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A GEOMETRIC EVOLUTION PROBLEM
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Abstract. A traditional approach to compression moulding of polymers involves the
study of a generalized Hele-Shaw flow of a power-law fluid, and leads to the p-Poisson
equation for the instantaneous pressure in the fluid. By studying the convex dual of
an equivalent extremal problem, one may let the power-law index of the fluid tend to
zero. The solution of the resulting extremal problem, referred to as the asymptotically
dual problem, is known to have the property that the flow is always directed towards the
closest point on the boundary.

In this paper we use this property to introduce the concept of boundary velocity in
the case of piecewise C2 domains with only convex corners, and we also give an explicit
solution to the asymptotically dual problem in this case. This involves the study of
certain topological properties of the ridge of planar domains.

With use of the boundary velocity, we define a geometric evolution problem and the
concept of classical solutions of it. We prove a uniqueness theorem and use a comparison
principle to study the persistence of corners. We actually estimate "waiting times" for
corners, in terms of geometric quantities of the initial domain.

1. Introduction. In this paper we will present a geometric model for the mould-
filling pattern in the case of compression moulding of polymers. Since certain properties
of the final part depend on this pattern, such a model is an important tool in order to
optimize shape and placement of the initial charge.

f .f. Physical background. Our model is based on a classical paper by Lee, Folgar, and
Tucker [13]. By studying the so-called generalized Hele-Shaw flow for a fluid of power-law
type, physical conservation laws will lead to a nonlinear boundary value problem for the
pressure in the fluid. The main steps in this procedure are described below.

Assume that, at a certain time t during the compression, the polymer occupies a
cylindrical domain Mt = fit x (0, where fIt is a planar domain and h(t) is assumed
"small" compared to the dimensions of As the gap closes (with closing speed —h(t))
there will be a flow in Mt with velocity V = (u,v,w).
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Let SI be any smooth subdomain of Clt. The flow can pass the boundary of Q x (0, h{t))
only through dfl x (0,h(t)). Let N = (m,n) be the outward unit normal to dfl and
introduce the averages

U h(t) L
Then the total flow out of x (0, h(t)) is

h(t) ^ *h(t)
u dz and v = ■—- / v dz.h(t) >0

f (u, v, w) • (m, n, 0) dA = f ( f (um + vn)dz\ds
JdQx(0,h(t)) Jdn \J0 J

= h(t) I (u,v) ■ N ds = h(t) f divV dA,
Jan Jn

where V — (u,v). Assuming incompressibility, the total "production" in Q x (0,h(t)) is
—h(t) fn dA. Since H was arbitrary in fit, we get that mass conservation is equivalent to

hdivV = —h. (1)

Let T be the Cauchy stress tensor, b the body force and p the density. Cauchy's
theorem states that momentum balance is equivalent to the condition

div T + b = pV

with T symmetric (see, for instance, ch. 14, p. 101, in [8]). Here V denotes the material
time derivative of the spatial field V. In our case, b is just the gravity, which is assumed
negligible. One also assumes that inertia forces are small compared to viscous forces,
and hence neglects the term pV as well (see p. 116 and Appendix A in [13]). Thus we
have div T = 0.

Next, we use the constitutive model for a generalized Newtonian fluid, which by defi-
nition means that

T = —pi + 2/./D,

where p is the pressure, I the identity tensor, p, the viscosity and D the stretching tensor,
that is,

D = |(L + LT), where L = grad V.

By Hele-Shaw flow one means a flow satisfying a collection of simplifying assumptions,
or approximations, motivated by the extreme geometry one has at flows in narrow gaps.
First of all we impose a no-slip condition at the plates, that is, we assume V = 0 at
z = 0 and at z = h(t). Now the following simplifications are made. (For more detailed
motivations and further references, we once again refer to [13].)

1. The no-slip condition, together with the fact that h{t) is much smaller than the
typical dimensions of flt, suggests that u and v are much larger than w, and therefore
w = 0 is assumed.

2. By the same argument as in 1, u and v should change more rapidly in the z-direction
than in the x- and y-directions. Hence the derivatives of u and v with respect to x and
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y are neglected. Thus the stretching tensor is represented by the matrix

l (0 0 uz
D = 2 0 0 vz

\Uz Vz 0

3. We assume the flow to be symmetric with respect to the plane z = hj2. Thus
we should have uz(x,y,h/2) = vz(x,y,h/2) = 0. We also assume that the pressure p is
independent of the z-coordinate.

Using these assumptions we now obtain

div T = — gradp + 2 div(/iD)

( <9 d d d \
= Px + d~z^Uz)) ~Py + ¥zipVz)' di^Uz) + dyijlVz)J '

and hence div T = 0 gives

d ( \
Px = dz^

d t ^Py =
d d ,

0 = + ai{ltv'}■

Since p was assumed independent of z we get, for any zq € [0, ft.],

fj,{x,y,z)uz(x,y,z)

— Px{x,y)d( + n(x,y,z0)uz(x,y,z0)
J Zq

= (z - z0)px(x, y) + n(x, y, z0)uz(x, y, z0),

and since uz(x, y, h/2) = 0 that

H(x,y,z)uz(x,y,z) = (z - h/2)px(x,y). (2)

Thus,

u(x,y,z)= f P^X' (C - h/2) d( + u{x, y, z0).
J Zq Vl 0

Putting zq = h, the term u(x,y,zo) will vanish, due to the no-slip condition, and we
obtain

, , rh c-h/2
i(x,y,z) = -px(x,y) — — d(.

Jz n{x,y, C)
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Using the symmetry of the flow with respect to 2 = h/2, we obtain

- 1 fk w 2 fk /u = — I adz = — I udz
J hih JO h Jh/2

-h-rir^vn Jh/2 \Jz 0 J
' r< C — h/2

h Jh/2 \Jh/2 Vi C)
2 fh (C - /?/2)2

~~hP'Jk„ 0 (
= _P t"^-hl2fds

h J0 n(x, y, z)

and similarly for v.
Introducing the flow conductance,

S_ fte-Wfc

dz d(

/o /i{x,y,z)

we can write

V = -±SVp, (3)

where Vp = (Px,Py)• Combining (1) and (3) we have that conservation of mass and
momentum gives

div(SVp) = h. (4)

By definition, a power-law fluid is a generalized Newtonian fluid for which

/< = KT~\
where n and K are material constants, n is assumed positive and is called the power-law
index. 7 is an invariant that measures the rate of deformation, namely,

7 v/2d7d = ^2£4

where the dij are the components of D. In our case this means that 7 = \Jvi\ + v2z. Note
that /i is constant if n = 1, which corresponds to the Newtonian case. We will focus 011
the pseudoplastic case, when 0 < n < 1.

Equation (2) implies

72 = u\ + v\

— {z — h/2)\ + (~{z - h/2)
/< J \ I'
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and hence

/.tn 1

Solving for n we obtain

H = Kl/n\z - /i/2|1-1/n|Vp|1-1/n.

Using the above expression for the viscosity, the flow conductance S becomes

Is= IK

I*-"/2'3 *
q Kl/n\z — h/2\x 1/n|Vp|1 1/n

1 h2+1!n
|Vp 1/n — 1

2i+i/n (2 + 1/n)A'1 A

Note that 1/n — 1 > 0 since n < 1. Put s = 1/n (so s > 1) and let

1

Then

and Eq. (4) transforms to

C = —21+s(2 + s)Ks

S = C|Vp|s_1/is+2,

divdVpl-^p) - (5)

Further, according to (3), the flow V is then given by

V = -C7is+1|Vp|s-1Vp. (6)

The right-hand side in (5) is constant in space for each fixed time t. Since its value
does not affect p except for a multiplicative factor, the actual value is not important
for the flow pattern. Indeed, different functions h merely correspond to different time
variables. Since a change of time variables may simplify the governing equations (5) and
(6), we introduce a new time r = 9(t) such that 0(0) = 0.

Let us first write p(x,y,t) = R(t)P(x,y,t), where

«=(^r
Then (5) takes the form

div(|VP|s-1VP) = -1,

and (6) becomes

V = -Chs+1Rs\\/P\s^P = | VP 3-1VP.
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Let W denote the velocity with respect to the variables x,y, and r. Then

w = v— = ^ivp|'_1vpi.
dr h1 1 0

Choosing 6 such that 0 = —h/h, this means that

w = -I VP|S_1VP

Thus, returning to our original notation, Eqs. (5) and (6) can be replaced by

div(|Vp|s_1 Vp) = -1 (7)

and
V = -|Vp|s_1Vp.

Equation (7) is called the (s + 1 )-Poisson equation.
So far we have not discussed boundary conditions at dflt x (0, h). At parts in contact

with walls or obstacles in the mould we must have = 0 since the polymer flow cannot
penetrate the walls. (Here N is the outward unit normal of di\.) However, in this paper
we will only consider the case with free boundary. Then the pressure along dSlt must
equal the atmospheric pressure pg. By studying p — po instead, we may simply assume
p = 0 along dflt-

Let us summarize. With a suitable redefinition of time, we have found that the flow
V, at a time t when the polymer occupies a region Mt = fit x (0, h(t)), is given by

V = -|Vp|s_1Vp, (8)

where p is the solution of the boundary value problem

div(|Vp|s-1Vp) = -1 in ftt,
p = 0 on dflt,

and n = 1/s is the power-law index of the polymer.
(A kinematic boundary condition along dflt, expressing conservation of volume, will

be included in Sec. 3.)
1.2. Passage to the limit. The Newtonian case corresponds to n = 1. Then s = 1 and

we obtain the classical Poisson equation. However, in practice, typical values of n lie in
the range from 0.1 to 0.3 (so-called strongly sheer-thinning fluids). By studying the dual
of an extremal problem equivalent to (9) it is possible to let n —> 0. Below we state the
main steps in this procedure. For details we refer to a paper by Janfalk [10].

First of all, to write (9) in a more classical form, we write u instead of p and let
p = s + 1. We also omit the index t\ so now the gapwise average velocity is

V = -|Vm|p~2V-u, (10)

where u is the solution of the boundary value problem

div(|Vu|p~2Vu) = -1 in Q.
<U)u = 0 on ail,

and p = 1/n + 1.
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From now on, derivatives and differential equations are interpreted in the weak sense.
Further, iel2 will denote the space variable, and dx is the two-dimensional Lebesgue
measure, C M2 is assumed to be a bounded domain with Lipschitz boundary d£l.
Define the functional

Jp(w) = - [ |Vw|pdx — [ wdx
P Jn J n

on the Sobolev space Ap = VFq'^SI), 2 < p < oo. Note that, since Q c M2 and p > 2,
every function in Ap is continuous.

Let u € Ap be a solution (in the weak sense) to (11). Then u solves the problem (Vp):
Find up £ Ap such that

t/p(tip) inf Jp{u). (1^'p
uEAp

This is a convex extremal problem and hence there is a dual problem (V*) in the sense
of convex analysis, namely: Find rq £ A* such that

J*{rq) = sup J*{r), (V*)
reA'

where J* is the functional defined by

W = fQ Jn
' dx

and

A* = {re L9(V,R2) : divr = 1}.

Of course 1 /p+ 1/q = 1. The condition divr = 1 is interpreted in a weak sense, namely,

I r ■ Vipdx = — [ ipdx for all <p 6 C^°(fi).
Jn Jn

Theorem 3.1 in [10] reads as follows.

Theorem 1.1. The problems (Vp) and (V*) are uniquely solvable. Further, if up and rq
are their respective solutions, then

Jp(up) = Jq (rq),

t q = —|Vup|p_2Vup a.e.,

and

f \S7up\p dx— f \rq\q dx
Jn Jn

-- / updx.

This theorem thus states that the solution rq to (V*) can be identified with the flow
V, given by Eq. (10).

Now let n —> 0. Then p —* oo and q —* 1. Since it is sensible to replace q by 1 in
the dual problem (P*), we now get the asymptotically dual problem (T3*): Find v\ G
such that

/ \vi\dx— inf / \v\dx. {VI)
Jn Jn
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Theorem 1.1 means that a solution Vi to (V{) can be seen as a counterpart of the flow
V.

The following result is included in Theorem 4.1 in [11], p. 172.

Theorem 1.2. Let tp(-r) = disl (*. Oil). Then

inf / \v\dx= / tpdx.
Jo. Jn

Further, if v is an extremal to (V{), then there is a nonnegative scalar function F such
that ?;(.)•) = —F(x)'Vijj(x) for almost every x G O.

In [11], Janfalk has proved the existence and uniqueness of a solution to (V{) in the
case when is a polygonal domain. There is also given an explicit expression for F. He
has also sketched a proof in the case when is a bounded domain with piecewise C3
boundary [12].

2. The limit case. The property v(x) = —F(x)\7ip(x) means that the flow is directed
towards the closest point on the boundary. In this section this very important observation
will be combined with the condition divu = 1, in order to construct an extremal to (VI),
The values of this extremal at the boundary dfl lead to the concept of boundary velocity
(Def. 2.19), which will be used (in Sec. 3) to describe the movement of the free boundary
in the time-dependent evolution problem.

2.1. The ridge of a planar domain. The fact that the flow is directed towards the clos-
est boundary point indicates that the location of points with no unique closest boundary
point plays an important role. The set of all such points appears in the literature under
names like ridge, skeleton, medial axis, and central set. We will use the ridge concept of
Evans and Harris [6]. The distance function tp will from now on be denoted cZ, that is,
d(x) = dist(ar, <9f2) = infyean \x - y]•

Definition 2.1 (Ridge). For a domain Q c K2, which does not contain any half-
plane, we define

1. For x G f2, the near set N(x) = {y G : d(x) = |ac — y|}.
2. For x G fi and y G N(x), let A = sup{£ : y G N(y + t(x — y))} and define the ridge

point, of x as p(x) = y + \(x — y) and the ridge of 0 as -P(O) = {p(x) : x G 0}.
3. The function r : 0 —> (0, oo) by r = d o p.
The definition is illustrated in Fig. 1. Note that, since Q does not contain any half-

plane, A in part 3 of the definition is always finite. Further, if card N(x) > 1, then A = 1
for every choice of y G N(x) and hence p(x) — x. Thus p is well defined.

We collect some basic properties of near sets and distance functions in the following
lemma. They correspond to Lemma 3.1, Theorem 3.3, and Lemma 3.4 in [6], pp. 149-150,
where proofs also can be found.

Lemma 2.2. 1. If y G N(x), then y G N(z) for every 2 on the line segment joining x and
y-

2. The near set N(x) is compact for each iG!!.
3. Let {xn} be a sequence in 0 and let yn G N(xn) for all n. If xn —> x G O and

yn -> y, then y G N(x).
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y e N(x) Si+i

Fig. 1. Ridge definition

4. d is differentiable at x G J! if and only if cardiV(a;) = 1. If d is differentiable at
x € 0. then the gradient is Vd(x) = (x — y)/\x — y|, where y € N(x). Further, Vd is
continuous on its domain of definition.

Proposition 3.7 in [6], p. 151, states the following.

Proposition 2.3 (Upper semi-continuity of r). The function r is upper semi-continuous
on f2.

The question of continuity of p and r is much more complicated. Indeed, these func-
tions need not be continuous. However, according to [6] (Theorem 3.9, p. 152), the
following is true.

Theorem 2.4. The functions p and r are continuous on O if and only if the ridge P(fl)
is closed relative to fi.

By skeleton we will mean the following.
Definition 2.5 (Skeleton). For a domain 0 we define the skeleton R.q as

R0(n) = {xeft: cardN(x) > 2}.

In [11] it is proven that if Q is a polygonal domain, then P{fl) is closed relative to ft
(Theorem 3.5, p. 170). Thus, in this case, the functions p and r are continuous. Further,
it is proven that Rq{£1) = P{Q) (Theorem 3.4, p. 170).

It is always true that i?o(^) C -P(^) but the opposite relation need not hold. For
instance, the foci of an elliptic disc belong to the ridge but not to the skeleton. However,
the following general results can be found in a recent paper by Fremlin [7] (Theorem 3B,
Corollary 3C, and Proposition 3N).

Theorem 2.6. If Q is a domain that does not contain any half-plane, then
1. iJ„(fi) C P(Q) C Ro(Sl),
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54

Fig. 2. A piecewise C" domain: V4 re-entrant vertex, the others convex

2. P(fi) is connected,
3. P(Q) has zero two-dimensional measure.

2.2. Piecewise C2 domains. We will restrict attention to domains with piecewise C2
boundary. We make the following definition.

Definition 2.7 (Piecewise C2 domain). An open connected subset O C R2, which
does not contain any half-plane, will be called a piecewise C2 domain if its boundary
dfl consists of a finite number of connected parts, each of which consists of a finite
number of C2 closed arcs. We assume dfl to be positively oriented. If Si, S2, ■ ■ ■, Sm
are the boundary arcs of a connected component of dfl, we assume their numbering to
be in accordance with the orientation. With the exception that the terminal point of 5',
coincides with the initial point of Si+i, i = 1, 2,..., m — 1 (and for i = m as well if the
boundary component is bounded) all arcs are assumed mutually disjoint.

Note that we require neither boundedness nor simple connectedness of a piecewise C2
domain. By a closed arc we mean an arc containing its end points (if it has any).

From now on f] will always denote a piecewise C2 domain, unless otherwise stated.
Definition 2.8. Let Si, S2, ■ ■ ■, Sm be the boundary arcs of one of the connected

components of dfl. Then the terminal point of Si (which coincides with the initial point
of Si+i) will be denoted Vi and called a vertex. The interior angle between Si and Si+i at
Vi will be denoted a^. A vertex Vi will be called convex if 0 < o, < 7r, flat if a,; = n and
re-entrant if n < on < 2n. A non-flat vertex Vi with 0 < a-i < 2tt will also be referred to
as a comer.

Note that convex vertices are the only boundary points that do not belong to any near
set N(x).

On every boundary arc St of a piecewise C2 domain, the signed curvature K.t and
the center of curvature at are well defined and continuous (for definitions and some
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Fig. 3. Illustration of Lemma 2.10

elementary results, see the appendix). This defines the signed curvature k and the center
of curvature a at every boundary point but the vertices (since Kj and ni+\ may differ at
Vi).

Definition 2.9. For a piecewise C2 domain fl we define

Ri(fl) = {x G fl : cardN(x) = 1 and x = <Ji(y) where y G N(x) fl Si}.

Thus x G Ri(fl) if x is the center of curvature of dfl at a point y in the near set N(x).

Lemma 2.10. Let fl be a piecewise C2 domain and let

xen\{R0(n)uR1(n)}.

Then, for every neighbourhood U C dfl of y G N(x), there is a neighbourhood W C fl
of x and a map ip : W —> dfl with the following properties.

1. {<^(z)} = N(z) for all z e W.
2. ip(W) C U.
3. ip is continuous on IV.
4. WnP(fl) = 0.

Proof. Since x Rq(CI) we have cardiV(x) = 1 and hence {y} = N(x), where y is
not a convex vertex. Assume that y G Si. If y is not a re-entrant vertex either, then by
Lemma A.4 and the fact that x ^ Ri{fl), we have Ki(y)d(x) < 1.

1. It is sufficient to prove that cardiV(z) = 1 in a neighbourhood W of x. If no
such neighbourhood exists, we can choose a sequence {xn} in fl such that xn —> x and
c&rdN(xn) > 2 for all n. Thus there are un,vn G N(xn) such that un ^ vn for all n.
Choose convergent subsequences {u!n} and {v'n} and put u = limu^,t; = lirri v'n. Then it
follows from part 3 of Lemma 2.2 that u, v G N(x) and thus u = v = y.

If y is not a vertex, we can assume that all u'n and v'n belong to Si. Further, since
u'n,v'n G dB(x'n,d(x'n)) and B(x'n,d(x'n)) C fl, there must be a point w'n G dfl between
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Fig. 4. Proof of part 1 of Lemma 2.10

u'n and v'n such that k,(u;'n) > l/d(x'n) (see Fig. 4). Then w'n —» y and since Kj and d
are continuous it follows that, Ki(y)d(x) > 1, which is a contradiction.

If y = Vi is a re-entrant vertex and x = y + d(x)rii(y), the same argument applies. If V,
is flat we have to allow v'n to belong to S'i+i- But since, in that case, x = y + d(x)iii(y) =
y+d(x)rii+i(y) and both k, and kj+i are continuous, the same argument as above implies
that k, {y)d(x) > 1 or Ki+i(y)d(x) > 1, which is also a contradiction. What remains then
is the case when Vj is a re-entrant vertex and x j- y + d(x)ni(y), x ^ y + d(x)rii+i(y).
In this case x is an interior point of the sector with apex at V% bounded by the lines
y + srii(y) and y + srii+i(y). Hence x'n is in this sector for large n and we must have
u'n = v'n = y, which is the contradiction that finally settles part 1 of the lemma.

2. Let W and ip be chosen in accordance with 1. If there is no neighbourhood Wo C W
of x such that <p(Wo) C U, then there is a sequence {xn} in W such that x„ —* x and
(p(xn) ^ U. Put un = (p(xn) and choose a convergent subsequence {m^}- Clearly, its
limit u belongs to N(x) \ {y}. Thus card N(x) > 1, which is a contradiction.

3. Assume W and ip to satisfy 1 and 2 and let xn —» x0 € W. Put yn = p(xn) and
choose a convergent subsequence y'n with limit yo. Then yo G N(xo) by part 3 of Lemma
2.2 and hence y0 = tp(xo) by 1 above. Thus, the continuity of ip follows.

4. Choose W and ip in accordance with 1. Since W is open and card N(z) = 1 for
all z € W, it follows that W fi Z?o(^) = 0■ But according to part 1 of Theorem 2.6,
P(fi) C i?o(f2), and hence we have W fi P(Q) — 0.

The lemma is proved. □

Lemma 2.11. Let il be a piecewise C2 domain and let, x E dil. Then x is a limit point
to P(f2) if and only if x is a convex vertex.

Proof. If x is a convex vertex it is obvious that x is a limit point to ,P(f2). On the
other hand, let x € P{Q) and assume that x is not a convex vertex. Choose a sequence
{yn} in Rq(^1) such that yn x. (This is possible since P(f2) c Ro($l) by Theorem 2.6.)
Let un, vn € N(yn) be such that un ^ vn. Since d{yn) —> 0, we have limu„ = limfn = x.
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Thus we can choose wn £ dfl between un and vn such that n(wn) > l/d(yn) —*■ oo, which
contradicts the fact that k is bounded near x. □

Lemma 2.10 has some important implications. First we have a theorem that geomet-
rically characterises the ridge.

Theorem 2.12 (Ridge decomposition). Let fl be a piecewise C2 domain. Then P(fl) =
iio(!l)URi(Q).

Proof. Clearly Ro(fl) C P{fl). Let x £ Ri(S1) and y £ N(x). Assume that x £ P(fl).
Then there is a z £ fl such that y £ N(z),d(z) > d(x) and z = y + d(z)rii(y). Then
Ki(y)d(z) > Hi{y)d{x) = 1, which contradicts Lemma A.4. Thus R\{fl) C P(fl) and we
have proved Ro{fl) U Ri(fl) C P(Q).

On the other hand, let x £ fl \ {R0(fl) U (f2)}. Then, by part 4 of Lemma 2.10,
there is a neighbourhood W of x such that W fl P(fl) = 0. Thus x £ P(fl) and hence
P(fi) Ci2o(fi)UiJi(fi). □

Remark. In [4], Caffarelli and Friedman define the ridge of a piecewise C3 domain
as the points of fl that have no neighbourhood where the distance function has Lipschitz
continuous gradient. They prove that the ridge, in this sense, equals the union of Ro(fl)
and Ri(Q). Thus Theorem 2.12 above implies that their ridge concept is equivalent to
that of Evans and Harris [6], at least for piecewise C3 domains.

Finally we can prove that the ridge is relatively closed.

Theorem 2.13 (Ridge closedness). Let fl be a piecewise C2 domain. Then P(fl) is
closed relative to fl and the functions p and r are continuous on fl.

Proof. Let x ^ P(fi)- By Theorem 2.12 we have x Ro(fl) U Ri(fl) and hence,
according to part 4 of Lemma 2.10, there is a neighbourhood W of x such that WflP(fi) =
0. Thus Q \ P(fl) is open and hence P(fl) is closed relative to 0. Theorem 2.4 now
implies the continuity of p and r. □

Remark. For a bounded C2 domain (hence without vertices), the closedness of P(fl)
is covered by Theorem 1, p. 2, in a paper by Milman and Waksman [14].

2.3. Ridge distance. The distance function d can be extended to fl. Vd will then exist
and be continuous at all boundary points but the vertices. In fact, Vd will be the inward
unit normal to dU.

Assume that x £ dfl is not a vertex. Then there is a y £ fl such that x £ N(y)
and the ridge point p(y) is independent of the actual choice of such a y. Therefore, we
can continue p to x by defining p(x) = p(y). This also defines the function r = do p at
x : r(x) = |p(x) — x\. If x is a convex vertex then, by Lemma 2.11, x is a limit point
of the ridge and we define r(x) = 0. Thus, if dfl has no re-entrant vertices, we have a
natural continuation of r to dfl, and the following definition makes sense.

Definition 2.14 (Ridge distance). Let fl be a piecewise C2 domain without re-en-
trant vertices. The restriction of r to the boundary dQ is called the ridge distance and
is denoted D.

Note that D(x) is not the distance from x to the ridge P(fl) but the distance from x
to the ridge point p(x). Note also that if x £ N(y), then d(y) < D{x) with equality if
and only if y = p(x).
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Let us formulate an immediate corollary to Lemma A.4. Put k(x) = oo if x = Vj
is a convex vertex and k(x) = max{«i(x), Ki+\(x)} if Vt is flat. Let us also agree that
0 ■ oo = 0.

Corollary 2.15 (Curvature and ridge distance). Let be a piecewise C2 domain with-
out re-entrant vertices. Then k(x)D(x) < 1 for every x € dfl.

The next theorem is the key to Sec. 2.4.

Theorem 2.16 (Continuity of ridge distance). Let fl be a piecewise C2 domain without
re-entrant vertices. Then the ridge distance D is continuous on dfl.

Proof. Let x G dfl and let {xn} C dfl be a sequence such that xn —> x. Since
{D(xn)} is bounded, the continuity follows if we can prove that D{x) is its only limit
point. Choose a subsequence {x'n} such that {D(x'n)} converges and let D* denote
the limit. We may assume that x'n is not a vertex and hence put y'n = p(x'n). Then
x'n € N(y'n) and d{y'n) — D(x'n) for all n. Let {?/."} be a convergent subsequence of {y'n}
and put y = lim y".

Assume that x is not a vertex. Then, by Lemma 2.11, y € fl and Theorem 2.13 implies
that y € P(fl). By Lemma 2.2 we have x £ N(y) and hence we must have y = p(x) and
d(y) = D(x). Thus the continuity of d yields

D* = limD(x") = lim d{y'£) = d(y) = D(x).

If x is a convex vertex, then D(x) = 0 and the continuity follows by elementary
geometry. □

Remark. A proof in the case when Q is bounded and has no vertices is also given in
[14] (Theorem 2, p. 3).

2.4. Boundary velocity. Let u be a subset of the boundary dQ and let E(u) be the
points of Q that have a closest boundary point in u>. If v is a solution to (V*), we know
that the flow in E(u>) is directed towards oj. The condition divw = 1 thus implies that
the flow through u> should equal the area of E(cj). If we let u> shrink to a: € dfl, we
should therefore be able to determine the velocity v(x), that is, the velocity of the free
boundary dfl at x, by a limit procedure.

To be more precise, let u> C dfl be an open arc and introduce

E(u>) = {x £ fl : dist(x, u) < dist(x, dfl \ w)}.

Since the distance functions are continuous, it follows that E(u>) is open, hence measure-
able. We denote its measure by and write l(co) for the length of the arc u>.

Definition 2.17 (Area density). Let x £ dfl and let be a shrinking sequence
of open arcs C dfl such that {x} = We define the area density m{x) at x
by

m(x) = lim
k—>oo l(CJk)
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y o =

Fig. 5. The new orthogonal coordinates s and t

provided the limit exists and is independent of the actual choice of such a sequence

Wk}?= 1-
In order to prove the existence of mn(x) and to derive an explicit expression for m,

we use the ridge distance to introduce new coordinates in SI as follows. Assume that f1
only has convex vertices; so re-entrant and flat vertices are no longer allowed. Let F be
a connected component of <9S! and choose a reference point yo £ L. Let 7 : I —* F, where
I is an interval containing 0, be a positively oriented parametrization of T with respect
to arc length such that 7(0) = yo (if T is unbounded, then I = R). Let us identify D
and £>07. Then, for every x G -E\r) \ there are unique ( £ / and s G (0, D(t))
such that x — 7(t) + sn(t), where n is the left unit normal to 7. (Since 7(t) cannot
be a convex vertex, and since we have no re-entrant vertices, n(t) is well defined.) This
defines curvilinear coordinates s and t on E(T)\P(Q.). If u> = 7((a,b)), then E(u)\P(Cl)
corresponds to the set

E'(u>) = {(s, t) : a < t < b,0 < s < D(t)}

in the (s,£)-plane.
According to Lemma A.3,

dx Bx
— (s, t) = (1 - SK{t))-y'(t) and — (s, t) = n(t),

and it follows that the new coordinates are orthogonal. Thus, using the fact that P(fi) is
a null set (Theorem 2.6), and assuming that to contains no vertices (so that k is defined
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and continuous on (a, 6)), we obtain

dxH{uj) =( dx= f
J E(uj) J EE(uj) JE(u>)\P(Sl)

.//

1:1
dx,
at

dx,
aJ<s' '

E'(w)
6 pD(t)

(1 — sn(t)) dsdt

ds dt

= A D(t)-D(t)2K(t)/2)dt,
J a

where the integrand is continuous. Now we can state the following.

Theorem 2.18 (Area density). Let O be a piecewise C2 domain with only convex ver-
tices. Then the area density m is well defined and continuous on <Kl and given by

{D(x) — D(x)2k(x)/2 if x is not a vertex,
(12)

0 if x is a vertex.

Proof. Let xo = 7(io) 6 dSl and let {wfc} be as in Def. 2.17, that is, a;*; = 7((0^,6/0))
with a,fc y to and b\ t0 as k —> 00. We can assume that x0 = j(to) 's the only possible
vertex in each of the sets u>k- If is a convex vertex, then D — D2k/2 tends to zero at
xo since D tends to zero and k is bounded. Otherwise both D and k are continuous at
.To. Thus the argument above implies

M(wfc)m{x 0) = lim
t—>00 l(uJk)

, hk
= lim —

k—>00 Ufa
— fh\D(t)-D(t)2K(t)/2)dt

Jcik

= lim (D(t) - D(tyK(t)/2)
t—*to

{D(x0) — D(xq)2k(xo)/2 if Xo is not a vertex,

0 if Xo is a vertex,

and the theorem is proved. □
Thus we have motivated the following definition, which will be the main tool in our

study of the time-dependent evolution problem.
Definition 2.19 (Boundary velocity). Let SI be a piecewise C2 domain with only

convex vertices. Then the boundary velocity v is defined on dfl by

I —m(x)Vd(x) if x is not a vertex,
v\x) = < (13)

[0 if x is a vertex.

Note that Theorem 2.18 guarantees that the boundary velocity v is well defined and
continuous on Oil, since |V<i| = 1 011 its domain of definition, and since m tends to zero
at the vertices (which is exactly the points where Vd does not exist).

Some simple properties of signed curvature, ridge distance, and area density are col-
lected in Lemmas A.5 and A.6 in the appendix.
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2.5. Explicit solution to (VI). What remains is to show that the boundary velocity,
as defined above, really is connected to an extremal to ('Pi).

Once again fl is a piecewise C2 domain with only convex vertices. Take x £ fl \ P(fi)
and let Qi be a connected component of

{x\ £ H : d(xi) > d(x)}

such that x E dfli. If fl\ is a piecewise C2 domain, then we have a well-defined boundary
velocity V\ on cT2i and

vi{x) = -(Di(x) - Di(x)2n1(x)/2)\/di{x)

since x cannot be a vertex on dfli. Further, there is a unique y £ dfl such that \x — y\ =
d(x), which can be written y — x — d(x)Vd(x). Since x lies on an arc of dfli, which is a
parallel curve to the arc of dfl on which y lies, it follows from Lemma A.3 and Lemma
A.5 that

D\{x) = D(y) — d(x) and kx{x) = ^ _ ^)K(;j/)'

Thus we have

Vl(x) = - (D(y) - d(x) - \{D(y) - ^))21_^(J Vd(x). (14)

The right-hand side of (14) is well defined for every x £ il\ P(f2); so we define V\ on
Q \ P(fl) by (14). Since y depends continuously on x (part 3 of Lemma 2.10) and since
both D and k are continuous at y (since y cannot be a vertex), it follows that v\ is a
continuous function on Q \ P(fl). We want to extend it to Q. The boundedness of k and
the fact that k < l/D implies that

(D(y) - d{x)f K{V)
1 - d{x)K(y)

< (D(y) - d(x))\_d£)/D{y) = CD(y)(D(y) - d(x))

for some constant C. Clearly D{y) — d(x) —» 0 when ft \ P(fl) 9 x —> xq E P(f2); so v\
becomes a continuous function on Q. if we define V\(xo) = 0 at every Xo £ P(f2).

Theorem 2.20 (Explicit solution to (V*)). Let be a bounded piecewise C2 domain
with only convex vertices, and define Vi on Q as above. Then v\ is an extremal to (VI).
Further, if we let F = |ui|, then v\ = —FVd a.e. in fi.

Proof. First we need to prove that ^i E -4i, that is,

/ V] ■ Vtfdx = — ipdx
Jn J n

for all (p E C^°(fl). If this is true, then it is true with (p replaced by d as well, since d
can be approximated sufficiently well in Co°(fl) if fl is bounded. Thus it follows that

[ ddx= [ FVd-Vddx= ( \v\\dx
Jn Jn\p<n) Jn/n\p(0)

and hence, by Theorem 1.2, Di is an extremal.
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Let Si be a boundary arc of dfl and let 7 be a parametrization of S, with respect
to arc length such that 7(0) = Vi-1 and 7(7) = Vt. (Si is bounded since fi is.) Now
we follow the argument preceding Theorem 2.18. For every x G E(Si) \ P(f2) there are
unique t and s such that 0 < t < I, 0 < s < D(t), and x = 7(t) + sX7d(t). In these new
coordinates s and t the area measure was found to be (1 — sn(t)) dsdt.

Put y = x — d(x)S7d(x), that is, y = 7(£). It is easily verified that F = |i>i| can be
written as

1 fD{y)

1 - n(y)d(x) Jd(x)

which in the new coordinates s and t becomes
rD(t)ruv)

nM) = T^)i (1 -<«('))<■
Let ip G Co°(fl). Then

v\(x) ■ Vip(x) dxLE(Si)\P( fi)

F(x)\7d(x) ■ X7(fi(x)dxLE(Si)\P(fl)
I rD(t)r ry) du>

= — / / F(s,t) — (s,t)(l — sn(t)) ds dt
Jo Jo ds
fl fD(t) ( fD(t) } g= -JJo 11 d-C«W)dc}^(-,t)
r-l ( rD(t)

= - l \ J (1 - CK(t)) dCf(s,t)

fD(t) I
— J — (1 — sn(t))ip(s, t) ds > dt

A i>D(t)
/ / (1 — sK(t))ip(s, t) ds dt

Jo Jo

ds dt

D(t)

s=0

rl rD(t)

/ 0 Jo

/ ip(x)dx.
J E(Si)\P(Q)

Now it follows that v\ G A\, because = ((JiE(Si)) U P(Sl), and P(Q) is a null set
(Theorem 2.6), which also implies that v\ = —FVd a.e. in f2. □

The following corollary is immediate.

Corollary 2.21. Let fl be a piecewise C2 domain with only convex vertices and let V\
be the extremal in Theorem 2.20. Then

!im |ui(x)[ = m(y),
x—>y£oil

that is, the extremal v\ can be extended continuously to dil such that its restriction to
dfl equals the boundary velocity as defined in Def. 2.19.
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We end this section with a theorem which states that the velocity of the center of
mass of Q is zero.

Theorem 2.22. Let be a bounded piecewise C2 domain with only convex vertices and
let v\ be the extremal in Theorem 2.20. Then

/ V\(x) dx = 0.
Jn

Proof. Applying the same change of coordinates as in the proof of Theorem 2.20, we
obtain in a similar way that

/ V\(x) dx = — / d(x)Vd(x)dx.
Jn Jci\pt a)In JQ\P(Q)

Let D* = maxzedfi D(x) and for s € (0, D*) put

Cls = {x € fl : d(x) > s}.

Vd(x) exists at almost every point x G di1s. Moreover, Vd(x) is the inward unit normal
to dns at all points where it exists. Since dQ.s is a closed curve (or a union of closed
curves), it follows that

f Vd(x) dS = 0
Jdas\p{n)

for all s£ (0, D*), and we obtain

f d(x)Vd(x) dx = f s \ [ Vd(cc) dS ] ds = 0,
Jq\p(Q) Jo \Jdns\p{ fi) J

which proves the theorem. □

3. The evolution problem. In this section we will study the evolution problem,
that is, given the domain initially occupied by the polymer, determine the domain it
occupies at every later time during the compression. For this purpose we first of all
need to define a suitable solution concept. We will restrict ourselves to so-called classical
solutions and derive certain properties, such as uniqueness, for this class.

3.1. Classical solutions. By a solution of the evolution problem we roughly mean an
expanding one-parameter family {^(i)}tg[o,T) of piecewise C2 domains fi(i) in the plane,
consistent with formula (13). Since this is a point-wise relation between continuous
quantities, we talk about classical solutions of the evolution problem.

Concerning vertices, we accept a finite number of convex vertices, but the set of
vertices must not increase. It is also consistent with Eq. (13) to require that a convex
vertex does not move. The interior angle of a vertex may however increase to n, and
thus a boundary point may cease to be a vertex from a certain moment and then start
to move.

Before we specify the conditions above more exactly, we note that a boundary arc S
of a bounded piecewise C2 domain is always of one of the following three types.

Type 1: S is an arc joining two vertices V, and Vj.
Type 2: S is an arc for which the end points meet at the same vertex Vt.
Type 3: S is a closed curve without vertices.
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By a classical solution of the evolution problem with initial data Oo, we mean a set
function il(t), defined 011 some interval [0, T), which satisfies the six conditions stated
below. We will use the notation {^(i)}te[o,r) f°r such a function.

Condition 1: 0) = f20.
Condition 2: {^(i)}te[o,r) is an expanding family, that is, if 0 < ti < t>2 < T, then

fi(ti) C <>(/._,).
Condition 3: With only two kinds of exceptions (described below), Ct(t) is for every

t G [0, T) a bounded piecewise C2 domain with only convex vertices.
Let Vt be the set of vertices of dSl(t). Then Vo is finite because of condition 3. That

vertices are not allowed to move, and new vertices not to occur, is accomplished by the
following.

Condition 4: The family {Vt}<e[o.T) is shrinking, that is, if 0 < t,\ < t2 < T, then
Vtl DVta.

To proceed we need the important concept of waiting time. We make the following
definition.

Definition 3.1 (Waiting time). For every x G Vo we define the waiting time t*. by
t* = sup{t G [0, T) : x G Vt}.

Let ti, t2,. ■ ■, ta] be the distinct waiting times of the vertices of cT2(0) ordered such
that

0 < t\ < <2 < ■ ■ • < t-M < T.

Thus, at every ti at least one vertex disappears. At the precise moment when a vertex
disappears, it is allowed to be a flat vertex, but this is the only circumstance under which
non-convex vertices are allowed to exist. This is the first kind of exception to condition
3. If the disappearing vertex is the point where two arcs of the first type meet, then the
number of arcs is reduced and it is understood that the two arcs are replaced by a new
arc of the first or second type. If the disappearing vertex is the end point of an arc of
the second type, then the number of arcs is not reduced but this arc is replaced by an
arc of the third type.

We also allow "holes" in i\(t) to be "filled" and hence disappear, that is, we allow
arcs of the third type to collapse to points and then disappear. Let t\, T2,. •., r/v be the
times when this happens, ordered so that

0 < T\ < 72 < • • • < < T.

Thus, at every tj at least one arc disappears. At the precise moment when this happens,
il(tj) is punctured and hence not a piecewise C2 domain, but this is the only circumstance
under which il(t) is allowed not to be a piecewise C2 domain. This is the second kind of
exception to condition 3.

Despite these exceptions, we emphasize that condition 3 implies that coalescence is
excluded.

Let [a, b] C [0, T) be an interval that contains no t.t and no Tj. Then the number
of vertices, arcs and connected components of di}(t) is constant for t. G [a, b] and all
vertices are convex. We will need parametrizations of the boundary arcs and some kind
of continuity property for the expansion. Therefore, for any such interval we require the
following.
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Condition 5: There exists a constant C > 0 and for every boundary arc S(t) a C2
function 7 : [0,1] x [a, b} —> IR2 such that

(i) a 1 > 7(cr, i) is a one-to-one parametrization of S(t) for every t G [a, b],
(ii) \io\ > C on [0,1] x [a,b\,

(iii) 7(0, t) = Vi and 7(1, <) = Vj if S is of the first type,
7(0, t) = Vi = 7(1, t) if S is of the second type,
7(0, t) = 7(1, t) if S is of the third type.

Moreover, 7 can be extended continuously to [0,1] x [ao,6o|, where [ao,foo] is any
interval on which the arc S(t) is defined.

Finally, the movement of the boundary must be consistent with (13), that is, the
boundary curve's intersection with its own instantaneous normal must move with a ve-
locity that equals the boundary velocity as given by Def. 2.19. This can be expressed
in terms of the above-introduced parametrizations. For this purpose, let mt be the area
density on dil(t) according to Def. 2.17. The consistency relation is formulated as follows.

Condition 6: Let t G [0, T) and x € dQ(t) \ {y g Vq : t* = t} be arbitrary and let 7
be a parametrization of the arc S(t) with properties as in condition 5. Then

7 't{a,t)-nt{x) = mt{x), (15)

where a is such that 7(a,t) = x and nt(x) is the outward unit normal to S(t) at x.
A few remarks are in order.
Remarks.
1. The first condition implies that the initial data Slo must be a piecewise C2 domain

without re-entrant vertices. This may seem too restrictive, and with small changes of
the definition it is possible to allow a finite number of re-entrant vertices 011 dtlo- Since
the area density is unbounded at a re-entrant vertex, such a vertex should cease to exist
immediately.

2. As we have already mentioned, the third condition means that a convex vertex
does not move as long as it exists, which is consistent with the sixth condition, since
mt(x) = 0 if x is a convex vertex. This motivates why tm is called the waiting time of
x. At this stage it is not clear whether t* really can be strictly positive or not. We will
return to this question in the next section.

3. Since we require a vertex to disappear immediately when it becomes flat, it follows
that x £ d<l(t). t > 0, is a vertex only if x is a convex vertex of dflo-

4. The fifth condition imposes a kind of regularity on the expansion of fl(t) and also
provides us with "nice" parametrizations of the boundary arcs. These parametrizations
become very important in the proof of the comparison principle (Theorem 3.6).

5. The sixth condition states that the "normal velocity" of the boundary equals the
boundary velocity introduced in Sec. 2.4. Note, however, that we do not say anything
about this velocity at flat vertices, since the area density is undefined at such points. If
x is a convex vertex, there are two possible choices of the arc S and hence the normal
nt(x). But since in this case both 7and mt{x) vanish, the relation (15) still makes
sense. It is therefore sensible to write

vt(x) = {itW,t) ■ nt(x))nt{x) = mt(x)nt(x)

for all x G <9fl(t) that are not flat vertices, since this implies |wt(a;)| = mt(x).
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6. It is a consequence of condition 5 that a classical solution 0 (t) is a set with
Lipschitzian growth, at least locally in space and time for t Tj.

So far we have restricted attention to bounded classical solutions. After small modifi-
cations we can omit the boundedness requirement in the third condition. What happens
then is that we get a fourth and a fifth type of boundary arcs, both unbounded, namely
with or without an end point. These can be treated very much like the arcs of types 2
and 3 respectively. In the fifth condition the interval [0,1] needs to be replaced by [0, oo)
and (—oo, oo) respectively when it comes to these new types of arcs.

3.2. Particular solutions. Below we list some simple but important particular solu-
tions of the evolution problem. It is possible to derive less trivial solutions from the
theory of the porous medium equation. For a few words about this, see Sec. 3.5.

The expanding circle. Let Jlo = B(ro) be an open disk of radius ro. Due to the
symmetry of Qo, a classical solution should be of the form fl(t) = B(r(t)). Equation (15)
becomes r'(t) = mt{x) and by (12) we have

mt(x) = r(t) - = -7T-

Thus we must have r' = r/2, that is, r(t) = roe4/2. This classical solution we call the
expanding circle and we denote it by £ro(t) = f2(t).

The infinite sector. Let

fto = {(£,»?) e R2 : 0 < |r/|/£ < tana0},

where 0 < «o < 7r/2, that is, f2o is a sector with interior angle 2ao■ We seek a solution
of the form

M(t) = {(£,??) S M2 : 0 < \r)\/£ < tan a(i)},

with 0 < a(t) < 7t/2. At x = (^,^tana(i)) € dil(t), the "normal velocity" of the
boundary is

£a'(t)/cos a(t)

and the area density becomes

mt(x) = ^ tan a(t) / cos a(t).

Hence Eq. (15) becomes a' = tana, which implies

a(t) = arcsin((sinao)et).

This gives a solution for 0 < t < — ln(sin a0), which we call the infinite sector. We denote
it by Iao(t) = fi(t). Note that Iaa{t) approaches the right half plane as t —> — ln(sinao),
in the sense that a(t) —> n/2 and

U U) = {(^)eK2:?>0}.
<G(0,— ln(sin ao))

The thickening band. Let Oo be a band of width 2&o and seek a solution

ft(t) = {(^V) G K2 : \v\ < b(t)}.

Then the consistence relation (15) becomes b'(t) — mt(x) where mt{x) = b(t) for all
x E d£l(t). Hence b(t) — b^e1 makes Q,{t) a classical solution for all t > 0.
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The annulus. Consider the annulus Q(t) = B(R(t)) \ B(r(t)). We obtain a solution if
we choose the functions r and R such that

R' R — r 1 f R — r\2 1
2 2 V 2 J R'

R — r 1 / i? — r \ 2 1
z + 2

Multiplying these relations by R and r respectively, their sum and difference become

(R2 -r2)' = R2 — r2,

(R2 +r2)' = (R-r)2/2.

We cannot give explicit expressions for r and R but we see that R(t)2 —r{t)2 = {Rq — rfye*.
This is a classical solution as long as r(t) > 0. If t* is such that r(t*) = 0 and R\ = R(t*),
then we can choose r(t) = 0 and R(t) = R\e(t_4*)/2 for t > t*. With this choice, £l(t)
becomes a classical solution for t > t* as well.

Note that r' —*■ —oo when r —> 0, that is, when t —> t*_. At the same time we have that
R' —> 3i?i/8, whereas R' —> R\/2 when t, —> t*+. Thus R' has a jump discontinuity at the
time when the annulus becomes a disk. This is caused by the discontinuous development
of the ridge at t — t*.

3.3. A waiting time estimate. Now we turn our attention to a comparison principle,
involving the expanding circle and the infinite sector. Consider any classical solution Cl(t)
with fi(0) DD £r0(0) (that is, 0(0) D £ro(0)). We want to prove that fi(f) DD £ro(t) for
all t > 0. Let t be any fixed time for which this is true and put

(5 = dist(d£ro,

where we omit the dependence on t. Take X\ 6 d£ro and X2 € dfl such that \x\ — a?21 = 6.
Clearly, x\ is not a vertex. Let us put subscripts 1 and 2 on functions defined on d£ro
and dfl, respectively. At the points x\ and X2 we have vi\\v2 and since

D\ = r and = 1/r,
Do > Di + S and «2 < I/D2,

we get

and hence that

\vi\ = r/2 and \v2\ > D2/2 > (r + 6)/2,

M - K'i| > 5/2 > 0.
This actually implies that 5 is an increasing function; so 5(t) > 0 for all t and the inclusion
follows. (See comment below 011 differentiability.)

In the same manner, fi(0) CC Tao(Q) implies Q(t) CC Xao(t), if we only require that
Cl(t) is bounded for every fixed t (this is always true if O(O) is bounded due to Theorem
3.4 below). Indeed, for fixed t, put

S — dist(9f2, dlao),
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and let x2 £ dSl(t) and £3 6 dlao(t) be such that 6 = \x2 — X3I (this is where the
boundedness of 0 is needed). All entities related to the infinite sector are now denoted
by a subscript 3. Then

D3 > D2 + S and n2 > «3 = 0;

so

|i>3| = D3 and \v2\ = D2 - DIk2/2 < D2,

and hence

1^31 - \v2\ > D3 - D2 > 5 > 0.
This is true, also, if x2 is a vertex. We formulate this result as a lemma.

Lemma 3.2. Let {^(£)}<e[o,r) be a bounded classical solution such that

£ro(0) CC fi(0) CClQo(0).

Then

£ro(t) CC Q{t) CC Iao{t)

for all t e [0, min(T, — lnsinao)).

In the arguments above, one has to convince oneself that S is differentiate, at least
for almost every t, and that the derivative S'(t) can be estimated by comparing boundary
velocities at points where the distance 5(t) is obtained. This is a little technical, and
since this kind of argument has to be repeated in the proof of the general comparison
principle (Theorem 3.6) we postpone that discussion until then.

Lemma 3.2 can be sharpened a little.

Theorem 3.3. Let {^(i)}te[o,r) be a bounded classical solution with

Sro(0) C flfojclcjo).
Then

£ro(t) C ft(t) Clao(t)

for all t £ [0,min(T, — lnsinao))-

Proof. For any S > 0, let £ro-& be an expanding circle centered at the same point as
£ro (see Fig. 6). Then £ro-$(0) CC 17(0) and by the lemma above, £ro-s{t) CC O(t),
and hence

£r0(t) = |^J £ros(t) C fi(t).
(5>0

Let T%0 be a translation of Tao a distance S along its axis of symmetry such that T^0 D
(see Fig. 6). Then

n(o)cc:z£0(o),
and by Lemma 3.2,

mc f]isao(t)=iZ(f),
8>0
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Fig. 6. Illustration of the proof of Theorem 3.3

which proves the theorem, since Q(t) is an open set. □
The arguments above can be repeated with an expanding circle circumscribing f2(0)

if f2(0) is bounded. If t is such that Q(t) CC Sro (t) and 6(t) is defined as above, we can
choose Xi on d£l(t) and x2 on the circle such that 6(t) = \x\ — x2\. Comparing boundary
velocities we get

1^21 ~ \v\ \ = D2 — D2k2/2 — D\ + D\ki/2
> (D2 - Di) — (D2 + £>i)(£>2 _ Di)k2/2

= {D2 - Dx)(l - (Dl + D2)k2/2),

where the last expression clearly is strictly positive since

(D\ + D2)k2/2 < D2k2 < 1.

Further, \v2\ — |vi| > 0 is trivially true if Xi is a vertex. Thus we have the following
theorem.

Theorem 3.4 (Uniform boundedness). Let (f2(t)}te[o,T) be a classical solution with
fi(0) bounded. Then U(t) is uniformly bounded for t € [0, T).

An important application of Theorem 3.3 is to estimate the time a corner persists,
that is, the waiting time.

Corollary 3.5 (Waiting time estimate). Let {^(£)}ts[o,T) be a bounded classical solu-
tion with 51(0) convex and x 6 dfl(0) a vertex with interior angle 2ao- Then

min(T, ln(l/sinao)) <t*< 21n(l/sinao).

Proof. Comparison with the infinite sector directly gives the estimate t* > ln(l/sin ao)-
Comparison with an included circle of radius rp, with its center a distance R from the
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vertex, gives t* < 2 In(R/r0). Proper choice of the circle finally gives t* < 21n(l/sina0)-
□

Remark. If the convexity requirement is replaced by the inclusion fi(0) C WO),
where the infinite sector lg0(0) has its apex at x, then the estimate becomes

ln(l/sin/?0) <t*x< 2ln( 1 /sina0)-

In this way we can give a lower bound for the waiting time even if x is a cusp.
The importance of this corollary is not only the actual form on the bounds but also

the fact that the waiting time is always strictly positive and finite. Thus a convex vertex
remains a vertex, without moving, for some positive, finite time.

3.4. Comparison principle and uniqueness. After the question of existence, that of
uniqueness is one of the most important. This will follow from a comparison principle to
be proved in this section.

The main idea is (as in the previous section) to estimate the derivative of the function
6(t) by comparing boundary velocities at suitable points. For this part of the proof it
might be possible to argue as in the proof of Lemma 3.2 to prove that, for bounded
classical solutions, f21(0) CC ^(O) implies Qi(t) CC If we do not allow any
vertices, the continuity of the expansions then gives that fh(0) C ^(O) implies f1i{t) C
^2 (t)-

However, we want to consider two general solutions; so we choose a slightly different
approach for this part of the proof. (The main difference is that we will make a proof by
contradiction instead of a direct one. The estimates we need to do are roughly the same.)
Before we can compare boundary velocities, though, we have to study the differentiability
of 5(t).

Theorem 3.6 (Comparison principle). Let {^i(£)}tg[o,T) ai1^ UM^)}te[o,T) be bounded
classical solutions. If ^i(O) C ^2(0), then C ^2[t) for all t 6 [0,T).

Proof. To make the proof easier to follow, we first study the case without vertices
and we also assume dV.2 (t) to be connected, since otherwise we can apply all arguments
below to each connected component separately. We give the main outline with some of
the most important steps stated as assertions. Then we prove those assertions before
we end with an argument that covers the case with vertices as well. Further, to clarify
notation we put a "bar" on all vectors and vector-valued functions.

Introduce (see Fig. 7)

5(t) — max distfafi,
xieani (t)

Thus (5(0) = 0 and we want to prove 6(t) = 0 for all t 6 [0.T). Assume that this is false.
Then (since 6 is continuous, according to assertion 1 below) there exist to and t\ such
that <5(io) = 0 and > 0 for to < t < t\. This will lead to a contradiction.

Assertion 1. (5 is Lipschitz continuous, hence absolutely continuous and differentiable
almost everywhere.

Let 7(-, t) : c ■—► 7(c, t) be a parametrization of di\(t), and let n(cr, t) be the outward
unit normal to at 7(a,t). If "j{a,t) 6 fii(t) we define l(cr,t.) to be the distance
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7 {a,t) = r((T,f)
S(t)

i'Ao, t)
n^t)

dSh (t) dSl2(t)

Fig. 7. Definition of <5,7, n, Z, and T

from 7(<7,t) to dQ.1 (t), measured in the positive direction of n(<7, £). Otherwise we put
l(a, t) = 0. Thus, if \t\ — io| is small enough, it is clear that

8{t) = max l(a, t) (16)
<7

and that

r(<7, t) = 7(a, t) + l(a, t)n(cr, t)

is a parametrization of d(fli(t) U tl2(£)). Further, with a proper choice of the functions
7the following two assertions hold. (For an example of the set S(t) introduced
below, see Fig. 8.)

Assertion 2. Let S(t) = {a : S(t) = l{a,t,)}. Then

dl
5 (t) = max —(a,t) (17)

v ' aes(t) dty ' y '

for almost every t € (t

Assertion 3. Let toi(-,£) and m2(-,t) be the area densities on and dfl2(t) re-
spectively. Then, for a G S(t), we have

91 _ _
— (ct, t) = mi(xi,t) - m2{x2,t),

where x2 = 7(c, t) and x\ — r(cr, t).

Assertions 2 and 3 enable us to estimate S'(t) by the use of area densities, evaluated
at certain points.
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Fig. 8. An example where S(t) = {(71,(73,(74}

Assertion 4. There is a constant K such that

in i (J: 1.1) - m2(x2J) < K6(t)

for every t G (to, h), if for every t we choose x\ and x2 as in Assertion 3.

The assertions 1 4 imply S'(t) < K5(t) for almost every t 6 (to,h). Thus

jtm)e~Kt) < o

for almost every t e (to,ti) and the absolute continuity of S, together with 6(to) = 0,
implies

rf(/)c Kl < 6(t0)e~Kta - 0,

that is, S(t) < 0 for all t S (to, ti), and we have reached a contradiction.
Now we prove the four assertions.
Proof of Assertion 1. By the fifth condition in the definition of classical solution, both

Oi(t) and 02(f) are sets with Lipscliitzian growth. Since 8(t) measures how far outside
fl2(t) that has reached, it is clear that 5 itself must be a Lipschitz function 011 a
suitably restricted interval. □

Proof of Assertion 2. Since fl2(t) is a classical solution without vertices and with con-
nected boundary, the fifth condition in the definition of a classical solution provides us
with a parametrization of the boundary. To be more precise, there exists a C2 function
7 : [0,1] x [t0, ^i] —> R2 which for every fixed t e [to,ti] is a parametrization of dil2(t).

This choice of 7 makes the function l(a, t) regular enough on [0,1] x (£0^ ̂  1) to state
that

S'(t) = — max l(a, t) = max -J^(a,t)
y ' dt <re[o,i] v ; aes(t) dty ' '

for almost every t 6 (to,ti). (See, for instance, Theorem 3.3, p. 76, in [15].) □
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L(x*,a*,r) - L(x*,a*,t*)

dfti (t)

5 (f) = l(a*,t*) = L(x*,a*,t*)

Fig. 9. Illustration of the argument concerning the third term in (18)

Proof of Assertion 3. Let L(x,a,r) be the distance from x G R2 to the set cMli(r)
measured in a direction that makes an angle a with some fixed reference line Af. If a(a, t)
is the angle between n(a,t) and TV, then a(-,t) is a C1 function on [0,1]. Now we can
write

Next, let t* £ and a* € S(t*). Then L is continuously differentiable in a neigh-
bourhood of (x*, a*, t*) = (7(a*,t*),a(<j*Let VL denote the gradient of L with
respect to its first argument. Then by the chain rule,

81 dL da dLdr
dt= ^ + d^~dt + Ih dt' ^ ^

We want to evaluate this expression at (a*, t*). For this purpose, let C denote the straight
line through x* that is perpendicular to 8^,2{t*) (hence parallel to n(a*,t*)). We study
the three terms in (18) in reversed order.

In the third term in (18) we have dr/Ot = 1 since r = t. Put xj = r(cr*,t*). Then it
is immediate that

= mi(xl,t*),

since {fii(i)}te[o,T) is a classical solution. (See Fig. 9 for an illustration.) C and d£li(t*)
are perpendicular at their intersection point x\ since a* G S(t*). Hence

— L{x*,a,t*) | . =0da \ >\a=a>

by geometrical reasons and the second term in (18) vanishes.
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IV, f)

x* =7 (ff'.f)

L(x*,a*,t*) - L(7(S(r),r),a*,r J Sfti(t*)

Fig. 10. Illustration of the argument concerning the first term in (18)

The first term in (18) can be written

(VL(r,a*,0,7'V,n> =
For arbitrary i, choose £(i) such that y(E(t),t) is the intersection point between £ and
dfl2 (t). Then clearly (see Fig. 10)

^Hj(S (t),t),a*,t*)\t=t, = -m2(x*,t*).

But

where the last equality follows from orthogonality.
Thus we have found that

dl
— = mi(xl,t*) - m2(x2,t*),

where x\ = x*, and the third assertion is proved. □
Proof of Assertion 4• For any t 6 (to,ti), we consider any a € S(t) and put X\ =

r(cr, t) and x2 = 7{cr,t). First of all, we need to relate ridge distances and signed
curvatures to each other. Let (see Fig. 11)

nS(t) = {% ■ dist(x,fi2(t)) < 8(t)}.

If |<5(i)/C21 < C < 1, then itself is a piecewise C2 domain without re-entrant vertices,
and d£ls(t) is a parallel curve to (t). Further, x\ G dfli(t)ndfls(t) and is not a vertex,
neither on dQ±(t) nor on d£ls(t)- According to Lemma A.3, Lemma A.5, and Lemma A.6
we have

D\{xi) < Ds{t)(xi) = D2{x2) + S(t)
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d^s(t)

n2(t) W

and

Fig. 11. Definition of

^i(xi) > K5(t)(a;i) = k2(x2)/(1 + 5(t)n2(x2)),

where Di,D2,ki, and k2 are the ridge distances and signed curvatures on and
dfl2(t) respectively. To simplify the notation we introduce the polynomial

^(D, k) = D - D2k/2.

First we note that

- = !-!>» and ^ = -tf/2;

so vE* is decreasing as a function of k. As a function of D, *]/ is increasing if Dk < 1,
otherwise decreasing. However, at a point on the boundary of a piecewise C2 domain,
which is not a vertex, we always have D > 0 and Dk < 1. Second, we note that

*(D, Ki - k2) = A Ki) + L>2K2/2.

Now we have that

- m2(x2) = ^(£>i(xi),ki(xi)) - ^(D2(®2), «2(®2))-

We get two cases, and for notational convenience we omit the dependence of t,xi, and
x2.

1. k2 > 0. Then, at k = k2, we have d^/dD < 1 for any D > 0 and d^/dD > 0 for
any D < D2. Hence

^(Di, k2) <
(v(D2,k2) + D1-D2 ifD1>D2,

y$(D2,K2) if D\ < D2.
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Thus K2) < ^(£>2, k2) + (5 and we obtain

K2

1 + Sk 2

< ^(.Di, k2(1 - ^2))

= $(£>i,/C2) + (5D?k1/2

< ^(£>2, K'a) + (1 + D\k\/2)5,

where the second inequality follows from the fact that

> 1 — Sko.
1 Sk2

2. k2 < 0. Now we have

(£), K2) — 1 — £^2 < 1 — (£>2 + ^)k2 £ 1 + C — D2K-2
oD

for D between D\ and D2 and
dI*

for all D > 0; so

I V(D2, k2) + (£>i - £>2)(1 +C- D2K2) if £>i > D2,
[vI/(£>2,^2) if Di < Do-

^(£>1, k2) <

Hence

*(£>i,ki)<*(£>i, K'2

z?l, ft 2 ~~

1 + (5 k, 2 y

<5fin

1 + 8k2

D\k\
-*{DuK2) + 52{\+5k2)

< *(D2, k2)+( 1 + C - D2K2 + 2(^s2K2) ) <*■

Thus, by choosing

K > max 1 + Dfn2/2,1 + C — £>2^2 +
n2 ,„2

,2 ,.2 /o 1 , ri n .. , ^1^2
2(1+ <5^2) J

we have the estimate

mi(xi,f) - m2(x2,t) < KS(t).

Such a K can be chosen independently of t: since ridge distances and signed curvatures
are uniformly bounded, if only |<5ac2| < C < I uniformly for t < t\, which is achieved by
choosing t,\ small enough. The fourth assertion is proved. □

What remains is the case of vertices. Assertion 1 is independent of whether there are
vertices or not. Since vertices do not move, there can be 110 vertices on the part of
that is "outside" Hence we need not care about vertices on d£l\(t).
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("»+l i
Vi

dfl2(t)

Fig. 12. Illustration of the case with vertices

Let Sj(t), i = 1,2,... ,n, be the boundary arcs of dfl2(t) ordered as in the definition
of piecewise C2 domains in Sec. 2.2. Now we can introduce functions 7and Tj
for each i.

Let Vi be the vertex where Si(t) and Si+i(t) meet. If t\ is small enough, Vi will be a
vertex for every t < t\ since vertices do not move. For each vertex Vi on d$l2 (t), there
is a sector (depending on t) bounded by the normals nz and n,+1 at Vj. In every such
sector, we can introduce polar coordinates (ri,fa), where we always measure the angle
fa counterclockwise from some fixed reference line. Hence there is a function ri(fa,t)
such that if dd\(t) intersects this sector, then that part of dCli(t) is parametrized by
Vx + ri(<j>i, t)(cos <j>i, sin fa). (See Fig. 12 for an illustration.)

With the aid of all the functions Z, and rl. we can construct a function Z such that
Z = Z, along each Si. Then (16) and (17) still hold and the fourth assertion provides us
with a constant K such that

mi(xi,t) - m2(x2,t) < KS(t)

for all t £ (to,ti) and all pairs X\ £ dQi(t) and x2 S di\{t) \ (Uii^i}) s110!1 that
6{t) = \xi -x2\.

Assume that for some t — t* we have S(t*) = ri(<p*,t*). Let x2 = Vi and put
x\ = Vi + ri(ct)*,t*)(cos<fi*:sin(p*) (see Fig. 13). Then, since Vi does not move, it
follows, by an argument analogous to the investigation of the third term in (18), that

3v ■
^(</>*,t*) = m1(x*1,t*).
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xT

Fig. 13. (xj,£*) cannot be less than 1/S(t*)

But at x\ the signed curvature cannot be less than 1 /S(t*) (see Fig. 13) and hence the
ridge distance cannot be greater than S(t*). Thus

m^xlX) = D^xlX) ~ /2 < 6(t*)

and it suffices to choose K' = max{l,A'} to obtain 5'(t) < K'S(t) for almost every
t e (to,t\). The theorem is proved. □

It is an immediate consequence of the comparison principle that classical solutions are
uniquely determined by their initial data.

Theorem 3.7 (Uniqueness). Let {fii(£)}te[o,r) anfi {^2(£)}te[o.r) be bounded classical
solutions. If f2i(0) = S^2(0), then Qi (t) = ^2(t) for all t € [0, T).

3.5. Concluding remarks. Theorem 3.6 (the comparison principle), Theorem 3.3, and
Theorem 3.4 all deal with properties that a classical solution inherits from initial data.
There are other properties as well, which we also believe to be inherited from initial data.
We conjecture that convexity is such a property and that being starshaped is another,
although we have no complete proofs yet.

Let us conclude this paper with a few comments about the question of existence of
classical solutions. Unfortunately, we have not been able to prove any general existence
result. However, there is a possibility of constructing classical solutions from (explicit)
solutions of the porous medium equation. For details concerning the connection between
our evolution problem and the porous medium equation we refer to [3]. It is worth
mentioning though, that Evans has sketched another approach to the evolution problem
([5]) involving a weak solution concept, and it seems as if weak solutions exist under
general assumptions on the initial data. This is, however, beyond the aim of this paper.
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Appendix.
Definition A.l (Signed curvature). Let 7 be a C2 curve parametrized with respect

to arc length t. The signed curvature n of 7 is defined by

K(x) = 7"(t) ■ n(x),

where n(x) is the left unit normal at x = ~f(t). Further, the center of curvature is denoted
by a and is given by

a(x) = 7 (t) + —-n(x),
K{X)

provided k(x) ^ 0.
Note that |k| is the (unsigned) curvature of 7 and that k is positive if the center of

curvature lies in the direction of n, that is, to the left of the curve; otherwise k is negative,
or zero.

Definition A.2 (Parallel curve). Let 7 be a C1 curve in the plane with left unit
normal n and let 5 be a constant. The curve 7,5, defined by

-ys{t) = 7 (t) + Sn(x),

where x = j(t), is called a parallel curve to 7. (See Fig. 14.)
The following result can be found in elementary texts on the analytic geometry of

curves (see, for instance, [9], p. 411).

LEMMA A.3. Let 71 be a C2 curve with signed curvature and let 72 = 75 be a parallel
curve to 71 with <5 such that 1 — Ski(x) > 0 for all x = 71 (t). Then 72 is a C2 curve and
for all x = 71 (t) and y — 72(t) we have

1. 7'2(t) = (1 - J/ci(a:))7j(<).
2. The signed curvature of 72 is k2(y) = Ki(x)/(l — Ski(x)).

Lemma A.4. Let be a piecewise C2 domain and let x £ Sl,y € N(x). If y € Si and
x = y + d(x)rii(y), where nt is the inward unit normal to dfl along Sl, then Ki{y)d{x) < 1.
(See Fig. 15.)

is
7

Fig. 14. Parallel curve



72 ANDREAS BERGWALL

Fig. 15. Illustration of Lemma A.4

Fig. 16. Illustration of Lemma A.5

Proof. If Ki(y) < 0, the inequality is trivial. Assume Ki{y) > 0. Since the open disk
B = B(x,d(x)) is contained in Q. and tangent to dfl at y, the curvature of 8B cannot
be less than Ki(y), that is, «,(*/) < 1 /d(x). Thus Ki(y)d(x) <1. □

Lemma A.5. Let and 0.2 be piecewise C2 domains with only convex vertices such
that f2i is a connected component of the set {y G H2 ■ d-2(y) > <5}, where 6 is a constant
such that

0 < 5 < max D2(x).
x€dQ2

If x\ £ and X2 € N2(x\), then D\(x{) — £>2(2:2) — S. (See Fig. 16.)

Proof. For the sets Rq and Ri introduced in Definitions 2.5 and 2.9, it is easily seen
that Rq(Qi) = Rq(^2) l~l lli and Ri(£l\) = Ri(fl2) H ̂ 1, and hence, by Theorem 2.12,
P(Q 1) = P(fl2) H Since the boundary arcs to which ,ri and X2 belong are parallel
curves, it is immediate that Di(a-i) = D2(x2) — 6. □

Lemma A.6. Let and fl2 be piecewise C2 domains with only convex vertices. If
fii C and x G dfli PI dil,2, then

1. Di(x) < D2{x).
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2. Ki(x) > K2(x) if x is not a vertex on dfli or dOo.
3. mi{x) < m2(2;).

Proof. 1 and 2 are trivial and imply 3 when combined with formula (12) in Theorem
2.18 and the inequality in Corollary 2.15. □
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