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Abstract. Motivated by a series of recent experiments on the evolution of fluid annuli
in rotating Hele-Shaw cells, this paper presents a new class of exact time-dependent
solutions to a mathematical model of this nonlinear free boundary problem. For a certain
class of initial conditions, the free boundary problem is reduced to the solution of a finite
set of coupled nonlinear ordinary differential equations. These solutions can be explicitly
studied and, despite the fact that the model problem is mathematically ill-posed, display
the same qualitative features as the recent experiments. It is discussed how the present
exact solutions might form an important basis for further study of the appropriately
regularized model problem.

1. Introduction. There has been much recent interest in the morphological instabil-
ities of interfaces in rotating Hele-Shaw cells. The problem has been studied numerically,
experimentally, and theoretically over the last few years. Schwartz [17] examined the
problem numerically (using boundary integral techniques) and studied the linear stabil-
ity and nonlinear evolution of a liquid mass in a Hele-Shaw cell rotating at a constant
angular velocity. Laboratory experiments examining the instability of an interface (of
a dense fluid such as oil injected into air) driven by a centrifugal force in a rotating
Hele-Shaw cell were presented by Carrillo et al. [2] with further experiments performed
much more recently for the case of a fluid annulus in a rotating cell [3], [4]. In addi-
tion, theoretical developments have been made by Entov et al. [11] who used the Cauchy
transform approach. Entov et al. [11] produce some exact time-dependent solutions for
the free surface evolution of simply-connected blobs of fluid in a rotating cell. The dy-
namical solutions are described by rational function conformal maps from the unit circle
in a parametric conformal mapping plane.
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The evolution of an annular blob, as studied in the recent experiments of Carrillo
et al. [3], [4], is of greater interest because the interplay between two disjoint interfaces
potentially gives rise to a new phenomenology not available in t he simply-connected case
where just one interface is present. In particular, as discussed in [3]—[4], the problem
of a fluid annulus in a rotating Hele-Shaw cell is a physical system simultaneously sus-
ceptible to two distinct types of morphological instability. The first is the well-known
Saffman-Taylor instability which occurs when a less viscous fluid is driven into a more
viscous fluid. As a fluid annulus is flung out radially due to the centrifugal forces in a
rotating cell, this situation occurs at the inner, trailing interface. This instability is a
direct result of the difference in viscosity between the two fluids. However there is, in
addition, a second morphological instability at the outer interface which is more directly
induced by the centrifugal forcing that is driven by the density difference of the two
fluids. In recent experiments, Carrillo et al. [4] have observed that, depending on the
densities and viscosities of the fluids in different regions of the cell, as well as on the
experimental parameters selected (e.g., gap width, initial volume of the fluid annulus,
rate of rotation of the cell) qualitatively different scenarios of interfacial instabilities are
observed. According to the various combinations of parameters, either the inner, the
outer, or both interfaces simultaneously are observed to become unstable. We refer the
reader to the original study for more details [4].

It is clearly desirable to be able to study the interaction of these two different insta-
bilities analytically. Carrillo et al. [4] have carried out a linear stability analysis of the
simple time-evolving concentric annulus solution (in which the two interfaces are sim-
pler concentric circles of different radii) and observed that the two interfaces are coupled
through the pressure field at the linear level. From the point of view of a fully nonlin-
ear theory, a glimmer of hope is provided by the existence of the exact solutions to the
rotating Hele-Shaw problem found by Entov et al. [11]. However, these solutions deal
only with simply-connected domains in which just one interface is present and so are of
no direct use in analyzing the situation of interest here, i.e., the effect of two distinct
competing instabilities simultaneously acting on two disjoint free surfaces bounding an
annular fluid region. This is the essence of the problem of a fluid annulus in a rotating
Hele-Shaw cell, and it is not captured by any presently-known analytical solutions.

In light of this, it is the purpose of this paper to appropriately generalize the solutions
of Entov et al. to a doubly-connected fluid domain, in two dimensions, with a view to
providing a theoretical basis for understanding some of the recent experimental obser-
vations [3], [4]. By consideration of the theory of quadrature domains, it is established
herein that the problem of Hele-Shaw flows in a rotating cell (with no sources or sinks,
although these can also be incorporated into the theory) is such that conformal maps
(from a fundamental annulus in a parametric (-plane to the doubly-connected physical
fluid domain) that are initially loxodromic functions (defined later) remain loxodromic
functions under evolution. This turns out to provide an explicit class of time-dependent
solutions for the problem of the evolution of the boundaries of a fluid annulus in a ro-
tating cell which are "exact" in the sense that the evolution is governed by a finite set of
time-evolving parameters. For a special (but dense) class of initial conditions, the free
boundary problem is thereby reduced to the solution of a finite set of coupled nonlinear
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ordinary differential equations. Furthermore, the relevant equations of evolution can be
written down explicitly, and a class of invariants of the motion identified.

2. Description of the physical problem. Consider a blob D(t) of fluid in a Hele-
Shaw cell which will be assumed to be rotating with a (possibly time-dependent) angular
velocity u>(t). The fluid is assumed to be evolving as a two-dimensional flow in the plane.
For the purposes of this paper, the fluid blob will either be simply-connected or doubly-
connected. In a frame rotating with the cell (and under similar approximations of high
Reynolds numbers and high Rossby numbers as assumed in Carrillo et al. [2], [3]) the
usual Darcy's law for Hele-Shaw flow, modified to include centrifugal forces, takes the
form

Vp =-~u +puj2(t)rer, (1)
rv

where p is the fluid density, p the viscosity, p the fluid pressure, and k = b2 /12, where
b is the plate spacing in the cell. er is a unit vector in the radial direction. The fluid is
incompressible, so that

V • u = 0 (2)

while the pressure condition on interfaces 1 and 2 is given by

p = pjit) (3)

for some purely time-evolving parameters pi(t),p2(t). Physically, these correspond to the
pressures inside and outside the blob. Without loss of generality, we can set pi(t) = 0.
The kinematic condition is that

u • n = Vn, (4)

where Vn is the normal velocity of the interface. The centrifugal term in (1) is removed
by defining

puj2(t)r2
P = P+ y (5)

so that

Vp=-ju. (6)

Taking the divergence of this equation implies that

V2p = 0 (7)

everywhere in D(t), while the pressure condition on the interfaces becomes

poj2(t)r2
p=-^±^+Pj(t) on dDj(t). (8)

Once the pressure field p is instantaneously determined, the fluid velocity follows from

k
u = Vp. (9)
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From the above, it is clear that the non-dimensionalized free boundary problem in a
rotating Hele-Shaw cell is equivalent to the following problem for a velocity potential

*=-&■

v20 = 0 (10)

everywhere in D(t). On the boundaries,

^ A(t)
2

-zz + Bj(t) on dDj(t), (11)

where A(t.) = pu)2(t)k//i > 0 and where Bj(t) = kpj{t)/p, is related to the air pressures
inside and outside the annular blob. We have already determined that B\{t) = 0. A
kinematic condition on each interface also requires that the local normal velocity of the
boundary Vn equals the local normal velocity of the fluid, i.e.,

V</> • n = Vn. (12)

Note that the kinematic boundary condition (12) can be rewritten as

dz
Im dt Zs = Im[(u + iv)zs] = lm[2(/)~zs} on DDj(t). (13)

This completes the specification of the free boundary problem. Mathematically, for
a given boundary shape D(t), condition (11) instantaneously determines the harmonic
function cj) at each instant of time while the subsequent evolution of D(t) is then deter-
mined by the kinematic condition (13).

3. Mathematical formulation. We now define the linear functional £ acting on
functions h(z,t) analytic and single-valued everywhere in D(t) and continuous on dD(t):

C[h(z,t);D(t)]m [[ h{z,t)dxdy. (14)
J J D(t)

Note that the analysis of this section will refer to a fluid region D(t). For present
purposes, we assume that this region is at most doubly-connected. Note, however, that
the analysis of this section in fact holds for any region of finite connectivity The following
definition is from Davis [10]:

Definition. The linear functional C will be said to be a point differential functional
of finite order if it can be expressed in the following form:

N nk

£[HZ)\ = (15)
n=1k=0

where ZI,Z2,...,ZN are a finite set of distinct points in the interior of D, and the ank are
constants. The points {zj} and the constant ank are independent of the function h(z),
as are the integers {n^ > 0}. hSk' refers to the fcth derivative of h(z) with respect to its
argument.

In order to prove Theorem 3.2, we will require the following standard theorem [16]
from the theory of harmonic functions:
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Theorem 3.1. If cj)(x, y) is harmonic in any region D(t) (not necessarily simply-connect-
ed), then the function <fiz is holomorphic in D[t). In particular, for any function <j)
harmonic in D(t) the partial derivatives 4>x and <py are always the real parts of functions
holomorphic in D{t).

Proof. See [16], □
Remark 1. Note that if </> is harmonic in D(t) and if D(t) is not simply-connected,

then there need not exist in D(t) a holomorphic function having <p as its real part.
However, Theorem 3.1 shows that this is not true of (j)z.

Theorem 3.2. In the free boundary problem just described, the following expression
holds for the time evolution of C[h(z,t); D(t)\:

~C[h(z,t); D(t.)} = C[ht(z,t) + A(t)zhz(z,t); D(t)}, (16)

where h(z,t) is analytic and single-valued in D(t) and continuous on dD(t).

Proof. Using the complex form of Green's theorem in the plane,

C[h(z,t)m, D(t)] = — <p h(z,t)zdz. (17)
JD(t)

We now compute the time derivative of this quantity:

dC[h(z,t);D(t)} If , , .
   = — f htz dz + hzztz dz + h(ztdz + z dt). (18)

dt 21 JdD(t)

But from (13),

Zt dz = ztdz + 2(pz dz — 2<frz dz, (19)

which, when substituted into (18), gives

dC[h{z, t); D(t)] 1
r htz dz + hzztz dz + hzdzt + hztdz

dt 2t JdD(t) (20)
+ 2h(4>z dz — cf)z dz).

But

hzztz dz + hz dzt + hzt dz = d(zth(z)z) (21)

is a total (spatial) differential and therefore gives zero contribution, while it is known
from (11) that on dD(t)

4>zdz = d ^—^-zz\ — (j)z dz, (22)

which, when substituted into (20), gives

d£[h(z,ty,D(t)] _ 1 ^ htzdz + 2h(24>tdz-d(^-zz)). (23)
dt 2 i
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But by Theorem 3.1, 2cj>z is analytic everywhere in D(t), which means that, regardless
of the connectivity of D(t), Cauchy's Theorem can be applied to one of the integrals in
(23) and leaves, after an integration by parts,

dC[h(z,t)-, D{t)} _ 1
IdD(t)

which, using Green's theorem, provides the required result.
We now show why this result implies that the dynamics is such as to preserve the

finite order of an initial point differential functional of finite order.
Let h(z, t) be a given function of z and t. Given ft,, define a function h via the equation

h(z(z,t),t) = h(z,t), (25)

which is assumed to hold at all times t, where z(z, t) is the solution of the complex partial
differential equation

5 + ̂ (^si = 0; ^>°) = z- (26)
The above partial differential equation can be solved explicitly, and it is easy to see that
the solution is given by

z(z,t) = ze-tiA(t">dt'. (27)

It will be assumed that the function h(z, t) is completely arbitrary except that it must
be an analytic function of z everywhere in D(0) U D(t) for 0 < t < T where T is some
nonzero radius of convergence defined later. □

We first prove a useful lemma:

Lemma. The following result is true:

(jft+A{t)zlL) Mm) = h{Q'n)(z(z,t),t) (28)

for n > 1 and where the notation g<m'n)( —, —) refers to the mth derivative with respect
to the first argument and the nth derivative with respect to the second argument.

Proof. The proof is by induction. Consider the case n = 1:

Jt+A^i)h^ = (i+A^4z
= h^\z,t) + h(h0\z,t) + A(t)z^j (29)

= h^(z,t),

where we have used (25) and (26). Now, suppose that the result is true for an arbitrary
integer n > 1. Then

(JL + A{t)zlL) (30)
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which implies that

(i*<*■« -

= ^(1'n) (i + + h^0'n+1\z,t) (31)

= ft(0-n+1)(5,t)

by (26). The result follows for all integers by induction. □

Theorem 3.3. Assuming the boundary evolution is locally analytic in time, the following
expression holds for times 0 < t < T where T is some nonzero radius of convergence:

C[h(z,t)-,D(t)\ = C[h(ze& A^')dt',t);D(0)\. (32)

Proof. Assuming that the boundary evolution is locally analytic in time, this integral
can be Taylor expanded about t = 0 for t within some radius of convergence T, i.e.,

II h(z,t)dxdy= If h(z,t)dxdy + t— II h(z,t)dxdy
J J D(t) ' J J D(t) Q dt J J D(t) t=0

+ t^H nmh{z-t)dxdy
(33)

+
t=o

These derivatives can be computed by repeatedly using Theorem 3.2 and the lemma
above,

h(z,t)dxdy= II (h(z, 0) + th^^(z, 0)
D(t) J J D(o) V

+ |y^(°'2)(2-0) + • • dxdy (34)

"//
h(z, t) dx dy

D( 0)

after resumming the Taylor series expansion for h(z,t) about t = 0. But since

z(z,t) = ze-tiA{t']dt', (35)

then

z(zetiA(t')dt',t)mz. (36)

Substituting this expression for 2 into the right-hand side of (34) implies

If h(z,t)dxdy= II h(z(ze^° ^dt ,t),t) dx dy
J J D(t) J J D{o)

= [f h{zetiAit')dt',t)dxdy,
J J D{0)

the last equation following from the definition (25). □

(37)
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Theorem 3.4. If the initial domain £>(0) is such that C[h(z)\ D(0)] is a point differential
functional of finite order, i.e.,

//

N "fc Qk
h(z) dx dy = y2y2ank—rh(z)

DW n= lfc=0 dZ
(38)

for some {ank} and {zn} (the points {z„} assumed strictly inside D{0)) and arbitrary
h(z) analytic in D(0), then for sufficiently short times 0 < t < T, C[h(z, t)\D(t)] remains
a point differential functional of finite order.

Proof. Using (32) and the fact that C[h(z); O(O)] is a point differential functional of
finite order, we obtain

ff h{z.t)dxdy = If h(ze^° ^dt , t) dx dy
J J Dlt) J J D(0)

dkh{zeti A^dt',t)
- 2^2^ank Qjr-

n=1k=0

(39)

(assuming that sufficiently short times have elapsed that h(ze^o A(-t">dt\t) remains ana-
lytic in D(0)). But it is clear (by the chain rule) that this expression has the general
form

N rifeCp '" k

// h(z,t)dxdy = V V" dnk(t)h(kfi\zn{t)1t), (40)
JJ D(t) n=1^Q

where the time-dependent coefficient dnk(t) can be found explicitly if required and
dnk(0) = anfc. The points Zj(t) are defined as follows:

zn(t) = zne-foA^dt\ n = 1,... ,N. (41)

Thus, at least for sufficiently short times, C[h(z, t)\ D(t)} is a point differential functional
of finite order (defined at the time-evolving points Zj (t)). The theorem is then proved. □

Remark 2 (Invariants). From (39) and (40), it can be seen, by considering k = 0 in
the sum, that the coefficients dno(t) of h(zj(t),t) at any later time t are just ano, i.e., the
same as the initial values. This means that dno(t) = ano are invariants of the motion.
The existence of these invariants of the motion does not seem to have been explicitly
pointed out before, even in the simply-connected case.

Remark 3. The foregoing proof has many similarities with that presented in [6] in
the context of the quite distinct problem of viscous sintering. Indeed, Crowdy [8] has
shown that the rotating Hele-Shaw problem and the viscous sintering problem have many
surprising, but important, mathematical similarities. Indeed, these similarities have led
the present author to the new exact solutions for the evolution of the fluid annulus to be
presented herein.

Remark 4. Domains over which there exists a point differential functional of the form
(40) are also referred to as quadrature domains.
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4. Evolution equations for the mapping. The analysis of the previous section
holds regardless of the connectivity of the fluid domain. In this section, we separately
consider the cases of simply-connected and doubly-connected fluid regions. While the
present mathematical approach is different, the following exact solutions for simply-
connected regions have already been identified by previous investigators using the math-
ematical notion of a Cauchy transform of a domain [11], [8]. However, the following
exact loxodromic function solutions, which we derive for a doubly-connected fluid annu-
lus rotating in a Hele-Shaw cell, are new. Moreover, there are some additional nontrivial
mathematical complications involved in calculating this latter class of solutions, which
do not arise in the simply-connected case.

4.1. Simply-connected case.

COROLLARY 4.1. If the conformal map z((, 0) from the unit £-circle to the initial blob
D(0) satisfying z(0,0) = 0 is a rational function, then it remains a rational function for
(sufficiently short) times t > 0.

Proof. The proof of this result follows from Theorem 3.4, which shows that C[h(z,t)\
D{t)} remains a point differential functional (of finite order) if it is initially, combined
with the fact that the conformal map (satisfying z(0,t) = 0) from the unit ^-circle to a
domain D(t) on which £ is a point differential functional is necessarily a rational function.
The proof of this latter result can be found in Davis [10]. □

Example 4.1.1. Consider a point differential functional of finite order given as

£[h(z,t);D(t)\ = ai(t)h(zi(t),t) + a2(t)h(z2(t),t). (42)

Note that since, by Theorem 3.4, the linear functional C remains a point differential
functional of finite order (having the form (42)) under evolution, then there are four
parameters {z\(t), z2(t), ai(t), a2(t)} determining the evolution of D(t). Differentiating
(42) directly with respect to time yields

= ai(t)h(zi(t),t) + a1(t)z1h{1'0](zi{t),t) + a^t)^0^ (zi(t),t)

+ a2{t)h(z2{t),t) + a2(t)z2h(lfi){z2{t),t) + a2(t)h(0,1\z2(t) ,t).

But it is also true that

dc[h(z,ty,D(t)} = c[h^ t) + A{t)zhz{z^ t). D{t)] (44)

and the right-hand side of (44) is a point differential functional of finite order, so that

dC[h(~J.). D(t)] _ + t); D(t)]

= a1(t)(h{0'1\z1(t),t) + A{t)zi(t)hil'0) (zi(t) ,t)) (45)

+ a2(£)(/i(0,1)(2:2(i),i) + A(t)z2(t)h(lfi\z2(t),t)).

Inspection of (43) and (45) reveals that they can only be consistent for all choices of
h(z,t) provided that

aj(t) = 0, J = 1,2,
Zj(t) = Mt)zj(t), j = 1,2.
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The parameters Zi(t), z2(t), ai(t), and a^t) are therefore explicitly given by

zAt) = zi(0)eJ'oA(t">dt', j = 1,2,
(47)

a,-(i) = aj(0), j = 1,2.

Note the existence of two invariants of the motion. It now remains to determine the
corresponding conformal map. It is clear that these must be derivable in some way from
knowledge (at each instant) of ai(£), a2{t), Zi(t), and z2{t)- These latter quantities are
known from (47).

Now restrict to the case of steady rotation, and pick A = 1. Consider initial conditions
in which

a2(0) = ai(0), z2(0) = -Zi(0), (48)

where all quantities are assumed real. These initial conditions correspond to an example
presented in [11]. From (47), consistent solutions of the dynamical equations are given
by

ai{t) = a2(t), z2{t) = ~zi{t) (49)

for all times t > 0 for which a solution exists. The conformal map from the unit ^-circle
to such a quadrature domain can be deduced to be given by

z(C>t) = c2-^)2' (50)

where R(t) and p(t) are real. This is readily verified by use of the complex form of
Green's theorem and the residue theorem. Indeed, it is straightforward to show the
following correspondence between the parameters p(t) and R(t) in the conformal map
and the parameters zi(t), a\(t) in the quadrature identity

Zl{t) ~

_ TTR{t)2 (1 +P(t)4)
l() 2 (l-p(i)4)2"

The evolution equations for p(t) and R(t) are therefore given implicitly by the equations

zi(t) = zxioy = z(p(t)~x,t),
(52)ai(£) = ai(0) = 7rResidue[^(C ,t)z^,t);p(t) ].

4.2. Doubly-connected case. To treat the doubly-connected case, it is necessary to
introduce a function P((- p) defined by the infinite product

OC

P(C;p) = (1 - C) II^1 - - P2fcC_1). (53)
k=1

This function satisfies the following functional equations:

p(C1;p) = ~C1P(C,p), ,
54P(p C,p) = -C P{C,p)-

By Riemann's Theorem for a doubly-connected fluid region, at each instant of time,
there exists a mapping z(£, t) from the annulus Co (defined as the annulus p(t) < |£| < 1)



FLUID ANNULUS IN ROTATING HELE-SHAW CELL 21

for some p(t) which conformally maps to the physical fluid region. The conformal modulus
p{t) must be found as part of the solution. (See Fig. 0.)

Fig. 0. Parametric £-plane

Consider the special class of conformal mappings from the annulus p(t) < |£| < 1 to a
fluid annulus in the plane having the functional form

»«.() = fi(t)CIIrPK'",")";P("), (55)nLwi-Mi))
where N is some integer (N > 2) and the parameters satisfy the algebraic
constraint

N N

^)2n^w=n^w- (5e)
k= 1 k=1

Note that, as is easily established from the properties (54) of any function z(£,t)
of the form (55) satisfies the following functional equation:

z(p2(,t) = (57)

Note also that z(C,t) is meromorphic everywhere in the plane except at £ = 0, oo. Such
functions are known as loxodromic functions [21] and have recently been used in various
contexts to solve a number of physically-distinct free boundary problems [14], [5], [7].
Richardson [14] provides a convenient and useful summary of the important properties
of such functions based on a presentation given in [21]. The important point is that
for domains D(t) described by conformal maps z((,t) that are loxodromic functions,
C[h(z,t); D(t)\ is a point differential functional of finite order. To see this, note that by
Green's Theorem,

C[h(z,t);D(t)] =- <f h{z(C,t),t)z(£ 1,t)z<:{(,t) dC,

~ w-- <£ t),t)z{p2C1,t)zi{C, t) d(.
2« J\c\=p
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But, using (57), this becomes

C[h{z, t); D(t)] = ir. j> h(z((, t), t)z(C1,t)zc(C, t) d(, (59)
J Co

where the integration around Co is taken as anticlockwise around |£| = 1 and clockwise
around |£| = P- But since h(z((,t),t) and z^(^,t) are analytic everywhere in Co, while
^(C-1j t) is meromorphic in Co with a finite number of poles it is clear that, by the residue
theorem, the integral is given by a sum of a (finite number) of residue contributions from
the points (k(t)~1> k = 1,2,..., N. Equivalently, C\h{z,t)\D{t)\ can be written in the
form

N nk

C[h(z,t);D(t)} = EE- k{t)h(k){zn{t),t), (60)
n=1k—0

where zn(t) = z(Cn(t)_1> t), i.e., C[h(z,t); D(t)\ is a point differential functional of finite
order.

The experiments of [3], [4] are concerned with initial configurations of fluid in which
the two fluid interfaces are concentric circles forming a simple annulus /o(0) < r < i?(0),
say. It is easy to show that the model problem considered here admits a geometrically
trivial solution in which the fluid domain remains a concentric annulus for all future
times and where the outer interface is given by r = R(t) and the inner interface is given
by r = p(t). The velocities of the two interfaces are given by

(A - ,61)
m = [^(R2-p2)-B2(t)2 y'Jp logf

This solution is essentially written down in [4] (although additional effects such as surface
tension are also incorporated) and its linear stability is studied. Note that in these for-
mulae, the dependence of the solution on the imposed pressure B-^t) inside the enclosed
air bubble is directly apparent. In particular, note that the choice B2{t) = 0 in these
formulae implies that both p{t) and R(t) increase (so that the fluid is flung out radially,
as expected).

It is to be emphasized that the geometrically trivial solution (61) does not fall within
the class of new exact solutions just derived. However, Gustafsson [12] has established
that the set of doubly-connected quadrature domains is dense in the set of all doubly-
connected domains. It must therefore be possible, given an initial domain that is a
concentric annulus, to find an initial quadrature domain that is arbitrarily close to this
concentric annulus. Such a domain will have a conformal map from a canonical paramet-
ric annulus po < |£| < 1 which is a loxodromic function. In general, it is to be expected
that this loxodromic function might be of very large (but finite) order (i.e., might have to
possess a large number of poles and zeros) if it is to map to the given concentric annulus
to within a certain prespecified degree of accuracy. By the results obtained earlier in this
paper, under evolution this initial domain will continue to be a quadrature domain and
continue to have a corresponding loxodromic function conformal map.
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Consider a loxodromic function given by

zC,0=BoC—jj ^77 rA (62)
(£;<%)

where the function Qn((',p) is defined by the infinite product expansion

CO

Qn(C;p) = (i - CN) n" p2WV)(i - P2kNCN), (63)
fc=l

where po is some real parameter such that 1 < po < p^1 ■ The real parameter po is chosen
so that 0 < po < 1, and R0 is taken to be real. This conformal map is of the form (55)
but has been chosen in such a way that it has N poles placed at points

0 =PovJN, j = 0, 1, (64)

and N zeros at points

Vj = PoP~2/Nu:n, j = 0, (65)

where — e2'Kl/N is the iVth root of unit. For R$ = 1 and for suitably chosen pQ, a
plot of the image of p < |£| < 1 under the mapping (62) for any 0 < p < 1 shows it to
be visually indistinguishable from the annulus p < \z\ < 1 in the limit as N gets very
large. Indeed, this can be shown analytically using the fact that N —> oo. The details
are omitted here.

In order to perform some concrete calculations of the exact solutions, it is necessary
to specify some physical condition inside the enclosed central air bubble. In the physical
experiments [3], [4], the hole through which the original blob of fluid is injected into the
Hele-Shaw cell is contained within this air bubble and is left open to the atmosphere
throughout the experiments. This makes the pressure inside the enclosed air bubble
constant and effectively equal to that exterior to the fluid annulus (assuming the sides
of the cell are also open to the atmosphere). The effect is that, as the cell starts to
rotate, the pressure of the enclosed air remains constant and is unable to counteract the
centrifugal forces, which causes the fluid in the annulus to be flung out radially and, as
a direct result, the area of the enclosed air bubble to increase.

To accurately model this physical situation of the experiment it is necessary, strictly
speaking, to solve the model mathematical problem using the condition that B-iit) =
constant. This can indeed be done and, in the appendix, full details of the required
equations are given. To summarize the results of the appendix, because the pressure is
related to the field variable <p, it is necessary at each instant to solve the full Dirichlet
problem in the fluid annulus for 0 and then impose the pressure condition at the inner
interface. However, for the sake of purely illustrative calculations, we choose not to carry
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out this program in full, but settle for a reasonable approximation of the dynamics. As
just discussed, the condition of constant pressure inside the enclosed air bubble results
in the area of the enclosed bubble increasing. This rate of increase will depend upon
the rate of rotation (which determines the size of the centrifugal force) and the imposed
pressure B2{t) inside the enclosed air bubble. This is seen explicitly in the concentric
annulus solution (61) and also in the appendix. In the following calculations, we model
this situation in an approximate way by fixing the rate of rotation and simply choosing
to specify that the area of the enclosed bubble increases at some externally specified rate.
Since the area of the enclosed bubble for the near-concentric annulus solutions described
by the loxodromic conformal maps (62) is given, to very good accuracy, by the simple
formula np2, the condition that the enclosed area increases is effectively equivalent to
specifying that p increases at some externally specified rate. Moreover, in our present
calculations, the shapes of the annuli up to the point of breakdown remain reasonably
close to concentric annuli, so that this specification on p does indeed correspond to a
general specification that the enclosed area increases.

We therefore choose some positive parameter a and choose to specify that

p{t) = p0eat. (66)

In this way, we effectively control the rate of increase of the enclosed bubble area. We
now also choose A(t) = 1, corresponding to steady rotation. From earlier results, under
the dynamics of the problem, the initial map (62) will evolve as

T["=iQn \—pjiy
z( C, t) = R(t) c-L-  vA (67)

( CpW
2/N

nf=i<2iv (jfeipw)
This map depends upon just three parameters R(t),p(t), and p(t). p(t) is given by (66),
which leaves us in need of two further equations. These two equations are, however, the
exact analogues of (52) for the simply-connected case and are given by

zx(t) = zl(0)eAt = z(p(tyl,t), (68)

o,i (f) = ai(0) = 7rResidue[z(£_1, i)z<;(£, £);p(t)-1]. (69)

To calculate solutions, at each time t,p(t) is determined explicitly using (66). Equation
(69) can then be used to provide an explicit formula for R(t) in terms of the known p(t)
and the (as yet) unknown p(t). Finally, (68) is solved, using Newton's method, to find
the corresponding p(t). Note that no integration in time is being performed; rather, the
equations (66), (68), and (69) are purely algebraic in R(t),p(t), and p(t) for any given t.
The equations are solved for the choice of the initial conditions

Rq = 1-0, po = 0.4, po = 2.0, (70)
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with the fixed choice A = 1 and with N = 51. This N is sufficiently large that the
image of the parametric annulus 0.4 < |£| < 1 under the mapping (62) is visually
indistinguishable from the annulus 0.4 < M < 1. In the calculations, various different
choices of the parameter a are chosen in order to examine the effects of different growth
rates of the area of the enclosed bubble. Results for the values a = 0.665, 0.67, and 0.675
are shown in Figures 1-6. As a check on the calculations, at certain times, the area of
the fluid blob is explicitly calculated (by numerical integration using the conformal map)
in order to ensure that it remains constant.

By plotting the image of the conformal map (67) for various values of the parameters,
it is found that the map can lose univalency by means of cusp formation on either the
inner or outer interface. Moreover, for odd values of N, and real values of the parameters
p and R, these cusps form on the negative real axis. This explains why we have chosen
N = 51—it is sufficiently large that the initial domain is indistinguishably close to the
annulus 0.4 < \z\ < 1.0 and, because N is odd, we can monitor breakdown of the solutions
under evolution by tracking the two real quantities zs( I. /) and -c( /'(')•')• ^ these
two quantities hit zero, breakdown of the solution occurs via cusp formation on the outer
and inner interfaces respectively.

Fig. 1. <r = 0.665; fluid annulus at times t = 0 and t = 0.9175

For the choice a — 0.665, Fig. 1 shows the initial fluid annulus and the annulus
at t = 0.9175 just before the solution breaks down by cusp formations on the outer
interface. Figure 2 shows graphs of the quantities z<;( — 1, t) and z^(—p(t),t) and shows
a rapid decrease in z^( — l,t) towards zero. This corresponds to cusp formation on the
outer interface on the negative real axis. Of course, by the rotational symmetry of the
solution, cusps will form at 50 other symmetrically-disposed points around the outer
interface.
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Fig. 2. Superposed graphs of z^( — l,t) and z$(—p(t),t) {a = 0.665).

Fig. 3. <j = 0.67; fluid annulus at times t — 0 and t = 1.1405
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Fig. 4. Superposed graphs of Zf( — 1, t) and z^(—p(t),t) (cr = 0.67)

The choice a = 0.67 represents a value that is close to the critical value when there is
a change-over in the nature of breakdown of the solution. In Fig. 3, the initial annulus
and the annulus just before breakdown at t = 1.1405 are shown. This time, breakdown
occurs due to cusp formation on the inner interface. Figure 4 shows graphs of z$(—l,t)
and z^(—p(t),t) and reveals particularly interesting behaviour; the graph of zq{—l,t)
shows a marked dip at t « 0.98, i.e., at around the time of breakdown of the solution
(by cusp formation on the outer interface) in the previous case a = 0.665. Since the
current er-value is only 0.005 larger than this previous cr-value, one might have supposed
that breakdown would indeed occur in the present case by means of the same mechanism
as before and at around the same time. However, it is seen that the curve of z^(—l,i)
rapidly turns around before reaching zero (which would correspond to cusp formation in
the outer interface) and the solution continues to exist until just after t = 1.1405 when
breakdown of the solution eventually occurs via cusp formation on the inner interface, as
evinced by the fact that in Fig. 4, z^(—p(t),t) has now tended to zero. Also noteworthy
is that the annulus has become very much thinner at the time of breakdown than in
the previous example. It is remarkable that, although the values of a between this case
and the case studied previously differ by just 0(1O~3), the latter solution exists for
approximately 0(10_1) additional units of time.

Finally, in Figs. 5 and 6, we explore the case a = 0.675 in which the rate of increase
of area of the enclosed air bubble is even greater. As expected, breakdown again occurs
via cusp formation on the inner interface because the dominant instability turns out to
be of the Saffman-Taylor type and, while we again see the dip in the value of z$(—l,t),
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it is clear that the greater rate of increase of area of the enclosed bubble more effectively
quashes the onset of the centrifugally-induced instability in the outer interface and the
dip in z<^( — l,t) is less severe. Note also that the time of eventual breakdown is earlier
than in the case a = 0.67 as might be expected since a = 0.67 is closer to the critical
"cross-over" value at which the Saffman-Taylor type instability at the inner interface
becomes important and it therefore takes longer for this instability to overcome the
centrifugally-induced instability in the outer interface.

Fig. 5. a = 0.675; fluid annulus at times t = 0 and t = 1.125

4.3. Ill-posedness. Some important observations should be made. First, it is clear
from the calculations that the mathematical model considered here is ill-posed. To see
this, note that the initial conformal map (67) with initial parameters (70) gives an initial
annulus which is indistinguishably close to the concentric annulus 0.4 < \z\ < 1 that
would evolve according to the solution (61). However, while the solution (61) exists for
all times (until the annulus becomes infinitely thin), the solution (67) breaks down in
finite time (of order 1). Another manifestation of the nature of this ill-posedness can be
demonstrated. If, instead of the initial conditions (70), the following initial conditions
are used:

Ro = 1-0, po — 0.4, p0 — 1.5 (71)
(note that po has been decreased by 0.5) it is seen, by plotting the initial conformal map,
that the image is again indistinguishably close to the concentric annulus 0.4 < |z| < 1.0.
However, when the evolution of this initial condition is calculated for the value a = 0.665,
it is found that breakdown occurs by means of cusp formations on the outer interface at
t fa 0.39—i.e., significantly less than the critical breakdown time t fa 0.92 for the set of
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1.6

Fig. 6. Superposed graphs of Z(( — l,t) and (cr = 0.675)

initial conditions (70). In this way, the nature of the ill-posedness is clearly seen—it is
possible to choose initial conformal mapping parameters such that the initial images are
indistinguishable, but which have markedly different nonlinear evolutions.

In spite of this ill-posedness, it is clear that this simple model displays all the quali-
tative mechanisms observed in the experiments. In particular, the competition between
the centrifugally-induced instability mechanism and the Saffman-Taylor type instability
is seen explicitly in the calculations. These two facts suggest that, with appropriate
regularization (such as surface tension, contact angle effects, three-dimensional effects
and/or wetting effects), the mathematical model stands a good chance of capturing the
essential physics, while the existence of a dense class of exact solutions to the unregular-
ized problem can only aid any analysis of a perturbatively regularized problem. We also
point out that the present results constitute an essentially nonlinear analysis; a purely
linear theory would not have been able to capture the "dip" behaviour seen in z^(—l,t)
in the cases a = 0.67, 0.675 and a linear stability analysis would, at best, have led to the
conclusion that breakdown of these solutions would occur by destabilization of the outer
interface.

5. Discussion and summary. This paper has presented the new result that the
problem of the evolution of a fluid annulus in a rotating Hele-Shaw cell admits exact,
time-dependent solutions for the conformal mapping function having the general form



30 DARREN CROWDY

given in (55) for any integer N > 2. The evolution equations for the finite set of param-
eters appearing in (55) have been explicitly derived. Illustrative solutions capturing the
essential physical mechanisms have been calculated.

The initial value problem considered here has been seen, in an explicit way, to be
ill-posed. The model predicts breakdown via cusp formation on the interfaces. As in the
more traditional Hele-Shaw problem, in practice, this does not occur and the effects of
small regularization effects (such as surface tension) can play unexpected roles in changing
the predicted behaviour of the unregularized model [20]. Clearly, in this problem too,
appropriate regularization of the model is needed before it can be expected to accurately
reproduce physically-observable phenomena. Indeed, it has been shown in recent years
(see Tanveer [20]) that it is very dangerous to assert any physical meaning to solutions
of mathematically ill-posed problems of this kind.

For this reason, the solutions here are important. As in other types of Hele-Shaw free
boundary problems, it is significant that the unregularized model admits exact solutions.
In other types of Hele-Shaw problems, the existence of exact solutions to the unregu-
larized model has proved to be of enormous value in facilitating further analyses of the
regularized problem. When such regularization is introduced perturbatively, the exact
zero-th order solutions can often simplify the pertubation analysis. For example, the evo-
lution equations for the "daughter singularities" [19], [20] of Tanveer's asymptotic theory
for regularizing the standard Hele-Shaw problem by means of very small surface tension,
are ordinary differential equations whose coefficients are functions of the solution of the
unregularized problem. That these solutions are known exactly in the standard Hele-
Shaw model (with no rotation) represents a significant simplification of the asymptotic
analysis. Indeed, it is clear that the asymptotic theory of Tanveer (see [20] for a useful
summary of this theory) will also be relevant to a study of the current problem when
regularization by means of very small surface tensions is considered. In the solutions
presented here, it is seen that choosing the integer N effectively selects a length-scale
for the instability on the two interfaces. In the unregularized model considered here,
there is no means of fixing this length-scale and in practice, it would be determined
by the regularization mechanism, although this scaling can often be determined in very
surprising ways (e.g., by means of an impacting daughter singularity cluster, see [20]).
Indeed, it would be of great interest to explore the evolution of daughter singularities in
the present problem where there exist two competing physical mechanisms which might
affect their evolution and determine whether they first impact the inner or outer inter-
face. Moreover, an impacting daughter singularity cluster is likely to more readily explain
the typical finger-like formations (as opposed to cusps) that are seen to develop on the
interfaces in the experiments (see, for example, [18]). This interesting problem is left for
the future, and the present results are expected to form a basis for any developments in
this direction.

The free boundary problem considered here has many mathematical similarities with
the free boundary problem of Stokes flow driven by surface tension—a problem that
seems, at first sight, to be very different mathematically because, while the present
problem is governed by a second-order Laplace equation, the Stokes flow problem is
governed by a fourth-order biharmonic equation. As evidence for this, note that exact
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loxodromic function solutions have also recently been found for a special class of problems
involving a "sintering" fluid annulus [5]. It is remarkable that two problems that are so
different both physically and mathematically have such similar properties with regard to
their free boundary evolution. This matter has been discussed in greater detail elsewhere
[8] using the mathematical notion of Cauchy transforms.

Finally, the fact that the rotating Hele-Shaw problem preserves quadrature domains
implies the existence of exact solutions for fluid regions of any finite connectivity. The
doubly-connected fluid regions presented here have been constructed by exploiting con-
formal mapping theory. The construction of quadrature domains of higher (finite) con-
nectivity is a challenging mathematical problem. However, Crowdy [9] has recently made
some advances in this general area with a view to providing a practical method of con-
structing such domains for application in problems of genuine physical interest, such as
that considered here.
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and DMS-9803358).

Appendix. Equation for p(t) in terms of B2{t). In the experiments of [3], [4], the
hole at the centre of the Hele-Shaw cell through which the fluid is injected is left open
to the atmosphere. The effect is that the pressure of the air in the enclosed bubble is
constant and equal to the pressure exterior to the fluid annulus (which has here, without
loss of generality, been taken to be zero). Mathematically, the imposed condition is
equivalent to specifying that B2(t) = 0. This physical requirement implicitly determines
the evolution of the conformal modulus p(t) as we will now illustrate in this appendix.
It does this in a non-local way and, for the sake of completeness (and for those readers
interested in solving the full equations of motion in this case) we now present the relevant
equations.

Consider the conformal map t) from the annulus C0 to the doubly-connected fluid

domain D(t) at each instant of time. It is required to find a function harmonic in the
annulus Cq. As mentioned before, if a domain D{t) is not simply-connected, there need
not be an analytic function in D(t) having 0 as its real part. However, it is well known
(see p. 455 of [16]) that in the case of an annulus, it is possible to overcome this difficulty
and it is known that <j>, harmonic in Co, can be written as

(j> = Re[G(C, £)], (72)

where

G(C,t) = C(t)\ogC + H(C,t), (73)
where is analytic and single-valued in C0.

It is easily shown that on |£| = 1,
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while on ICI = p,

(75)p l2(l
Using these expressions in the kinematic condition (13) provides that on |£| = 1,

'2d>s'Re

while on |£| = p,

Re

C^c
Re

zt

-C *c.
Re 20s

(76)

(77)

Fig. 7. Definition of annuli

Note that the quantity in square brackets on the left-hand side of (76) and (77) is
known to be analytic and single-valued everywhere in Co- It can therefore be written as
the real part of a function analytic in Co- Now define the function G(<^,t) as follows:

G(C,*) = 20Z = ^^. (78)
*c(C.O

Then Poisson's integral formula for an annulus (see, e.g., [1]) implies that, for ( € Co,

M(,t) = CI(C,t)z^(C,t), (79)
where

J(C, t) = /+(C, t) - /-(C, t) + Ei(t) + iE2(t), (80)
where

-s(r\t) + M (81)i i dcL ,cp'{t
47ri j^c|=1 c ^ C'p (X) C'-c C'-^c
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and

X , G(C,t) 2p]P'iV

where E\(t) is a real function of time given by

p C

C'-c + P2C lac p . (82)

1 / dC \G(p2C-\t) G(C',t) 2p
+ ~rr-n •C'2C C/_1^( P

Using the rotational degree of freedom in the Riemann Mapping Theorem, we can set
E^{t) = 0 without loss of generality. Note that it is a necessary condition (for to be

analytic and single-valued in Co) that the average of Re over |£| = f be equal to its

average over |£| = p. This condition provides the evolution equation for p(t). Specifically,

=P c
G{p2C,'~l ,t) G((\t)

C'zc ' p2C1zc_

dC
ic 1=1 C c 'ZC C'-^c

(84)

Using the given pressure boundary conditions oil the two interfaces it can be shown that

G((~\t) _ G(C,t) f z(C,t) z(C~\t) \
czc(c,t) uvc^c(c,t) < ~-n) [ '

on |C| = 1 and

G(?C\t)_ G(C,() (86)
(zc(C,t) p2C x2c(C V) \Ok(C,t) p2C 1z({p2C 1,t)/

on Id = p■ By analytic continuation, these relations hold off the circles |£| = 1 and
ICI = P- Substituting for the left-hand sides of (85) and (86) in the equation for p, leads
to

2G(C,t) + Az(C,t) Az{p2(' 1-,t)
P2C 1zi(p2C './•) C'z<*((',t) P2C 1zc(p2C 1,t)

K'l-i=1 c
2 G((\t) , Az(C,t) Az(C~\t)

C'-^fCC"1^) C'zc(C',t) C'-^cCC'"1^)

(87)

Equation (87) represents the general equation of evolution for p(t). However, if z(£, t) is
known to be a loxodromic function, then $s^((,t) is also a loxodromic function. Then,
using the fact that is known to be analytic in Co, the equation for p reduces to

- P_
47rz Co

2G(C,t)~A(t)z(C-\ty dC
%(C '-\t)

It is interesting to point out that because G((,f) is known to be analytic in Co, the
integrand in (88) is meromorphic in Co and so, in principle, the integral (88) can be
reduced to a finite sum of residue contributions from the 2N zeros of f^(C_1j t) inside Co
(assuming 2(C,0 is a loxodromic function of order N).
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To obtain an expression for G(C, t) valid inside Co, note that from (78) we have G(£, t)
if we have an expression for G((,t) valid inside Co- But

cf) = Re[G(C, £)] = — Bj(t) on dDj(t) (89)

so that it is clear that G((, t) is the solution of the following Dirichlet problem in an
annulus Co-

Re[G(C, i)] = ~-z(C, t)z{C\t) on |C| = 1,

Alt) (90)Re[G(C,i)] = —^z{(,t)z{p2C 1,t) + B2{t), on CI = P-

The solution to this Dirichlet problem can be written ([13], [16])

G(C,t) = C(t)log< + H(C,0, (91)
where C(t) is a real function of time, and H((,t) is analytic and single-valued in Co
having the following boundary values:

Re[ff(C,f)] = on |<| = 1,

AID (92)
Re[H((,t)] = -^-z(Ct)z(p2C 1,t) + B2(t) - C(t) log p(t) on |C| = p.

Again using Poisson's integral formula for an annulus [1], it can be deduced that

H{C, t) = J+(c, t) - J-(C, t) + D1(;t) + iD2(t), (93)

where

f" ( £%U-42wi r,„., c y c P (i)
and

^7T-z{(,t)z(( \t) (94)

2*iJ\a=P c ^ C'p(i)

provided that

/ *
A(t) ,,,

z{( ,t)z(( ,t) dc
ici=p c

z{c,t)z{p2(; 1,t)

+ B2(t) — C(t) logp(t)

,t)z(p2 C~\t)

+ B2(t) - C(t) logp(t)

(95)

(96)

and where D\(t) and D2(t) are constants (which are unimportant in the present analysis).
(96) is a necessary condition for the single-valuedness of in Cq. For the class of
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exact solutions where remains loxodrornic, (96) provides the following equation
for C(t) in terms of the externally specified B2{t):

C(t) =
log pit) (97)

As a consistency check, note that this equation provides a real function C{t) and hence
guarantees that (j) is single-valued in Co-

To summarize the formulae, once A(t) and Bz(t) are specified, C(t) can be deduced
from (97). Given C(t), J+(t) and J~{t) can be computed from (94) and (95) so that

is known. (91) implies that

G<(C,*) = ^ + (C,t) = ® " Jf(C.t) (98)

so that

G(C,t) = (99)^c(C ,t)
which is required in Eq. (88) for p.

It is clear that the dependence of p(t) on the pressure B2(t) inside the enclosed bubble
is a rather complicated one; however, if required, it can be computed in the way just
described.
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