the first few a^s
and bk s are considered to demonstrate the possibilities. Therefore, in the following, we
further simplify the expression of uo by including only one term from each of its sine and
cosine series. Thus, uq becomes

u0 = ae ikn 2) ^cos (^kn — — j y + be t^H sm[kny\. (2.5)

3. The effect on the linear stability characteristics. In order to determine
what effect the mean flow perturbation term introduced in Sec. 2 will have on the linear
stability characteristics of the flow, the solution to the linearized Navier-Stokes equation
is investigated in this section. Since the basic flow U in (2.4) is a function of both t and
y, a normal mode approach as used in the OS equation is no longer applicable. However,
if we consider the situation in which R is large and only the first few sine and cosine
modes are included in uo, the decay of the amplitudes is slow (see (2.5)). Therefore, we
may first assume that Uq has constant a and b as amplitudes of its sine and cosine modes,
and then we may use the same normal mode approach as in the OS equation. In this
way, the computational method used to solve the OS equation can be employed to solve
(2.4), and the eigenvalues in each case can readily be compared. For the time-dependent
case, that is uq = uo(t,y), we will explicitly compute the time-dependent solutions of
(2.4) and study their evolutions.

3.1. Eigenvalue computations. Under the assumption that u0 has constant amplitudes
in its sine and cosine modes in (2.5), we have

(fc7r-^)y +bsin[fc7rj/]f (3.1)U = U + Mo = U + a cos

and we seek a solution of the form

{u,v,p) = (u{y):v{y),p(y))eia(x~ct\ (3.2)
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U = 1 - r R = 2000 a = 1 a = 0 6 = 0
Chebyshev tau Chebyshev collocation
acr

M = 15 0.312100 -0.0197990 0.312100 -0.0197993
M = 20 0.312100 -0.0197986 0.312100 -0.0197986
M = 25 0.312100 -0.0197986 0.312100 -0.0197986

Table 1

U = 1 - y1 + u0 R = 2000 a = 1 a = -0.03 k = 3
Chebyshev tau Chebyshev collocation

acr aCi

M = 12 0.306025 0.0157807 0.306031 0.0157813
M = 15 0.306035 0.0157795 0.306035 0.0157754
M = 20 0.306035 0.0157754 0.306035 0.0157754
M = 25 0.306035 0.0157754 0.306035 0.0157754

Table 2

so that (2.4) becomes

■ia(U — c)u + vlf' = — iap + (-~r — a2^) u,
R \dy2 J

ia(E7-c)6 = -| + I(^-«2)o, (3.3)

• ~ 9v
iau + —— = 0.dy

u = v = 0, y = ±1.

Both the Chebyshev tau and Chebyshev collocation methods are used to solve the
problem. In these methods, the unknown functions u, v and p are expanded in terms of
Chebyshev polynomials Trn, m = 0,1, 2,..., M,

AI M AI-l

u = ^ ^ Um.Tm, v = ^ vmTnj, p - ^ ^ pmTm. (3-4)
m=0 m=0 m=0

In order to test the convergence and accuracy, first the program is run with uq = 0, in
which case the problem is equivalent to the original OS equation. Table 1 shows the
convergence behavior and accuracy. These results are in good agreement with published
data. Next, we include small mean flow perturbations in U and run the program again.
Surprisingly, at Reynolds numbers as low as 2000, instability was found and the growth
rates ac» are not very small. The results are illustrated in Table 2.

Also, it is easy to see that the results from the Chebyshev tau and the Chebyshev
collocation method agree very well, and this leads us to believe that these results are
reliable. For other situations, Figures 2 and 3 show the growth rates aci and acr values
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Fig. 2. Growth rate aci and acr values for U = 1 — y + a cos ~(k —
l/2)j/. (1): « = 2. (2) a = 2.5, (3): a = 1.5, (4): a = 1.

at Reynolds numbers from 500 to 2000 computed for unsteady plane Poiseuille basic flow
by the Chebyshev tau method. The expansion number M, as in (3.4), used is 30. It is
seen that the instabilities are found at Reynolds numbers as low as 500. The amplitudes
a and b can be as low as 0.02.
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Fig. 3. Growth rate ac, and acr values for U = 1 — y2 +acos7r(fc —
1/2)3/. (1): a = 2.5, (2): a = 2, (3): a = 3, (4): a = 1.5.

The results of this section are believed to be important since they shed more light on
the understanding of the subcritical instabilities. They show that the puzzling subcritical
instability is actually not difficult to obtain if a small mean flow perturbation term is
included into the basic steady mean flow. Also, they suggest a possible explanation for
the transition experiment. That is, it is the presence of a small Hq in the mean flow
profile that makes the flow become unstable at a Reynolds number well below 5770.

3.2. The time-dependent case. The instability in the constant-amplitude case is an
estimate. When the amplitude of v,q varies with time, we may expect that instabilities
may occur so long as a and b are above the values used in the computation in Sec. 3.1
for the corresponding Reynolds numbers. However, as the amplitudes a and b decay
with time, the flow should cease to be unstable. The time-dependent amplitudes case is
investigated in this subsection.

For simplicity we rewrite the Navier-Stokes equation in (2.4) as

^ = G(tf,v,p). (3.5)

Then we expand the unknown functions in the form

M
f{t, x, y) = eiax ^2 fm{t)Tm(y), f = u,v,p,

m=0
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u = 1 - y2 R = 2000 a = 1 At = 0.1 u0 = 0
t 2 4 6 8 10
log [En{t)] -0.0791 -0.1583 -0.2375 -0.3167 -0.3958
2 acit -0.0791 -0.1583 -0.2375 -0.3167 -0.3959
U = 1 — y + uq a = —0.03 k = 3 b = 0 At = 0.1
t 2 4 6 8 10
log [En(t)] 0.0630 0.1261 0.1892 0.2523 0.3154
2 acd 0.0631 0.1262 0.1893 0.2524 0.3155

Table 3

and use the Crank-Nicolson scheme for the time advancement. After these procedures,
(3.5) and the continuity equation reduce to

v«+i _ v« {Gn+1 +Gn)/2,
At v " (3.6)

V • vn+1 = 0.

With the homogeneous boundary condition u(t, ±1) = v(t, ±1) = 0 and the initial values
of u, v, and p being the most unstable modes from the computation of the last subsection,
Eq. (3.6) is then solved by the Chebyshev tau method. Two runs are made to verify the
accuracy in comparison with that predicted by the eigenvalue computation. In the first
run, uq = 0 and the least stable eigenmode from the solution to the OS equation is chosen
to be the initial value. In the second run, the coefficients a and b in uq are assumed to
be constants. In this case, we expect that when the truncation error from the finite
difference in time in (3.6) is small, the logarithm of the relative energy of the oblique
wave (u,v), which is defined below,

En(t) = en(t)/en{0), en(t) = J (\u\2 + \v\2) dy (3.7)

should be very close to the straight line 2ac.jt, where aCi is computed from (3.4) by the
eigenvalue computation method in the last subsection for the same least stable eigenmode.
Table 3 shows the results from these two comparison runs with the expansion number
M = 20. The upper part of Table 3 shows log[En(t)] from the computation of (3.6) in
comparison with 2actf from the eigenvalue computation in Sec. 3.1 at uq = 0. The same
comparisons, with uq = acos[(fc7r — n/2)y], are shown in the lower part of Table 3. Also,
the results from the Chebyshev tau method are found to be almost identical with those
from the Chebyshev collocation method, and it is believed that the time difference error
is small and that these codes are correct. After these procedures, the energy evolvement
for the time-dependent TLq case is carried out by a Chebyshev tau method and Fig. 4
shows the results. In the figure, the graph of the logarithms of the energies En(t), as in
(3.7), for the time-dependent uq case is labeled (T), and that from steady uo (constant a's
and b's) is labeled (S). It is interesting to see how much a normal mode can be amplified
before it begins to decay. In Fig. 4, with a = 0.03 at t = 0 and k = 5, the energy of an
initial normal mode can grow to about e1'6 = 5 times its original value.
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Fig. 4. Comparison of the energy evolvement for U with unsteady
and steady uq. (T): U = U(t,y), (S): U = U(y), a = 0.03, k = 5.

The linear instabilities obtained in this section show that the original Orr-Sommerfeld
equation is sensitive to small alterations to the mean flow profile. The fact, that this mean
flow perturbation term is an exact solution to the Navier-Stokes equations indicates that
this term can directly come to the flow field as the result of some unsteady background
disturbances in the flow. Though the low Reynolds number instabilities can be obtained
only when the amplitude of uq is above a small value, many other changes can take place
before uq decays below this small value when a nonlinear or weakly nonlinear theory is
considered, when initially uq is above this small value. The shift of the critical Reynolds
number from 5770 to a value well below 1000 leaves much room for a nonlinear or a
weakly nonlinear theory to come into play.

4. Analysis on the nonlinear stability characteristics. In many previous nu-
merical investigations, the full Navier-Stokes equations were computed. In these com-
putations, the initial conditions of the perturbation velocities mainly belong to two cat-
egories. In the first category, all the perturbation velocities are taken from the least
stable or the most unstable two-dimensional or three-dimensional eigenfunctions of the
OS equations, such as those of Orszag and Kells [16] and Zang and Krist [10]. In the
second category, the initial perturbation velocities consist of a two-dimensional equili-
brated wave and the least stable three-dimensional eigenfunctions of the OS equation,
such as those of Orszag and Patera [14] and Herbert [18] in the so-called secondary insta-
bility theory. While instabilities were found and the transition processes were observed,
the amplitudes of these initial perturbation velocities needed to trigger instabilities at
Reynolds numbers of 1000-2000 were by no means small. In Orszag and Kells [16], the
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initial ^-direction two-dimensional velocity has an amplitude of 0.08-0.11, and the three-
dimensional x-direction velocity has an amplitude of 0.04-0.05. Also, in the secondary
instability computations by Orszag and Patera [14], initial amplitudes corresponding to
a root mean square maximum perturbation streamwise velocity of about 20% of the ba-
sic flow centerline velocity were used. If fairly small initial perturbations were used, no
instability or transition would be obtained. On the other hand, at the same Reynolds
number range, the instability and transition were observed in experiments where the
initial perturbations introduced into the flow were much smaller.

In Sec. 3, it was shown that when a small unsteady term Uq is included in the basic
plane Poiseuille flow, instability often arises and the critical Reynolds number can be
as low as 500. The initial conditions based upon the inclusion of uq differ from the
two categories of the initial conditions previously used. The sharp drop of the critical
Reynolds number in the linear theory investigation of the plane Poiseuille flow makes
us suspect that the inclusion of this term in a nonlinear theory may also make the flow
more unstable. We also suspect that the decay of this term in the linear theory, where
all other perturbation waves are infinitesimal, may no longer be the case in a nonlinear
theory. In this section, we analyze these possibilities and demonstrate the existence of
the possible mechanism.

A general form for the unidirectional unsteady part is

uQ = ^2ake-(-kn-i) t/Rcos (kir — |~j y — ̂  t^R sin[fc7ry].

The amplitudes afce_(fc7r_5)2t/-R ancj 6fce~(fc7r)2t/fl are arbitrary but are considered to be
initially small so that the composite total velocity is a perturbed form of the steady part.
We can assume uq = O(e).

We use the model equation below to investigate the role uq plays in a nonlinear theory:

du . du
~di

Though simple, this model equation essentially has the same structure as the equation
governing the development of a two-dimensional disturbance stream function and thus
the study of the equation can reveal many physical characteristics of a real flow.

Consider an expansion

«•- Y.y«eionx n^1-

When u is substituted into the equation and the Fourier modes are equated, the ordinary
differential equation for the amplitude |/1| can be found to have the form

= -aa\A\ + \A\3 + 0{\A\5).

If | A | is small, the higher-order terms can be neglected and the above equation can be
written as

^- = -2aa\A\2 + 2\A\4.

This is the Landau equation. In its linearized form, \A\2 decays. But if u is small, \A\2
could grow in the nonlinear case depending on whether —2cra\A\2 + 2|A|4 is positive

— = icr——u2, a > 0.
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or negative. It is obvious that when j^lj2 ~ aa, — 2aa\A\2 + 2\A\4 could be positive.
However, in hydrodynamic stability problems, aa is the linear decay rate ac;. If the
perturbation amplitude A is order of e, the possibility for the amplitude |A| to grow
requires that ad ~ £2. Therefore, aci should be very small, and thus the application of
the Landau equation is restricted to a narrow vicinity of the so-called critical Reynolds
number Rc = 5770. where aci ~ e2. This strict limitation makes the Landau equation
incapable of describing the nonlinear instability problems at Reynolds numbers much
below Rc.

But, if instead of the expression u = ^ yneianx + ^ y*le~ianx, we have

u = «o + E yneianx + £ y*ne~ianx, Vn ~ \A\n, n > 1.

where uo ~ e, the amplitude equation will look like this:

c^[ = „aa\A\ + u0\A\ + O(\A\3).
at

In this equation, the condition for the possible growth of |^4| is a a ~ TLq. Namely, the
condition for possible growth of the wave has been changed from a a ~ e2 in Landau's
equation case to aa ~ e here. This important change has opened a way to use this
mechanism to study nonlinear stability problems at Reynolds numbers much lower than
Rc, where a a ~ e is often the case, as was shown in the linear stability characteristic
studies. Generally speaking, for the plane Poiseuille flow, at R > 1200, the linear decay
rate acj of the least stable mode can be considered to be of order e. Therefore, in such
situations, it will be possible for the two- and three-dimensional finite waves to become
unstable in a nonlinear theory. Furthermore, the hydrodynamic stability equations are
much more complicated than the model equation above, and it is quite possible that the
inclusion of uq will have a much larger nonlinear effect in the hydrodynamic stability
equations than in the above model equation.

The next question we need to answer is, "can tZ0 persist?" We know that in a long two-
dimensional channel, the laminar flow velocity profile is a parabola, whereas for turbulent
flow, the mean flow profile is flatter in the vicinity of the centerline and changes more
rapidly in the region close to the wall. During the transition process, the mean velocity
profile changes from its laminar shape to its turbulent shape. In order for this substantial
change to occur, instead of decaying, uq must be sustained and grow. Intuitively, we
expect that nonlinearity may make this mechanism possible if these oblique waves do
not decay. Roughly speaking, in the evolution equation of uo, the contributions from the
oblique waves are the self-interaction terms, which have the order of magnitude e2. The

1 — *|viscous term in the equation is • Under the condition that ^ ~ e and uo ~ e, the
possibility that Mo will grow while changing its spatial structure certainly exists.

The analysis above indicates the importance of the initial appearance of Tio and a pos-
sible role the nonlinear terms play to sustain it. Accordingly, the evolution equations for
u0 and oblique waves should include these nonlinear terms. On the other hand, according
to the experiments, although the mean flow profile undergoes a substantial change during
the transition process, other mechanical qualities remain small and fluctuate in an irreg-
ular, random manner in space and time. Based upon this fact, our evolution equations
for Ho and other oblique waves will include second-order nonlinear terms, whereas the
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higher-order terms are neglected. In the situation where the waves grow, these equations
will be valid until the waves reach a point where third-order terms are comparable with
the second-order terms. If they decay, there will be no question about the validity of
neglecting the third-order terms. It may be expected that if the physical behavior of
the transition is to be correctly described, on the whole, the perturbation oblique waves
should remain small and hence truncation at third-order is self-consistent. Also, since
three-dimensionality plays an important role in the transition process, three-dimensional
together with two-dimensional perturbation waves will be considered.

5. Nonlinear interaction governing equations. In order to describe the interac-
tions between the mean flow perturbation and the oblique waves, we chose the following
expressions for the velocities and pressure:

u = U(y) + uo{y,t) + £uo(y,t)e2l0z +c.c.

+ e(u+(y,t)el0z + u-(y,t)e~l0z)eiax + c.c. H ,

v = ev0{y,t) + evo(y,t)e2l0z + c.c.

+ e{v+(y,t)el0z + V-(y,t)e~ll3z)eiax + c.c. 4 ,

w = £Wo(y, t) + £Wo(y, t)e2l0z 4- c.c.

+ e{w+(y,t)ei0z + w_(y,t)e~i0z)eiax + c.c. +•••,

2
P= ~^x + £p0(y,t) + £po(y,t)e2l0z + c.c.

+ e(p+(y, t)el0z +p-(y, t)e~l0z)elax + c.c. H .

In (5.1), x,y, and z are the streamwise, vertical (cross-stream), and spanwise directions,
respectively. Also in (5.1), a quantity following £ means that quantity is assumed to be
of order of e and c.c. represents the complex conjugate of its preceding term.

Substituting (5.1) into the Navier-Stokes equations and the continuity equation and
neglecting the third-order terms in e, and also absorbing e into the corresponding quan-
tities yields the sets of equations below:

+ v0 ■ Vv0 + v0 • Vvq + Vq • Vv0 -I- v+ • Vv^j. + v+ • Vv+

+ v_ • Vvl + vl • Vv_ = -Vp0 + 75AV0, V • v0 = 0, (5.2)
H

d~v 1
+ V0 • Vv0 + v0 • Vv0 + v+ • Vvl + vl • Vv+ = -Vpo + j^^v0'

V • v0 = 0, (5.3)

1
—kt~ + V0 ■ Vv+ -I- v+ ■ Vv0 + v_ ■ Vv0 + v0 • Vv_ = -Vp+ + — Av+, V • v+ = 0,

Ot /I
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<9v_ 1
— h v0 • Vv_ + v_ • Vv0 + v+ • Vvq + Vq • Vv+ = -Vp_ + — Av_,

ot K
V ■ v_ = 0, (5.4)

where

v0 = (U + u0,v0,w0), v0 = (uo,vo,wo)e2t0z,

v+ = (u+,v+, w+)eiax+i0z, v_ = (u_, v_, W-)eiax~i0z.

It is easy to see that (5.2)-(5.4) form a closed system. With the boundary conditions
that all the velocities vanish at the boundary, the system (5.2)-(5.4) determines the
evolutions of the mean flow and the oblique waves both in time and space from a group
of initial conditions.

A simplification can be made based on the continuity equation V • Vo = 0. Since
uq,Vq,wo are functions only of t and y, V • vo = 0 becomes ^ = 0 so that vq = 0. The
y momentum equation in (5.2) for the mean flow becomes dp0/dy = g{y, t), where g(y, t)
represents nonlinear terms. This equation can easily be integrated to get p0. However, no
matter what p0 we have, it never appears in the other equations. That is to say, vo = 0
is an admissible solution to our equation. Therefore, we take vo = 0 in the following.

Two properties of (5.2)-(5.4) are worthy of comment. First, in these equations the
total mean flow term always appears in the form U = U + uq , and there is never any
approximation regarding the order of magnitude of uq alone. Although previously it was
assumed that Uq ~ £, the fact that this term always appears in the form U = U + uq
makes this assumption unnecessary. Our equations will be a good approximation of the
real dynamic equations as long as wq, vo,po, v+,p+, v_, and p_ remain small. However,
initially uq has to be small since the instability of the plane Poiseuille is to be studied.
Physically speaking, the release of the restriction on the order of magnitude for u0 is
appropriate because, as noted earlier, this term should change appreciably during the
transition process while others should remain small. In the later computations of these
equations, it is found that the above statement is indeed true.

Second, it is seen that the expansion forms of the velocity and pressure did not include
any terms proportional to e2lax+2t0z, The underlying assumption is that, initially, this
mode does not have any energy. Although during the interactions the nonlinear terms
in the dynamic equations may act as an energy provider to make this mode grow, the
fact that these nonlinear terms have the order e1 makes it very unlikely that this mode
will grow beyond the same order e2. Therefore, for example, in the dynamic equations
for the primary wave that is proportional to elax+zl3, the nonlinear terms coming from
the interaction of mode e2lax+2l0z and mode e-lax~l@z wiH have order £3 and will be
considered negligible.

6. Nonlinear instabilities for plane Poiseuille flow. Equations (5.2)-(5.4) to-
gether with initial and boundary conditions provide a nonlinear stability problem. Nu-
merical methods must be used to obtain the solutions. Special precautions are necessary
in the computations. Again as in the linear stability case, two independent numerical
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methods are used, namely, Chebyshev tau and Chebyshev collocation methods, to cross
check the accuracy. The results from the discrete time computations are also compared
with those from the eigenvalue computations and the agreement between these different,
methods is excellent. The details of the computational methods, the verification and
comparison results, and the initial conditions are described more fully in the Appendix.

As in the linear stability case, the relative energy of a quantity / (a scalar or a vector)
is defined to be

En(f,t). = en{f,t)/en(f, 0), en(f,t) = J f ■ f* dy.

Also, some initial amplitudes are defined to be

ax = \Jen(uo, 0), a2 = y/en(wo,0),

a3 = \Jen(uo, 0), a4 = \Zen(v0,w0,0),

a5 = \J en(v+, v_, 0).

Because of the expansion forms we take for the velocities and pressure, we have the
following value for the total initial perturbation energy So-

15 f1 15 fl 15 f1 15 f1£o = yJ 1lx°Udy+iQj ^Q+wo)dy+YJ vo'vodv+YJ (v+-v++v--v-)dy>

where factors 15/8 and 15/16 come from normalization with respect to that of the basic
flow U.

We have no intention of investigating all the possible choices of wave number and initial
amplitude. Only a few cases are selected for the computations. In this section, (5.2)-(5.4)
will be solved by the method described in the Appendix with a pair of wave numbers
a, (3, and a set of the corresponding unknowns vo, vo, v+, and v_. The truncation errors
will be discussed at the end of the section.

In the first computation, the parameters and the initial conditions are as follows:

R = 1200, S0 = 0.0015, a = 1, (3 = 2, kx = 5, k2 = 3,
ai =0.015, a2 = 0.015, a3 = 0.015, a4 = 0.01, a5 = 0.015.

In Figures 5 and 6, we plot the initial profiles of Uo and u+. The methods to compute
these initial values are fully explained in the Appendix. Generally speaking, they are
the least stable or most unstable eigenfunctions of the quasilinear eigenvalue problems
derived from (5.3) and (5.4) by neglecting all or certain forcing terms in the equations.
Figure 7 shows the evolution of all kinds of energies with time. Figure 8 presents contour
plots of the instantaneous x-direction velocity in the (y, z)-plane at t = 0,140,160, and
300, where 0,1 (0.1) means the contour values are plotted from 0 to 1 in intervals of 0.1.
Figure 9 shows the evolution of the ^-direction mean velocity profile at different times.

Overall, there are subcritical instabilities and neutral stabilities as well as some os-
cillations and decays. The striking feature in the energy plot is that all the energies
undergo a jump except that of u0 around t = 160. It is seen that around this point
the status of the total mean flow and the three-dimensional waves suddenly changes.
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Fig. 5. A plot of the initial ito in the first computation. Solid line:
real part. Dashed line: imaginary part. R = 1200, a = l,/3 =
2, ai = <22 = a3 = a;, = 0.015, an = 0.01, k\ = 5, = 3.

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1 y

Fig. 6. A plot of the initial u+ in the first computation. Solid line:
real part. Dashed line: imaginary part.
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150 200 250 300 350 t

Fig. 7. Energy evolutions in the first computation. (1):
log[£n(uo,t)], (2): log[En(wa, t)], (3): \og[En(uo,t)], (4):
log[En(vo,wo,t)], (5): log[£n(v+, v_,t)].

Roughly speaking, these waves grow before this point but become neutral or decay af-
terward. The transition time for this change of status is from about t = 140 to t = 180.
Notice that the real time t* has the relation t* = tl/Uc with nondimensional time t here.
For large Uc, as t changes from 140 to 180, the real time t* makes a very short change.
Equivalently, the jump of the flow status is accomplished in a very short moment. From
the profiles of the ^-direction mean velocity, U + uq, at t = 80,110 and 140 (Figure 9), it
is seen that a pair of inflection points is developing during this period. From t = 160 to
t = 200, the mean flow profile becomes highly inflectional, and this makes the two- and
three-dimensional waves strongly unstable. The ^-direction vorticity in the (y, z)-plane
is shown in Fig. 10.

In conjunction with these figures, it is not hard to see that there are characteristically
different patterns before and after the jump, and these patterns may be seen from two
main aspects. First, the mean velocity profile changes from a parabola-like shape before
the jump to a profile like what is observed in turbulence after the jump. Second, from
Fig. 10, the ^-direction vorticity cj has remarkably different typical values before, during,
and after the jump. Before the jump, |u>(t = 0)| and \uj(t = 140) | ~ 0.3. During the
jump, at t = 160, the typical value for |u>| is 1.27. After the jump, large and strong
vortices become smaller and weaker, and finally |w| ~ 0.1 at t = 300. The occurrence of
very strong vorticity during the transition period indicates the collapse of the laminar
flow. Also noticeable are the similarities and differences in the shapes of the vortices
between t = 140 and t = 300 in Fig. 10. It appears that the vortices at t = 140 have
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i>

FlG. 8. Prom top to bottom, contour plots of the x-direction velocity
in the first computation at x = 0 and t = 0, t = 140, t = 160, t =
300,0,1 (0.1). The horizontal lines are —it < z < 7r and the vertical
lines are —1 < y < 1.

been broken in half to produce the smaller vortices at t = 300. Compared with those at
t = 0, t = 140, and t = 160, the vortices at t — 300 are more uniformly distributed.

These vorticity changes are believed to be consistent with the general experimen-
tal observation on turbulent flow, which states that bigger vortices break into smaller
ones during the transition process. The changes in the profile of the mean flow ve-
locity, U + uq in Fig. 9, are also believed to be consistent with the observations from
the experiments. For comparison, the mean flow profiles found in the experiment on the
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Fig. 9. Evolutions of the ai-direction mean velocity U + uq in the
first computation. The horizontal lines are — 1 < y < 1.
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Fig. 10. From top to bottom, contour plots of the x-direction vor-
ticity in the first computation at x = 0, t = 0,-0.3.0.3 (0.05);
t = 140,-0.3,0.3 (0.05): t = 160,-1.2,1.2 (0.2); t = 300,-0.1,0.1
(0.02). The horizontal lines are —n < z < ~ and the vertical lines
are -1 < y < 1, |w{t = 0)| ~ 0.3, \u{t = 1 10} ~ 0.3, |ea(t = 160)| ~
1.27, |jHi(t = 300)| ~ 0.1.
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Fig. 11. The nondiraensional mean flow velocity profile U/Uc from
the experiment by M. Nishioka and M. Asai [24]. (1): R = 1010, (2):
R = 1150, (3): R = 1600, (4): R = 3950.

subcritical transition in plane Poiseuille flow by M. Nishioka and M. Asai [24] are cited
here in Fig. 11. In this experiment, the disturbance introduced into the flow is of high
intensity, 10 — 20% of Uc, where Uc is the centerline velocity of the basic flow. As R
increases, the mean velocity profile becomes more and more flat around the centerline
and appears to be moving towards the mean flow profile in turbulence. In Fig. 12, the
nondimensional mean velocity profile in Fig. 9 at t = 300 is plotted against that of
R = 1600 from the above experiment. It is easy to see that these two profiles are indeed
very similar.

There are several new features in the results from the present analysis that are different
from the results of the previous theories. First, subcritical instabilities are obtained
directly from the multiple wave interactions. In this approach, there is no pre-existing
condition such as the formation of a secondary flow in plane Poiseuille flow by Orszag
and Patera [14]. Second, the evolutions of the mean flow profile (Fig. 9) indicate that an
inflectional and afterwards irregular mean flow profile may be the decisive factor causing
the small amplitude oblique waves to become unstable. At this point, it is worthwhile
to compare our results with those from the direct numerical simulation by Orszag and
Kells [16]. In the work by Orszag and Kells, where perturbations with much larger
initial amplitude were used, the evolution of the mean flow profile did not show any
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Fig. 12. Solid line: the nonclimensional mean flow velocity profile
U/Uc of Fig. 9 at t = 300. Dotted line: the curve (3) in Fig. 11.

appreciable inflection point. Although strong inflections were found in the instantaneous
x-direction velocity profiles, these inflections come mainly from the contributions of the
perturbation waves. When the amplitudes of the disturbances are not large enough to
give sufficient contributions, these inflections in the instantaneous ^-direction velocity
may disappear or become very weak so that the total flow may become stable to three-
dimensional waves. It is believed that this explains why no instabilities were found for
smaller amplitude perturbation waves in their computation. On the contrary, the mean
flow profile in the present analysis becomes very inflectional and thus makes it possible
for small amplitude disturbances to become unstable. Third, the jump phenomenon of
the perturbation waves is found in the present analysis. While large perturbations can
directly lead to transition, we speculate that for small amplitude perturbations like those
in the present computation, the transition starts with the jump. The jump phenomenon
will be discussed later in this section after more information has been obtained through
further computations.

The second computation is for a higher Reynolds number, R = 2000, with the param-
eters and the amplitudes in the following table:

R = 2000, £0 = 0.00078, a = I, /? = 2, k i = 5, k2 = 3,
ai=0.01, a2 = 0.01, a3 = 0.01, a4 = 0.01, a5 = 0.01.
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450 t

Fig. 13. Energy evolutions in the second computation at R = 2000,
a = l,/3 = 2, a\ = a-2 = a3 = a.4 = as = 0.01, k\ = 5, &2 —
3. (1): log[£n(u0,t)], (2): log[£fa.(uj0,t)], (3): log[£rt(u0,*)], (4):
log[Bn(ti0,too,t)], (5): log[En(v+,v-,t)],

The initial perturbation energy in this computation is about half of that used in the
R = 1200 case, and the evolutions are traced for a longer time. The purpose of this
computation is to investigate the instability behavior of the flow of a larger R but with
smaller initial perturbations. Figure 13 shows the evolutions of the wave energy, and in
Figs. 14 and 15, the profiles of the ^-direction mean flow U + uo are plotted.

In this case, it is a little surprising that two jumps are found in the evolution of the
flow quantities. The first one is from t = 100 to t = 130, and the second one is between
t = 350 and t = 400. During these jumps, the energies of the oblique wave increase
rapidly, and the mean flow velocity profiles have inflection points and take very irregular
shapes. After these jumps, the energies of the oblique waves change slowly, and the mean
flow profiles become smooth and regular. In addition, the mean flow profile after the
second jump is more flat and is more like the mean velocity profile observed in turbulence
than it was after the first jump. The x-direction vorticity uj profiles are plotted in Figs.
16 and 17 at x = 0 and z = 27t/5, where the maximum values of uj occur. For Figs. 16
and 17, two times are chosen during the two jumps, and another two times are chosen
after the jumps. Figures 16 and 17 show that during these jumps, for example, at t = 120
and t = 360, strong vorticities are produced and the highest intensity is near boundaries
y = ±1. After the jumps, for instance, at t = 240 and t = 450, the vorticities become
much weaker and have a more even distribution across the flow domain.
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Fig. 14. Evolutions of the x-direction mean velocity U + uo
in the second computation (R = 2000). The horizontal lines are
-l < y < l.
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Fig. 15. Evolutions of the z-direction mean velocity U + uo
in the second computation (R = 2000). The horizontal lines are
—i < y < i-
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Fig. 16. A plot of the ^-direction vorticity of the flow at x = 0,2 =
27r/5,t = 120 and t = 240 in the second computation (R = 2000).

Taking into consideration the results from the first and the second computations, we
believe that these jumps are associated with the intermittent character of the disturbance
observed in the transition experiment. The flow patterns shown in Figs. 13 through 17
are very similar to the description of the intermittency phenomenon first observed by
Reynolds [25], which is cited here:

another phenomena... was the intermittent character of the disturbance.
The disturbance would suddenly come on through a certain length of tube
and pass away and then come on again, giving the appearance of flashes,
and these flashes would often commence successively at one point in the
pipe. The appearance when the flashes succeeded each other rapidly was
as shown.

The successive appearance of the irregular mean flow profiles and the strong disturbances
seen in Figs. 13 through 17 resemble closely the appearance of the flashes observed by
Reynolds. These features indicate that the physical process has been correctly captured
by the approach and also suggest that the transition processes are different for small-
amplitude disturbances and for large-amplitude disturbances. In the former case, tran-
sition begins at the appearance of the intermittent character of the disturbance, or from
the energy jumps of the disturbance. In the latter case, the intermittence phenomenon
can be bypassed, as shown by the work of Orszag and Kells [16].

For lower Reynolds numbers, the case R = 1000 is computed, with the wave numbers
and the initial amplitudes the same as those in the first computation. The parameters
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Fig. 17. A plot of the ^-direction vorticity of the flow at x = 0,2 =
27r/5, t = 360 and t = 450 in the second computation (R = 2000).

and the initial conditions are in the table below:

R = 1000, So = 0.0015, a = 1, (3 = 2, k\ = 5, k2 = 3,
ai = 0.015, a2 = 0.015, a?, = 0.015, 04 = 0.01, a5 = 0.015.

The purpose of this computation is to attain knowledge about the so-called critical
Reynolds number, which is believed to be a function of the wave numbers and the initial
conditions. Although there is no intention to seek such a critical R in all the possible
cases, we believe, nevertheless, that some information can be obtained by these examples.

In Figs. 18 and 19, energy curves and the mean flow velocity profiles are plotted.
Contrary to the results in the R = 1200 case, at R = 1000, there is no jump in the
energy curves, and everything damps after a short period of time. The mean velocity
profiles do not change much from the perfect parabola. These totally different flow
characteristics between R — 1200 and R = 1000 give clear evidence of the existence of a
critical Reynolds number, which is about R = 1000 in this particular case.

There is no restriction in this theory 011 the number of the waves that can participate
in the interactions, so long as these waves do not form resonant triads. Two sets of the
two- and the three-dimensional waves that participated in the interactions cases are also
computed for both R = 1000 and R = 2000, and the results are similar to the results
presented above and therefore will not be reported here.
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Fig. 18. Energy evolutions of the third computation at R = 1000,
a = 1, 3 = 2, a\ = a.2 = £13 = as = 0.015, 04 = 0.01, k\ = 5,/c2 =
3. (1): log[En(uo, t)], (2): log[£Yi(uTo, t)], (3): log[JBn(uo, t)], (4):
log[£n(^o,tfo,t)], (5): log[£n(v+, v_, t)].

300 t
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Fig. 19. Evolutions of the x-direction mean velocity U + uq in the
third computation (R = 1000).
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To end this section, we discuss the truncation errors. As was stated in the derivation of
the equations, if we assume Wq, vo, v+, v_, ~ e, our equations are accurate to £2, since £
and e2 terms are kept in the equations, with e3 terms neglected. Moreover, the amplitude
of u0 will not affect the accuracy of the equations because no approximation was made
with respect to it. Now, from the energy curves in Fig. 7, we see that except for that of
uo, the most amplified energy is for (v+,v_) and max{log[£,n(v+, v_,£)]} = 4.7.

Similarly, for energy curves in Fig. 13, it is found that max{log[£n(u0, f)]} = 5.57.
Using the notation

£i = max{-y/en(v+,v_,£)}, e2 = max{-\/en(uo, £)},

the table below indicates the truncation errors at these most amplified points:

£i = 0.157, £? = 0.0246, ef = 0.00387, jf+p = 0.02,
£2 = 0.162, e\ = 0.0262, e\ = 0.00425, = 0.023.

Therefore, even in these worst-case situations, we believe that our results are at least
qualitatively correct.

7. Conclusion. The application of the multiple wave interactions at the initial pres-
ence of a small mean flow perturbation term indicates that several important properties
of the plane Poiseuille flow instability process can be predicted by this theory. In the
linear theory part, it is shown that the original plane Poiseuille flow is sensitive to small
alterations to the mean flow profile. With a small mean flow alteration, the critical
Reynolds number can be shifted well below 1000. In the nonlinear theory part, when
the nonlinear interactions take place, the total mean flow velocity U + uo profile changes
rapidly toward the mean flow profile observed in turbulence while other oblique wave
quantities oscillate but remain small. Although the mean velocity profiles obtained are
not to be interpreted as mean turbulent velocity profiles, their tendencies, the jumps
of the flow quantities, and especially the characteristically different vorticity patterns
during and after the jumps, lead us to speculate that this theory correctly captures some
of the properties pertaining to the transition process.

Based on the results and analysis, some projections on the plane Poiseuille flow sub-
critical transition process in the initially small amplitude disturbance situation can be
proposed. We believe that in this situation, the transition to turbulence begins with the
interaction of multiple perturbation waves, especially the interaction between the mean
flow and the oblique waves. The fact that the mean perturbation term is an exact solu-
tion of the Navier-Stokes equations indicates that this term can directly come from the
flow field as a result of some disturbances in the flow. The amplitude of this term can be
arbitrary, and this makes it possible for it to appear in the interaction as a more powerful
partner. At initial times, the appearance of the small mean perturbation is crucial for the
growth of the oblique waves. This initial growth makes it possible for these oblique waves
to become strong and then to play their roles in the nonlinear interaction. The entire
transition process may contain several parts, depending on the initial intensity of the
disturbance. During each of these parts, the oblique waves undergo a rapid change and
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a slow change period, and the mean flow profile repeats an irregular and regular shape,
giving rise to the intermittence phenomenon in the experiment. By repeating the irreg-
ular and regular shape, the mean flow profile changes its spatial configuration towards
the mean velocity profile observed in turbulent flows. For large initial disturbance cases,
the entire transition process may contain only one or two of the above-mentioned parts,
or it may be that these parts are so close to each other that they are not distinguishable
in the experiment.

Finally, though the derivation, the demonstration, and the application have been
made only for the plane Poiseuille flow case, the theory is applicable to other parallel
flow situations. In fact, the linear and nonlinear stability investigations were also carried
out in the plane Couette flow case and similar results were obtained.
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Appendix. In this appendix, the computational methods, the verification and the
comparison of the results from different numerical methods, and the initial conditions of
(5.2)-(5.4) are discussed.

Numerical method. For convenience, we use the notation

vi=v++v_, p! = (p+,p_).

Then the equations (5.2)-(5.4) can be rewritten as

^ = A>v0 + G0,
at

r\

-£■ = D0v0 + EoPo + Go, (A.l)at
<9v,
—- = £)lVl + Eipi,at

V • v0 = 0, V • vi = 0,

where Do, D0, D\, Go, Go, Eo, and E\ are matrices representing corresponding differential
operators in the equations and are functions of y, vo, vo, and vi. The boundary conditions
on (A.l) are

v0(y = ±l,t) = 0, v0(y = ±l,z,t) = 0, vi(x, y = ±1, z, t) = 0.
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The time advancement is carried out by the Crank-Nicholson scheme, and a complete
time step consists of the following three steps:

^K+1-vS) = i(S<+1+Sv0")+G0(v0",v»), V • Vq+1 = 0, (A.2)

i(vj+1-v0") = + + + GoW), V-v0"+1=0,

(A-3)
l.ivn+l _vn)^l{Dn+lvn+l +Dnvn)+l_{Elpn+l +Elp^), V • V?+1 - 0, (A.4)

with the boundary conditions imposed on the velocities at tn+1 = (n + 1)At.
Initial conditions. The initial values for Vo,Vo, and vi are computed in the following

way.
First, the one-mode solutions to the linearized form of the equations (5.2),

A  1

-^ = ^Av0, V • v0 = 0, (A.5)

which are just uq(t = 0, y) = ai cos[7r(fci — 1/2)j/] and Wo(t = 0, y) = 02 cos[7r(&2 — 1/2)y],
are taken as the initial condition for vq. Then they are inserted into the quasi-linear
equations (5.3) for Uo, Vo, and w0, with the forcing terms containing v+ and v neglected.
Since uq does not appear in the continuity equation in (5.3), its initial value is independent
of those of vq and wq. For this reason, the equation for Uo and the equations for vq and
wq in (5.3) are computed separately, and the term involving vo in the equation for uq is
ignored. The initial conditions for vo are computed in such a way that they are the least
stable or most unstable eigenfunctions of the quasilinear eigenvalue problems derived
from (5.3) by neglecting all the forcing terms in the equations. Then (5.4) is changed to
an eigenvalue problem by using the initial values of Vo and Vo (so that they are functions
of y only after the exponential terms are canceled), and the most least stable or most
unstable eigenfunctions are used as the initial values for v+ and v_.

Some simplifications may be made if we assume that uo and uJo are even functions in
y, and initially they have the forms

Ho = a 1 cos[(7rfci — 7r/2)y], Wo = ao cos[(7rfc2 — 7r/2)j/].

Based on the even assumption for u0 and Wo, Uq, u>o,Po, and v_ are assumed to be even
in y and vq,u+,u-,w+,w-,p+ and p- are assumed to be odd functions in y. It is easy
to see from (5.2)-(5.4) that these assumptions are consistent. These simplifications are
believed to be important in helping to assure the numerical accuracy of the computation.

Verification computations. A verification was made to investigate the truncation errors
from the finite time difference in (A.2)-(A.4). First, the eigenvalue problem described
above was solved by the Chebyshev tau and the Chebyshev collocation method. Then,
taking the initial values from the least stable eigenmode from this eigenvalue computation
and assuming that v0 and v0 are functions of y only, we computed (A.4) and compared
the logarithm of the energy growth rate from this computation with that predicted by
the eigenvalue computation.

The conditions of the comparison and the results are shown in Table Al, where
En(t) = £n(v+,v_,t). It is seen that the time discrete error decreases as the time
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R — 1200 a— I (3 = 2 «i = 0.015 kx = 5
a2 = 0.015 k2 = 3 a3 = 0.015 a4 = 0.01 a5 = 0.015
M = 16 t = 2 4 6 8 10

2A rt 0.1192 0.2384 0.3576 0.4768 0.5960
At = 0.4 log [En(t)] 0.1179 0.2358 0.3537 0.4717 0.5896
At = 0.2 log[£Y?,(f)] 0.1188 0.2377 0.3567 0.4756 0.5944
At = 0-1 log [En(t)\ 0.1191 0.2382 0.3574 0.4765 0.5956
At = 0.05 log[£n(i)] 0.1192 0.2384 0.3575 0.4767 0.5959
At = 0.01 log [En(t)\ 0.1192 0.2384 0.3576 0.4768 0.5960

Table A1

step At becomes smaller, and for At smaller than 0.05, very good agreement is obtained.
Since our purpose is to demonstrate the impact oil the stability behavior when the basic
flow is slightly modified, we feel that a computational result with an accuracy to the first
three or four digits should be adequate. Therefore, At = 0.05 is used for all the following
computations. Also, both the Chebyshev tau and the Chebyshev collocation methods
are used to ensure the correctness of the computational methods and the corresponding
programs, and satisfactory results are observed.
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